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The spectral characteristics of the radiation emitted by high- 
energy centripetally accelerated electrons have been examined 
for various electron energies over a wide wavelength range ex- 
tending down to 60 A. Following preliminary remarks concerning 
the source and spectral distribution laws deduced from theory, 
the paper describes an experimental investigation of the spectrum. 
The spectrum is examined in the quartz region but the major 
portion of the work deals with measurements in the soft x-ray 
region where a grazing incidence vacuum spectrograph is used to 
record the average power spectrum emitted over a partial or full 
synchrotron acceleration interval during which the electron 
energy reaches the values of 233 Mev or 321 Mev, respectively. 
In each case the radiation is detected photographically and photo- 
metric procedures are followed in reducing the spectrograms. The 
method of reduction takes into account aspects of the actual 
source, and a variety of instrumental factors dealing with the 
dispersion, the transmission, the spectral response, and also 
the geometrical effects of the optical system involved. The 
calibration of the emulsion is carried out according to schemes 
appropriate to each wavelength region. While heterochromatic 
photometry can be employed in the quartz region, in the vacuum 
region the emulsion response is taken as constant for fixed energy 
independent of wavelength. The wavelength dependence of the 


grating reflecting power is determined by calculations based on 
measurements with nearly monochromatic sources. This informa- 
tion makes it possible to reduce the exposures obtained with the 
synchrotron continuum over the wavelength region extending 
from 60A to about 200A. At longer wavelengths the grating 
response is deduced by treating a portion of the 233-Mev spectrum 
as known; the grating efficiency obtained in this manner is then 
used to reduce the corresponding portion of the 321-Mev exposure. 

The results on the spectral distributions are in reasonably good 
agreement with the corresponding predictions from classical 
radiation theory of accelerated electrons. The observed distribu- 
tion in the spatial spread of the radiation at various positions in 
the spectrum can also be accounted for if a plausible model is 
adopted for the diffuseness of the actual source in verifying the 
theoretical expressions for the angular distribution due to a single 
radiator. It is pointed out that such continuous radiation may 
serve as a suitable source for making absorption measurements 
in the far ultraviolet. The absorption spectra of metallic Be and 
Al are obtained by the use of the continuum. The Be-K and 
Al-L, ; discontinuities, occurring at 111 A and 170 A, respectively, 
are clearly visible in two orders. It is also suggested that the source 
may possibly be utilized as a standard for the purpose of cali- 
brating detectors in the ultraviolet region. 





A. INTRODUCTION 


T is well known that high-energy electrons subject to 

centripetal acceleration emit electromagnetic ra- 
diation whose spectral distribution varies markedly 
with the electron energy. That such electrons are 
effective radiators is not surprising when one considers 
that the magnitude of the acceleration is about 10'*g 
when the particle velocity nears c in an orbit of 1-meter 
radius. 

In 1898 Lienard' gave a formula for the rate of 
radiation from a centripetally accelerated charge and 
in 1908 Schott? further developed the classical theory 


* The research was supported in part by the Office of Ordnance 
Research, U. S. Army. 

1A. Lienard, L’Eclairage Elec. 16, 5 (1898). 

2G. A. Schott, Electromagnetic Radiation (Cambridge Uni- 
versity Press, Cambridge, 1912). 


in connection with the study of atomic models. More 
recently, interest in the problem has been renewed 
with the recognition that the radiative losses incurred 
by the electron place a severe limitation® on the electron 
energy attainable in the operation of other than linear 
accelerators. A number of pertinent investigations have 
been reported.*~® 

On the experimental side, studies were first conducted 
by a group of investigators at the General Electric 

3 In the new Cornell synchrotron, for example, it will be neces- 
sary to impart to the electron about 130 kev per turn just to 
supply the radiative losses and maintain an electron at an equilib- 
rium energy of 1.5 Bev in an orbit nearly 4 m in radius. 

4D. Iwanenko and I. Pomeranchuk, Phys. Rev. 65, 343 (1944). 

5 E. M. McMillan, Phys. Rev. 68, 144 (1945). 

6 J. P. Blewett, Phys. Rev. 69, 87 (1946). 

7L. I. Schiff, Rev. Sci. Instr. 17, 6 (1946). 

8 J. Schwinger, Phys. Rev. 70, 798 (1946). 

® J. Schwinger, Phys. Rev. 75, 1912 (1949). 
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Fic. 1. Qualitative radiation patterns to be expected from 
electrons in a circular orbit (a) at low energy and (b) as distorted 
by relativistic transformation at high energy. [See also discussion 
in W. K. H. Panofsky and M. Phillips, Classical Electricity and 


ri eal (Addison-Wesley Press, Cambridge, 1955), pp. 301- 


Research Laboratories. They reported" on the visible 
radiation in 1947 in connection with the operation of 
the 70-Mev General Electric synchrotron and later car- 
ried out an investigation" on the spectral distribution 
of the radiation in the visible part of the spectrum. 
Their results were in agreement with the spectral 
distribution formulas based on an extensive classical 
treatment of the problem by Schwinger. 

With the availability at Cornell of a 300-Mev syn- 
chrotron and suitable spectroscopic equipment, the 
idea of investigating the characteristics of the radiation 
in the extreme ultraviolet appeared attractive for 
several reasons. First was the natural interest in ob- 
serving the radiation in its heretofore unexplored region 
of much shorter wavelengths. Secondly, there were 
utilitarian motives. It was felt that the synchrotron 
radiation could serve as an intense source of continuous 
radiation for solid-state spectroscopy, particularly 
since a suitable source is lacking in making absorption 
measurements. There was also the possibility of treating 
the source as a standard in the soft x-ray region and 
utilizing it for the purpose of calibrating various detec- 
tors in terms of the known intensity distribution. While 
the experiment was under consideration, some doubt 
was cast on the validity of the classical treatment when 
it was indicated” that considerable deviation from the 
results of classical theory were to be expected even at 
the relatively low electron energies of 200 Mev. Al- 
though subsequent calculations*—* showed this ex- 
pectation to be in error, there was no experimental 
evidence, and a verification by actual observation of the 
spectrum was an additional inducement at the time. 
Corson’’ has since carried out measurements on the 
total energy loss of electrons in the Cornell synchrotron 


%” Elder, Gurewitsch, Langmuir, and Pollock, Phys. Rev. 71, 

829 (1947). 

1 Elder, Langmuir, and Pollock, Phys. Rev. 74, 52 (1948). 
12 G. Parzen, Phys. Rev. 84, 235 (1951). 

a he Lepore, Ruderman, and Wolff, Phys. Rev. 86, 123 
44H. Olsen and H. Wergeland, Phys. Rev. 86, 123 (1952). 
L,I. Schiff, Am. J. Phys. 20, 474 (1952). 
16M. Neuman, Phys. Rev. 90, 682 (1953). 
17D. R. Corson, Phys. Rev. 90, 748 (1953). 
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and has demonstrated that independently- of the 
spectral distribution, the classical expression for the 
total rate of radiation appears to predict satisfactorily 
the experimentally observed loss. 

This paper presents the results of the investigation 
which to date have been reported only in a preliminary 
manner.!*&-” 


B. CHARACTERISTICS OF THE RADIATION 
I. Descriptive Remarks 


On sighting along a tangent to the circular electron 
orbit in a high-energy device by way of a mirror, the 
observer sees an intense blue-white glow. In high-energy 
and high electron-density machines, the light intensity 
may be so great as to illuminate a wall, opposite the 
exit port, in daylight. If the line of observation is 
shifted from the plane of the orbit, there is a rapid drop 
in intensity, and a change in the quality suggesting a 
slight predominance of longer wavelengths. The light 
is linearly polarized, with the electric vector parallel to 
the plane of the orbit. While the radiation is highly 
directional, the wave fronts nonetheless are spherical 
about the source, as attested by focusing tests with 
camera or theodolite. 

Some fairly simple arguments can be presented con- 
cerning the origin and frequency limits of the radia- 
tion.®® The electron is of course radially accelerated, 
but the usual low-velocity toroidal radiation pattern 
with its zero at an angle of 90° to the directions of 
maxima, as in Fig. 1(a), is greatly distorted by virtue 
of the relativistic effects calculated from the Lorentz 
transformation. In particular, the zeros of the radiation 
pattern are now located in the orbital plane at angles 
6= (1—8?)! from the direction of motion (which is also 
that of the radiation maximum) as indicated sche- 
matically in Fig. 1(b). In the diagram, the angle 
(1—6?)4=moc?/E is the transformed angle of 90°. In the 
case of such a narrow cone (actually, as indicated, it is 
neither quite conical in shape nor symmetrical about 
6=0°), the radiation which reaches an observer is 
emitted only from a very small porticn of the orbit 
having angular extent of about 2(1— ?)!. The time 
during which such radiation is emitted is given by 
2R(1—6?)!/c, where R is the radius of the orbit. Since 
the source is approaching the observer with a velocity 
almost equal to c, this pulse is greatly compressed by 
a factor of (1—6?). Hence the duration of the pulse at 
the observer is of the order of R(1—£*)!/c, equal to 
(R/c)(moc?/E)* in terms of the rest energy moc? and the 
actual energy E of the electron. Consequently, the 
Fourier spectrum of the pulse at the observer will con- 
tain frequencies whose approximate upper limit has a 

18P, L, Hartman and D. H. Tomboulian, Phys. Rev. 87, 
233(A) (1952). 

(1988) L. Hartman and D. H. Tomboulian, Phys. Rev. 91, 1577 


”D. H. Tomboulian and P. L. Hartman, Phys. Rev. 95, 
600(A) (1954). 
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" magnitude equal to the reciprocal of the duration of 
the pulse. There will also be higher frequency com- 
ponents whose strength diminishes with frequency. 
For an electron moving in a circular orbit the pulse is 
repeated at the orbital angular frequency wo, as deter- 
mined by the accelerator. In principle, therefore, the 
harmonics will be integral multiples of wo and the 
spectrum will contain a discrete set of frequencies 
which extend from the peak values down to the lowest 
frequency wo. 


Feynman has suggested a different approach,”! according to 
which the radiation observed from any source is to be described 
in terms of the acceleration of a projection of the source. The 
latter is to be projected on to a plane normal to the direction of 
observation, the projection being made in retarded time. He has 
given a geometrical construction of this which shows clearly that 
in the projection plane, there result extremely high accelerations 
when the source approaches the observer with a velocity nearly 
equal to c. The orbit is to be regarded as pulled away from the 
observer at the rate c. The motion of the electron in its orbit thus 
appears stretched out into an epicycloidal curve whose cusps get 
sharper and sharper, the closer the actual orbital velocity of the 
electron approaches the value of c. This space curve is then to 
be imagined as pulled through the observer’s projection plane 
at the rate c, the acceleration of the point where the curve in- 
tersects the plane being taken as a measure of the electromagnetic 
field observed from the actual electron in its orbit. Very high 
frequencies will thus result from the cusps. Also, if the projection 
plane is not normal to the orbital plane, the cusps become less 
sharp and there is a degradation in frequency. This corresponds 
to the case of an observer who receives the radiation along direc- 
tions slightly inclined to the orbital plane. 


II. Expressions for Various Spectral Distributions 
1. The Monoenergetic Spectral Distribution 


The most complete treatment of the radiation 
problem is that given by Schwinger.’ Since a clear dis- 
tinction must be drawn between quantities observed 
in practice and those calculated for the motion of a 
single electron in a circular orbit, we shall now include 
several pertinent conclusions taken from Schwinger’s 
formulation, with particular emphasis on the spectral 
and angular distribution of monoenergetic electrons 
and of electrons accelerated sinusoidally to a certain 
peak energy. 

Schwinger has derived a general expression [ Eq. (1.33) 
in reference 9] for the instantaneous power radiated 
into a unit solid angle in a given direction per unit 
frequency interval centered about a given frequency. 
A special result for the total energy loss AE per revolu- 
tion of an electron in a circular orbit of radius R may 
be deduced from his general expression and assumes 
the form 


Afiw= 88.5 (Epev)*/Rmeters, (1) 


where £ is the energy of the electron. This expression 
checks the results of simpler calculation. When inte- 
grated over all angles, the general expression yields 


21. P. Feynman (private communication). 


RADIATION 1425 


the formula 


372 E \4taw 7” 
Ptwt)=—-(—) (—) Kendo (2) 
4a R moc? we w /we 


for the instantaneous power flow into all angles per 
unit frequency interval centered about the radiated 
frequency w. In (2), w, is the so-called critical angular 
frequency parameter and is defined by the relation 


O.= 3 wo(E/moc?), (3) 


where wo is the orbital angular frequency (wo=c/R). 
The parameter w, represents a frequency which is close 
to the frequency corresponding to the peak of the 
spectral distribution but falling somewhat short of it. 
The integrand in (2) involves Bessel functions of 
imaginary argument and fractional order, as may be 
seen from 


w{4 
Ks;3(n) VB gee svalin) = i-*/8J 93(in) ] 
; n 


+[48J_1/3(in) -—77J1)3(in) ] . (4) 


In the experimental study of spectral distributions, it 
is the wavelength rather than the frequency which is 
involved in the measurements. In terms of this variable, 
Eq. (2) reduces to 


352 recy ( E \" 
P(A,)= * (—)( ) G(y), (5) 
167? \.R°7 \moe? 


giving us an expression for the instantaneous power 
per unit wavelength interval about the wavelength A. 
The function G(y) appearing in (5) is given by 


Gy)=¥" f Kya(n)dn, 6) 


where 


y=Ac/A, Ne= (44R/3) (moc*/E)’. (7) 


In passing, we note that for the old Cornell synchrotron 
used in the present experiments, the wavelength A. 
which roughly marks the termination of the spectrum, 
could be calculated from 


Ae= (55.9 108) /Emev’, (in Angstroms) (8) 


since the radius of the accelerator was very nearly 
equal to 1 m. 

The expression for G(y) given by Eq. (6) serves as 
a sort of universal ‘spectral distribution curve which 
once plotted can be used to obtain the actual distribu- 
tion at any energy Z. From the tabulated values” of 
the contents of Ks5,3(n) given in (4), the integral 
can be evaluated numerically, resulting in a function 
of y which when multiplied by y’ yields G(y). For a 


#2. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945). 
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Fic. 2. Universal spectral distribution curve for the radiation 
from monoenergetic electrons. P(A) is the instantaneous power 
radiated per angstrom. 


given value Z, the numerical value of P(A) at any \ 
may be obtained by first calculating A. from (8) and 
then converting A into y. This determines G(y). The 
absolute value of P(A) is obtained on multiplying the 
appropriate value of G(y) by the constant factor 
appearing in (5). This gives the desired spectral dis- 
tribution for the particular energy E£. 

A plot of G(y) is shown in Fig. 2. With the aid of this 
curve one can see that the distribution rises sharply 
with energy. Consider, for instance, the magnitude of 
P(A) near the peak as specified by A=A, or 1/y=1. 
Then, as the energy increases, the value of P(A) 
defined by X, rises as E’ as can be seen from relation 
(5), while the wavelength position \, shifts towards 
shorter values as E~ in accordance with (7). As a 
second feature of interest, we note that the spread in 
wavelength between half-power points can also be 
obtained from the universal curve. The power per 
angstrom drops much more rapidly on the short-wave- 
length side of \,, the wavelength corresponding to the 
peak of the distribution. The peak itself occurs at a 
wavelength which is considerably shorter than the 
parameter A,. The relation between them as deduced 
from the plot of G(y) is A,=0.42A,. Furthermore, if \» 
and \, are the wavelengths corresponding to the half- 
power ordinates, one sees that (A,—A:)=0.20A, and 
(A2o—A,) =0.64A,, so that the width of the distribution 
at half-maximum is 0.84\,. A family of monoenergetic 
distribution curves included in Fig. 3 illustrates how 
markedly the distribution changes with energy. 


2. Average Power Spectrum 


The same type of numerical calculation may be 
employed in deducing the average power spectrum 
emitted by electrons accelerated to a maximum energy 
E,, under the assumption that the instantaneous energy 
E, varies with the time ¢ in accordance with 


E.= Em sin(xt/2T), (9) 


in which 47 represents the period of the sinusoidal 
magnetic field. 
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The time variation of the magnetic field is very 
nearly sinusoidal except at the beginning of the cycle. 
To a high degree of approximation the energy is 
proportional to the magnetic field. Strictly speaking, 
because of the radiative losses, the energy does not 
increase quite in proportion to the field but the de- 
parture is small.” 

The acceleration interval may be made equal to 7, 
or to a smaller value 7’. In the latter case, the electron 
energy is allowed to increase sinusoidally up to a value 
E’ which is less than £,,. In the case of the full }-cycle 
acceleration, the average power spectrum is given by 


(10) 


ee 
Pruuls)=— f P(w,f)dt. 


The integration in Eq. (10) can be carried out by the 
introduction of a variable 7, defined by 


A-(4) (= ) ( _ at ) 
T= =| —— }) =[{sin—} , 
Am E(t) 2T 


a eeren) ~~) 
ciate” E(t)) 


(11) 


(12) 


In terms of the wavelength, the result is expressible as 


ki 352 7ecy (2\ (4eR\3 smo?" 1 
Pra) —(—) (—) (=) (= x3 
167°\R°/ \3r/\ 3 En FX 
xf ance —1)-1Rdr f K5,3(n)dn, (13) 
1 (Am/\)r 


in which A}, appearing in the lower limit of the last 
integral is equal to 


(14) 


\n=— 


4rR ~“) 
ee 


Relative Power /, 


Wavelength in A 


Fic. 3. Comparison of the relative spectral distributions for the 
radiation from monoenergetic electrons at various energies. This 
illustrates the sensitive variation of the distribution with energy. 


% J. Schwinger, “On Radiation by Electrons in a Betatron,” 
1945. This unpublished manuscript was made available to the 
authors by courtesy of the Office of Naval Research. 
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Introducing the dimensionless quantity +=\,,/A, Eq. 
(13) may be put into the form 


Prasd)=—(<) (=) [wG(a)] (15) 


cw=f (7?/8—1)'?K5/3(x7)dr. (16) 


As in the case of monoenergetic electrons, a universal 
curve for the full }-cycle distribution may be obtained 
by plotting [a‘G(x)], as in Fig. 4. The actual average 
power spectrum for any peak energy £,, can then be 
found by the use of Eq. (15). It is of interest to note 
that the same result may also be obtained graphically 
from the summation of a series of monoenergetic curves 
(see Fig. 3), the individual distributions being weighted 
according to the relative times spent over a given energy 
interval at the particular energies involved. Indeed, 
this method was employed to provide a check on the 
results of numerical calculations involved in evaluating 
the integrals in Eq. (13). As before, one may obtain the 
half-width and the wavelength corresponding to the 
peak of the average power spectrum from the graph 
in Fig. 4. These are found to be 1.00A,, and 0.5\,n, 
respectively. 

The determination of the average power spectrum 
curves in the case of part }-cycle acceleration is carried 
out along similar lines. In this instance the accelerating 
rf voltage is turned off at thé time 7’, before the time 
T at which the sinusoidally varying magnetic field 
passes through its maximum. The electron energy thus 
rises only to £’ rather than to E,,. The average power 
spectrum is now defined by 


T’ 


: 1 
Pran(d)=— J P(a,idt, (17) 


which reduces to 


Prand)=—(— -)( ) (= ) x1 (x,7’), (18) 


6) 
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Fic. 4. Universal spectra! distribution curve for the radiation 
from electrons _with energy increasing sinusoidally over a full 
quarter cycle. P(A) is the average power radiated per angstrom. 


1427 





ie oe 
M Wo 321 Mev Accelerarior | 


j Cycle: Cut OFF at 
\ Nes Mev 


ti) J * 37 
S2t Mev Full 4 
ae Acceleration a 
IN! rec 


-~ Fe 4 geeetew 
AN ‘over Gull & 


N\ *.4S5 











GA n 











4cycle 








a 





Relative Lrer. 
» 





~ 

















Wt/ 


Fic. 5. Comparison between the spectral distributions (a) from 
monoenergetic electrons radiating over the full }-cycle, (b) from 
electrons (of sinusoidally increasing energy) which attain the 
energy of 321 Mev at the peak of the cycle, and (c) from electrons 
accelerated only to 233 Mev over part of the }-cycle 321-Mev 
interval. 
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where x=) ,n/A, [Am is given by Eq. (14) ], and 


1a")= f run(t— 1) f Ksys(n)dn, (19) 


with 

rT’\-3 Eax* 

(wit) (5) 

2T E’ 
The result of the numerical integration of (18), again 
checked by graphical summation of weighted mono- 
energetic curves, is shown in Fig. 5 for E’= 233 Mev 
and E,,=321 Mev. For the sake of comparison, two 
other curves are also included. These show the spectral 
distributions for a monoenergetic electron at 321 Mev 
and for an electron which attains the peak energy of 
321 Mev during full }-cycle acceleration, both radiating 
for the same period of time. 


(20) 


3. Angular Distributions 


Formulas which describe the angular distribution of 
the radiation are also included in the work of Schwinger,® 
who gives an expression for P(y,w,t), the power emitted 
per unit angle relative to the orbital plane, and per 
unit angular frequency at the time ¢. By the use of 
this general distribution function, in which the angle y 
is defined as the angle between the direction of emission 
and the orbital plane, it may be demonstrated that the 
half-angle which contains the major portion of the 
radiation is moc?/E as cited earlier. In terms of the 
wavelength \, the corresponding angular distribution 
is given by 


3 @fd.\? f20c E \? Ey \?? 

PA, == <() a ie [1+(=) | 
x|x 4m moc?)? 

2/3" i+ (Ep/mec?)? 


and represents the instantaneous power per unit angle 


Kyt(®} (21) 
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Fic. 6. Curves which show the behavior of the distribution in 
angle y referred to the orbital plane at four different wavelengths 
and two energies. The curves are all normalized to the same peak 
value at y=0 by the factors indicated. P(y)|,, 2, represents (in 
arbitrary units) the instantaneous power radiated per angstrom 
at the wavelength \ per unit angle relative to the orbital plane 
at the angle y relative to the orbital plane. 


at the angle y and per unit wavelength centered at A. 


In Eq. (21), 
Ae Ey \*}3? 
2r moc? 


The behavior of the general distribution function 
P(W,d,t) was studied graphically in the manner here 
described: Holding £ and \ constant, the partial dis- 
tribution P(y)|z,, was obtained from Eq. (21) by 
assigning values to the angle y. [Actually it was more 
convenient to take a fixed set of values for & lying in 
the range 0 to 4 and from Eq. (22) to determine the 
angle y corresponding to the chosen values of ¢ The 
set of values selected for ~ could also be used in evalu- 
ating one set of quantities specified by the functions 
Koy3"(€) and K,,3*(€). ] Then, keeping A fixed, the above 
process was repeated for a set of values for the energy 
E, spaced 20 Mev apart, and ranging from E= 320 Mev 
down to E=180 Mev. The energy dependence on 
time was taken to be sinusoidal and the vertical spread 
(distribution in ¥) was calculated at the fixed wave- 
length by summing up the appropriately weighted 
monoenergetic distributions for all energies up to 240 
Mev or 320 Mev corresponding approximately to the 
cases of part or full }-cycle acceleration. Such summa- 
tions over the energy were carried out for \= 100, 200, 
300, and 400 A. A plot of a family of curves representing 
P()|z,, is to be found in Fig. 6. For the purpose of 
comparison, the monoenergetic distributions at the 
four wavelengths are normalized to the same arbitrary 
value. It is seen that at a fixed energy the angular 
spread is wider at the longer wavelengths. Though the 
peak value of the individual distributions changes 
rapidly with the energy, the energy dependence of the 
angular spread, at a given wavelength, is not large. 
At each wavelength the spread is narrower in the family 
of curves at the lower energy. This implies that, to get 
the appropriate acceleration for the projected electron 


(22) 
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in Feynman’s description mentioned previously, one has 
to be closer to the orbital plane in the case of low- 
energy electrons. 

The integration of P(y,w,t) over all frequencies has 
been carried out by Schwinger who obtains the angular 
distribution 


e E 5 Ey 24-5/2 
Py)=or(—) {—) 


7 Sy (Eh/me*)? 
yr nal 
16 1611+ (Ey/moc*)? 


which is independent of frequency. Plots of this func- 
tion are shown in Fig. 7 for two values of the energy 
parameter £ equal to 321 Mev and 233 Mev, respec- 
tively. The curves, which were normalized at the peak, 
show that the angular spread at E= 233 Mev is broader 
than that at E=321 Mev. In either case, the most 
intense radiation is seen to fall within the angle 
Y=moc?/E. With the aid of the factor (311/233)5=4.95 
used to normalize the two curves to the same value, 
one also finds the areas under the curves, representing 
total energy radiated, to be in the ratio of 3.6 to 1. 
This is the ratio of the two energies to the fourth power 
as it should be according to Eq. (2). 

For the sinusoidal energy variation, the numerical 
integration over the energy was carried out at four 
different wavelengths up to the peak of the cycle at 
321 Mev and also to a value short of the peak at 233 
Mev. The results are presented graphically in Fig. 8. 

Further use will be made of these curves in connection 
with the experimental examination of the angular 
spread of the spectrum at the chosen wavelengths. 


III. Aspects of the Actual Source 


In attempting to verify the predictions with regard 
to thevarious spectral and angular distributions out- 
lined in the preceding section or in contemplating the 
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Fic. 7. Curves showing the angular distribution (for a point 
source) of the total radiation (summed over all wavelengths) at 
321 Mev and 233 Mev. The curve at the lower energy has been 
multiplied by (321/233)* to normalize it to the 321-Mev dis- 
tribution at the peak of the latter distribution. so*P(y,A)dA, 
expressed in arbitrary units, represents the instantaneous power 
radiated at all wavelengths per unit angle at the angle y relative 
to the orbital plane. At each energy, the value of y defined by 
(moc?/E) specifies the angle within which most of the radiated 
energy is included. 
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use of the radiation in standardizing procedures, it 
must be realized that the emitting source consists of a 
“pulse” of electrons which travel together distributed in 
space over a portion of the orbit. It is quite likely that 
the motions of various electrons in the group are subject 
to fluctuations. A variation in the orbital radius may 
arise from azimuthal inhomogeneities of the magnetic 
field or radial oscillations. Or again, the direction of 
electron velocities within the group may not be parallel 
to a given orbital plane because of vertical oscillations. 
In the course of these experiments the apparent 
diffuseness of the beam was brought out by two ob- 
servations. First, the size of the visible glow made it 
clear that the radiators were smeared out in space. 
Secondly, the photographic recording of the far- 
ultraviolet spectrum showed that the intensity diminu- 
tion in a direction normal to the Rowland plane* was 
more gradual than that predicted for a source con- 
sisting of a highly concentrated group of electrons. 


It is not possible to state from a visual observation whether the 
electron beam itself is diffuse, or whether the beam which is 
narrow merely oscillates about a mean orbital position. (In this 
case the direction of the axis of the radiated cone varies slightly 
with position in the smear.) In attempting to interpret the 
observed angular spread of the radiation, it was assumed that the 
beam was broad but the individual orbits themselves were sharply 
defined. 

Questions dealing with the coherence of the radiation have 
been investigated by Schiff,?’ McMillan,5 and Schwinger. The 
conclusions indicate that in any resonance accelerator a certain 
amount of coherent radiation is present in addition to the in- 
coherent radiation due to individual electrons. The coherent 
radiation is expected to increase with decreasing bunch size but is 
independent of the energy. Furthermore, its spectrum lies pri- 
marily at long wavelengths, i.e., in the ultrahigh radio-frequency 
and microwave regions. However, due to fluctuations from a 
uniform distribution, each electron also radiates independently, 
and in the region of optical and soft x-ray frequencies the power 
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Fic. 8. Curves showing the™‘angular distribution at various 
wavelengths for an electron whose energy is sinusoidally increased 
to a peak value of 321 Mev ( ) and for one whose energy is 
similarly increased only to 233 Mev ( ). The latter dis- 
tributions have been increased by the factor 20 for ease in com- 
parison. The ordinates represent the average power per angstrom 
radiated over the appropriate time interval at the wavelength A 
per unit angle at the angle y relative to the orbital plane. 


% Plane determined by normal to grating and line joining the 
midpoints of slit and grating. 
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emitted by the WN electrons within the group is N times that 
radiated by a single electron. 


C. MEASUREMENT OF THE RADIATION 


In carrying out measurements on the various aspects 
of the spectrum, it is necessary to disperse the radiation 
and then detect it by radiometric, photographic, or 
other means. The analysis of the record requires a 
knowledge of the characteristics of the particular 
spectrograph and the detecting scheme used for the 
purpose. These include such factors as: (1) the fixing of 
the wavelength scale, (2) the instrumental dispersion, 
(3) the transmission or the spectral response of the 
optical system, (4) effects associated with the use of 
finite slitwidths, and those which arise from the 
variation of image size with wavelength, (5) the calibra- 
tion and the spectral response of the detecting device. 
The latter may measure the average power (thermopile), 
may record the energy (photographic emulsion) or 
may count photons (photocell, counter). 

To illustrate just what is involved in making relative 
intensity measurements, let us consider the case where 
a grating instrument is used for spectral studies in the 
far ultraviolet. Let the radiation originate from elec- 
trons which move in a circular orbit and whose energy 
increases sinusoidally with the time. It is proposed to 
determine the shape of the spectral distribution curve 
which represents the average rate of radiation into all 
angles as a function of wavelength. The radiation 
enters the slit, is dispersed by the grating, and falls on 
the photographic plate used as the detector of radiant 
energy. In a wavelength region free from overlapping 
spectral orders, let us examine the problems associated 
with the recording of energy. The radiation contained 
in a wavelength band dA at wavelength A is brought to 
a focus along the Rowland circle and gives rise to a 
photographic image of width dx at some position x 
determined by the dispersion. However, there is no 
focusing in the vertical direction, that is, at right angles 
to the Rowland plane (this plane as well as the orbital 
plane of the electrons is here taken to be horizontal 
throughout). Hence the height of the image, if un- 
restricted by instrumental stops, will correspond to the 
vertical spread of the radiation. This spread arises from 
the combined effects of the angular distribution of the 
radiation emitted by individual electrons in the beam 
along with instrumental factors which produce a varia- 
tion of image height with wavelength. 

Next consider the situation along the Rowland circle. 
From the plots given in Fig. 8 for isolated radiators, 
it is recognized that the angular spread of the radiation 
at long wavelengths is wider than that at short wave- 
lengths. At first glance this may be taken to mean that 
the time of exposure to the short-wavelength cone is 
correspondingly less and that a correction is necessary 
for this difference in exposure. However, along the 
Rowland circle, the effect due to the angular variation 
of the radiation cone with wavelength is compensated 
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Fic. 9. Schematic representations illustrating the energy 
sampling. (a) Diagram which shows how Ag, the angular aperture 
of the slit, is related to the sampling of radiation having an arbi- 
trarily shaped angular distribution F(¢). (b) Sampling in the 
horizontal plane looking down on the orbits and instrument. 
For the median orbit the sketch indicates how the energy from 
the extreme cones, a and 3, is allowed to pass through the slit. 
For the three orbits shown, cones are directed centrally at the 
slit from the positions * which illuminate the grating at three 
different places as indicated. The grating, however, directs the 
radiation to a common focus in this projection. For the edge orbits 
the extreme cones into the slit come from a’ and b’ and from a” 
and 6”. (c) Sampling in the vertical plane looking edge on at the 
orbits (extended source). No focusing takes place in this projec- 
tion, so that the image at wavelength \, has a smaller height as 
compared to the image at the longer wavelength d2. This follows 
from the fact that at the shorter wavelength the radiation cone 
is narrower and the image is located closer to the slit. 


for because the fixed slit accepts a proportionately 
larger fraction of the short wavelength cone. 

Indeed, if A¢ is the angle subtended by the slit at 
the orbit, the receiving instrument collects the same 
fraction Ad/2zx of the total energy radiated per revolu- 
tion at any wavelength \. This may be seen by referring 
to the angular variables indicated in the sketch of 
Fig. 9(a). Assuming that we collect all the power in the 
vertical direction, let F(@) represent the angular power 
distribution (for a particular wavelength) in the hori- 
zontal plane. Then the power radiated at the time / is 


Qe 
P(i)= f F(6)d¢ 
0 


and the energy radiated per turn is (2xR/c)P(é). But 
the power collected by the slit of width A¢ is 


o+A¢/2 
f F()db~F (6) 6 


o—4¢/2 


since A¢ is small** relative to the cone angle. In time 
dt= Rd@/c, the energy collected by the slit amounts 
to F(¢)A@Rdé/c= F (¢)AdRdg/c since ¢ sweeps across 
the slit by virtue of the change in 6. Thus, per turn, the 


% The slit width used in the grating instrument was 1.78 10-? 
cm and the distance from source to slit was 265cm. Hence 
A¢=6.7X10- radian. Calculations already presented have indi- 
cated that the radiation half-cone angle from a single electron is 
— 2X10~ radian. Hence A¢ intercepts about 2% of the cone 
angle. 
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energy collected is 


Ae f F($)Rd0/c= (RA$/c) f F(6)d@, 


which is just A¢/2m times the total radiated per turn 
independently of the wavelength. 


Owing to the spread of the electrons in the beam the actual 
source cannot be regarded as a point source, and we must examine 
how this modifies the sampling process. First let us consider 
only the extent of the source in the orbital plane which is taken 
as horizontal. Referring to Fig. 9(b), we see that the slit accepts 
radiation at one wavelength from an electron on the median orbit 
only as the electron moves from a to b. This radiation falls on the 
central part of the grating. Next consider a second electron whose 
orbit falls inside the median orbit. The slit accepts the radiation 
cone from this electron at a slightly different time and only while 
the electron is located between the points a’ and b’. Similarly, for 
an electron in an outer orbit, the slit intercepts the cone while 
the electron traverses the arc a’’b’’. The radiation from these edge 
electrons falls on either side of the grating center. But rays which 
diverge from the slit in the horizontal plane are focused on the 
Rowland circle, so that the radiation from all the electrons is 
collected at the same position. Consequently no spectral dis- 
placement results from the horizontal distribution of electrons 
in the beam. 

In the vertical direction [see Fig. 9(c)], no such focusing is 
present and a vertical spread of electrons in the beam results in 
the superposition of radiation cones displaced in a direction at 
right angles to the Rowland plane. The vertical cone angles are 
only slightly modified by the grating but, being different for 
different wavelengths, the actual spread of the radiation along 
the height of the exposure thus depends principally on the distance 
from the source to the Rowland circle. This point will be discussed 
further in connection with the study of the angular distribution 
of the radiation. 

It follows that in the photographic record, the total grain 
count in an element of area having a constant width and extending 
the full height of the record yields a measure of the collected 
energy which can be associated with the radiant energy emitted 
by the source over the wavelength interval corresponding to the 
width of the strip. In practice a grain count is not feasible, but one 
can readily obtain a measure of the total integrated blackening 
within the area by crosswise scanning of the exposure with the aid 
of a microphotometer. It must also be remembered that, owing 
to the dispersion of the instrument, a given width of the exposure 
corresponds to a wavelength interval whose magnitude varies 
over the limits of the spectrum. This factor can easily be taken 
care of since the determination of the instrumental dispersion 
presents no difficulties. 

Another consideration is the width of the slit. The photographed 
distribution is in reality a superposition of a series of displaced 
distributions due to elementary slits comprising the actual slit of 
finite width. The entrance slit will ordinarily be of negligible 
width. However, if it is wide, the photographed distribution may 
be considerably different from a narrow slit distribution. This 
aspect is not of importance, except in cases where there exists 
a rapid variation with wavelength either in the source intensity or 
in such instrumental characteristics as the dispersion, the grating 
efficiency, and the response of the emulsion. In any case, the effect 
can be minimized by narrowing the slit. 

Even for a narrow slit, the question of image size enters into 
the calculations. Still considering the case of an extended source 
such as one emitting a discrete line spectrum, the photographic 
density observed in various line images will depend on the extent 
of the image as recorded by a particular spectrograph. Thus in a 
quartz instrument, the energy density in the image of a far 
ultraviolet line is greater than that in the larger image of a visible 
line of the same intrinsic intensity. For a source emitting a con- 
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tinuous spectrum, the overlap resulting from a series of slit images 
eliminates the effect of image width, but a correction must be 
applied to include the effect of image height. Similar considerations 
are also valid for a grating instrument. In this instance we do not 
deal with the focused slit image, but rather with the superposition 
of astigmatic line images of slit points, and the actual height of 
a spectrum line again varies with wavelength. 

The preceding discussion presupposes that the light originates 
at the slit, i.e., the source is focused achromatically on the slit 
and that the rays which illuminate the dispersing element are 
highly divergent. The situation is different in the case of the 
radiation from the synchrotron. Here the source may be located 
several meters from the slit and because of its highly directional 
properties the rays passing through the slit are inclined at very 
small angles to the Rowland plane. The earlier considerations 
with reference to the image width along the spectrum are still 
valid, but those involving the image height are somewhat different. 
In the case of the lens and prismatic instrument, the real source 
seen through the slit is imaged far forward of the instrumental 
focal plane. Nevertheless, in this plane, the slit is still accurately 
imaged as an aperture stop in the path of the incident radiation. 
With reference to the grazing incidence vacuum spectrograph, 
ordinarily there will be considerable astigmatic distortion of the 
image due to the large angular divergence of rays originating from 
a source close to the slit. However, the astigmatic effect is enor- 
mously decreased when the radiation originates from a small 
source placed at a large distance from the slit so that the angle 
between rays accepted by the slit becomes very narrow. In this 
optical situation simulating the case of the radiation from the 
synchrotron, the height of the exposure on the spectrogram will be 
very nearly that of the slit. 

In treating the data, additional information is required con- 
cerning (1) the transmission of the prismatic instrument as a 
function of wavelength for the particular path traversed by the 
narrow pencil of rays; (2) the grating response, that is, the fraction 
of incident monochromatic radiation which appears in one or 
more spectral orders; (3) the calibration and spectral response of 
the detector. The determination of and the part played by these 
factors will be discussed in the sections which follow. 


D. INVESTIGATION OF THE SPECTRUM 
I. Experimental 


The spectral region of chief interest in this work 
extended from 60 A to 450 A and was investigated by 
means of a grazing-incidence vacuum spectrograph. 
The dispersing element was a lightly ruled glass 
grating having 30000 lines per inch and a radius of 
154 cm. The mounting was of the Rowland type and 
the angle of incidence as measured from the grating 
surface was 4.64°, leading to a low spectrographic 
aperture. The dispersion varied from 0.7 A/mm at 
60 A to 1.8 A/mm at 450 A. The general arrangement 
utilized for studying the radiation is sketched in Fig. 10. 
The slit housing of the spectrograph was connected 
through a flexible Wilson seal to the exit port in the 
synchrotron doughnut by sections of glass or metal 
tubing whose total length was about 2m. Glass was 
used in the vicinity of the doughnut to avoid perturbing 
the ac magnetic field of the synchrotron. Between the 
seal in the exit port and the slit housing, a vacuum 
gate valve was situated containing a retractable optical 
quartz window which actually provided the seal. This 
window made it possible to determine and fix a line of 
‘sight in the direction of the visible light from the 
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Fic. 10. Diagram which 
illustrates essentials of the 
spectrograph and aids used 
in alignment. The space 
within the rectangle is en- 
closed in a large retractable 
cylinder which serves as the ' 
evacuation chamber. The “¢/7% 
photocell used for checking a Few 
the alignment is not shown. ©€?7@/ 7 
The latter located 
within the spectrograph e 
chamber back of the central aY Fi fr omgh seh 
image position. Mar. “i 
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machine prior to the positioning of the spectrograph. 
The valve served to isolate the synchrotron doughnut 
from the spectrograph chamber whose volume was 
comparable to that of the doughnut. During the initial 
stages in the pumping of the spectrograph the valve 
was kept closed until the pressure in the spectrograph 
and the interconnecting tube was reduced to that 
normally maintained in the doughnut. The valve could 
then be opened, connecting the two systems and 
allowing the radiation from points of the electron orbit 
to pass through the evacuated interconnecting sections 
directly to the slit. 

A rotating disk shutter was incorporated in the tube 
connecting the spectrograph to the doughnut. The 
shutter was located directly in front of the slit, its axis 
intersecting the extension of the vertical line defined 
by the slit in order to minimize phasing errors arising 
from lateral shifts. Provision was made for driving 
the shutter through a vacuum seal at 1800 rpm in 
synchronism with the 30-cycle synchrotron field. By 
rotating the entire frame of the drive motor about its 
axis, the phase of the open sector in the disk could be 
so varied as to pass radiation over a short time interval 
at an arbitrarily chosen instant during the acceleration 
cycle. As indicated in Fig. 11, the phasing was accom- 
plished by using a pulse derived from a permalloy 
peaking strip at zero magnetic field. A flash delayed 
by a known and variable amount served to illuminate 
a fiducial mark on the rotating sector shaft. By fixing 
the phase of the shutter in the above manner, it was 
possible to admit the radiation from electrons whose 
energies were limited to a band centered at a specified 
value of the energy, depending on the angular position 
of the motor. In the interest of avoiding complications 
which might have jeopardized the initial experiments 
in the far ultraviolet, the shutter was not (and thus 
far has not been) put into operation for the purpose of 
investigating the spectrum of sensibly monoenergetic 
electrons in this wavelength region. However, several 
exposures were made with it in a preliminary explora- 
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Fic. 11. Diagram showing the arrangement to be used for 
recording the radiation from essentially monoenergetic electrons. 
For work in the vacuum ultraviolet the rotating disk is enclosed, 
the drive shaft coming through a vacuum seal. So far the disk has 
not been used in the investigation of the far-ultraviolet spectrum. 
However, the plate of Fig. 12 was obtained with this arrangement 
and the quartz optical system indicated here. 


tion carried out in the near ultraviolet by the use of a 
small quartz instrument which received the radiation 
transmitted by the quartz window situated in the 
closed vacuum valve. The disk was provided with a 3° 
open sector. (The opening was not designed for use at 
low energies. At 100 Mev the energy spread amounted 
to about 14 Mev, for the case where the peak energy 
attained during the full acceleration cycle was 300 
Mev.) A set of exposures obtained with the aid of the 
shutter is reproduced in Fig. 12. The electron energies 
involved ranged from 60 Mev to 110 Mev. 

The ray-like nature of the emitted radiation and low 
spectrographic aperture of the vacuum instrument 
demanded that great care be exercised in its optical 
alignment. Ideally, the spectrograph axis (line joining 
the midpoints of slit and grating) should be made 
coincident with the axis of the radiation cone. This 
requires that the Rowland plane (plane defined by the 
instrumental axis and the grating normal) lie in the 
orbital plane and that in this plane the spectrograph 
axis be tangent to the orbit. After leveling (the orbital 
plane being accurately level) and adjusting the height 
of the instrument (to the orbit height above reference 
base), the alignment procedure was carried out in the 
following manner: with the spectrograph out of the way 
and the quartz window in position in the vacuum 
valve, a tall mirror, adjustable in tilt and azimuth, 
was placed opposite the quartz window at a distance 
of about 15 ft. The image of the visible spot of light 
originating at some point on the orbit of the operating 
synchrotron was reflected by the mirror and observed 
through a theodolite with horizontal axis in the orbital 
plane. This procedure made it possible to establish 
the axial direction of the radiation in space. Leaving 
the mirror and theodolite position undisturbed about 
its vertical axis, the spectrograph was slid into position 
and its axis brought into coincidence with the pre- 
viously fixed direction of the visible beam. The straight- 
forward adjusting of the height and level of the Row- 


land plane with respect to the orbital plane having 
been done, there remained the careful alignment in 
azimuthal angle within the plane. This last adjustment 
was made by sighting through the theodolite and 
mirror at two fiducial marks previously fixed in the 
body of the spectrograph so as to define its axis. (These 
were not in the Rowland plane and therefore the 
theodolite had to be swung about its horizontal axis 
but since the latter was in the orbital plane no error 
was introduced.) The alignment was further verified 
by the use of a slit placed before a photocell so located 
within the spectrograph as to record the intensity of the 
central image. To illuminate the cell, the occultor 
which normally served as a trap for the central image, 
was moved out of the way by means of a rotary solenoid. 
For optimum adjustment, the cell current response 
to the synchrotron radiation was maximized by means 
of small lateral displacement of the supporting frame. 
Care was exercised to preserve the final position during 
loading and unloading of the photographic plates. 

Exposures were controlled by means of a shutter 
placed behind the slit system and operated by the 
rotatory solenoid. The slit located on the Rowland 
circle had a width of 7 mils (1.7810-* cm). Because 
of their suitability for photometric work, Ilford (1 
plates were used in photographing the spectrum. It 
was not convenient to superpose a comparison spectrum, 
so the wavelength scale was established either by ex- 
posing the central image for a short time or by position- 
ing the plate against a previously fixed index whose 
wavelength location was known. Under the particular 
operating conditions of the accelerator, 30-minute 
exposures resulted in satisfactory photographic densi- 
ties for peak electron energies of about 300 Mev at 
only moderate electron beam intensities (about 10° 
electrons per pulse). 
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Fre. 12. Reproduction of a plate obtained with the arrangement 
of Fig. 11, showing spectra of the continuous radiation emitted 
by essentially monoenergetic electrons. The various exposures 
correspond to electron energies ranging from 60 Mev at the top to 
110 Mev at the bottom. An exposure at 50 Mev is not visible in 
the reproduction. The exposures were adjusted so that, in each 
case, approximately the same total number of radiating electrons 
was involved. 
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Fic. 13. Reproductions of the plates and microphotometer traces for three vacuum- 
ultraviolet spectra obtained by the use of the radiation from electrons whose energy was 
increased sinusoidally to a peak value of 321 Mev. (a) Radiation filtered through a thin 
Be film showing the K absorption edge which appears in the first and second order at 
110 and 220 A, respectively. (b) Same radiation filtered through a thin Al film showing 
the L2,3 edge in first and second order at 170 and 340 A, respectively. (c) The unfiltered 
synchrotron radiation. Due to the nature of the grating response and the presence of 
overlapping second-order radiation, the microphotometer trace of the exposure is sur- 
prisingly flat down to the abrupt cutoff at the short-wavelength region near 60 A. The 
tapered appearance in this region is related to the angular distribution. (d) Microphotom- 
eter records run crosswise to the exposure shown in (c) at four different wavelength 


positions. The traces show the angular intensity variation. 


A light meter built into the synchrotron responded 
to the visible spectrum radiated by the electrons and 
gave an indication of the average magnitude of the 
circulating electron current and served as a rough 
guide in controlling exposures. Because of the presence 
of fluctuations in the readings of this type of monitor, 
the exposures were actually recorded in terms of the 
readings of an ion current integrating meter” rather 
than in terms of the product of the light meter reading 
and the elapsed time. This integrating device served 
as a monitor of the synchrotron beam intensity in 
terms of the intensity of the bremsstrahlung produced 
when the accelerated electrons were allowed to strike a 
tungsten wire target. The beam of bremsstrahlung so 
produced fell on an ionization chamber with 1-in. 
copper walls. The ionization resulting from the electron 
showers produced in the walls of the chamber was used 
as a measure of the y-ray intensity. For a given number 
of incident high-energy electrons the integrating meter 
reading is closely proportional to the electron energy, 
and for a given peak electron energy the reading may 
be regarded as proportional to the number of electrons 
acting as radiators. Hence the integrating meter read- 
ings gave an indication of the number of photons 
received by the photographic plate and could be relied 
upon as a measure of exposure. 

By necessity the spectrograph was located in a region 
where the fast-neutron and gamma-ray levels were 


% R, Littauer, Rev. Sci. Instr. 25, 148 (1954). 


quite high. It was therefore necessary to ascertain to 
what extent the emulsion would be fogged by back- 
ground radiation. Test plates were mounted in various 
positions within the spectrograph chamber. During 
comparable exposure times, no fogging was perceptible 
except in the case of plates located on top of the 
aluminum plate holder block with the emulsion side 
facing the metal. Plates similarly located with the 
emulsion side up were not affected. In another test, 
plates were mounted on the Rowland circle and the 
slit shutter was kept closed; otherwise the operating 
conditions were similar to those found in runs which 
had resulted in satisfactory registration of the spectrum. 
Upon development, the plates were found to be clear. 
It was therefore concluded that at least with the 
shutter closed, there were no harmful extraneous 
sources of radiation. 

In order to exclude effects due to stray light and also 
to see whether the radiation did contain wavelengths 
in the far ultraviolet, metallic foils of Be and Al in 
turn were introduced into the path of the undispersed 
radiation. The foils were opaque to visible light but 
were sufficiently thin (~1000 A) to have a high trans- 
mission in the soft x-ray region, except in the immediate 
neighborhood of absorption discontinuities. The plates 
and microphotometer traces of the spectrograms taken 
with the two metal filters are reproduced in Fig. 13. 
As indicated in the diagram, the characteristic K and 
[2,3 absorption edges of Be and Al, respectively, are 
clearly observable in two orders. From previous 
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studies”’.* it is known that the Be K edge is located 
at 111 A, while the Z» discontinuity in the case of Al 
is at 170 A. The absorption spectra obtained in these 
exposures thus demonstrated that the radiation in- 
cident on the foils did extend into the 100 A region and 
that we were in fact dealing with the emission spectrum 
of radially accelerated high-energy electrons. These 
traces illustrate beautifully the usefulness of such a 
continuum in solid-state absorption spectroscopy. As 
far as known, these are the first absorption spectro- 
grams obtained in the soft x-ray region using a con- 
tinuum for the incident radiation. 

In a subsequent run, two plates were positioned end 
to end so as to include the region of shorter wavelengths 
extending down to the central image. The resulting 
spectrogram and its microphotometer trace appear in 
Fig. 13(c). As before, this exposure shows little change 
in photographic density over the longer wavelengths. 
However, at the short-wavelength end near 60 A, there 
is a cutoff in intensity. This very rapid drop in intensity 
is now known to arise from the combined effects of 
the decrease in grating reflectivity and the actual ter- 
mination of the incident spectrum. 

The microphotometer traces in Fig. 13(d) were 
obtained by scanning in a direction at right angles 
to the Rowland circle at the wavelength positions 
indicated. Such traces were utilized in studying the 
angular spread of the radiation. To a casual observer, 
the traces shown in Figs. 13(c) and 13(d) do not present 
features which are exciting. It must be pointed out 
however that these traces are to be associated only with 
the photographic blackening which is a composite 
record of the spectrum of the source as modified by 
the dispersing instrument. The unraveling so as to 
arrive at the incident spectrum constitutes the major 
effort involved in these experiments. 

In all exposures but one, the electrons were ac- 
celerated to the peak energy of the synchrotron (321 
Mev). In one run however, the rf voltage was turned 
off early in the acceleration interval and in this case 
the maximum energy attained by the electrons was 
only 233 Mev. 

The exposure was again governed by the integrating 
meter, making due allowance for the decrease in 
ionization current at the lower energy. Its indication 
was still assumed to be proportional to the peak 
electron energy. 

The energies quoted throughout the text pertain to 
the peak energy at the stable orbit position and not as 
indicated by target radiation. As the rf voltage is 
turned off at the peak of the cycle when the magnetic 
field is nearly constant, the beam spirals into the 
target because of radiative losses and gives rise to the 
bremsstrahlung which the integrating meter detects. 


27R, W. Johnston and D. H. Tomboulian, Phys. Rev. 94, 
1585 (1954). 

2%). H. Tomboulian and E. M. Pell, Phys. Rev. 83, 1196 
(1951). 
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In this case the value of the energy indicated by the 
meter may be about 3 Mev less than that attained at 
the equilibrium orbit. When the rf is turned off earlier 
in the cycle, this difference will be even smaller. In 
this instance the increase in the magnetic field is also 
effective in causing the beam to move over and strike 
the target. Thus the energy at the stable orbit and 
that at the target are more nearly the same when 
the acceleration is stopped before reaching the peak 
of the cycle. 


II. Reduction Procedures 


The reduction of a recorded spectrum must take 
into account factors which are characteristic of the 
source, the dispersing instrument, and the detector. Of 
necessity, several of these factors are different for widely 
separated regions of the spectrum. In order to point out 
the difference in the reduction procedures in the visible 
region as compared with those encountered in the 
vacuum region, considerations involved in the reduction 
of a near-ultraviolet spectrogram of the synchrotron 
continuum, such as the one shown in Fig. 12, will now 
be outlined. As stated previously, this was an explora- 
tory plate obtained with a small quartz instrument not 
well adapted for quantitative work. Largely because 
of the excessively high photographic density attained 
for electron energies in excess of 70 Mev, most of the 
exposures were not suitable for quantitative treatment. 
However, one exposure, obtained at the relatively low 
electron energy of 60 Mev, appeared suitable for deduc- 
ing the power spectrum. 


The various diagrams included in Fig. 14 are intended to outline 
the steps involved in reducing such an exposure to obtain the 
spectral distribution of the source over this spectral region. From 
the microphotometer trace of the exposure one readily obtains 
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Fic. 14. Block diagram intended to illustrate the various steps 
involved in the reduction of a spectrogram obtained with a 
= instrument in accordance with the procedures of 

eterochromatic photometry as discussed in the text. The relative 
spectral distribution curve shown in the lower right-hand corner 
is deduced from the photographic exposure by taking into account 
(1) the instrumental dispersion, image size variation, wavelength 
calibration, and transmission; and (2) the calibration and wave- 
length response of the emulsion. 
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the photographic density as a function of distance along the 
exposure. With this information as a starting point, the determina- 
tion of the relative spectral energy distribution necessitates, on 
the instrumental side, a knowledge of the dispersion, wavelength 
calibration, and transmission of the spectrograph, and on the 
photometric side, the calibration and response of the emulsion. 

The relation between the photographic density and exposure 
at various wavelengths was established in the usual manner by 
exposing a plate in the spectrograph to a mercury source. For 
each wavelength a step-sector disk placed in front of the slit was 
used to vary the exposure in a known way. (Exposures taken 
without the use of the disk served to determine the necessary 
correction to be applied for the change in image height with 
wavelength.) To intercompare the resulting H-D curves on an 
intensity basis, it was necessary to know what relative intensity 
at each wavelength gave rise to a prescribed value of the density, 
say 0.6. This was done by determining the relative intensities of 
a series of mercury lines with the aid of a thermopile placed in the 
focal plane of a grating monochromator. In this same plane, 
successive exposures to the same mercury lines were made directly 
on the photographic emulsion. In this step, a neutral filter (reduced 
aperture and rotating sector) was required to obtain accurate 
timing of exposures, which were adjusted to yield about the same 
density. No allowance was made for the photographic inter- 
mittency effect or the reciprocity law failure in any of the steps 
or for the fact that in the monochromator measurements, the 
radiation was incident normally on the emulsion, while in the 
spectrograph, considerably more oblique angles of incidence 
were involved. The wavelength response of the emulsion (East- 
man type 103-0-uv) is sketched in a small plot in the lower portion 
of Fig. 14. The short-wavelength peak is due to the sensitizing 
lacquer and its wavelength position is in agreement with data 
published previously.” 

The combined transmission of the vacuum-valve quartz 
window and the spectrograph was determined by using a 4-meter 
concave grating as a monochromator to simulate the narrow 
spread of illumination of the synchrotron exposure. Thus a beam 
of small angular divergence was allowed to pass through the 
system (with slit removed) along a path approximately that used 
in connection with the synchrotron exposure. Clearly, if the syn- 
chrotron radiation passes through a portion of the prism near its 
base, and on the other hand if the transmission of the system is 
measured with a beam traversing a section near the apex of the 
prism, an error will be introduced whose magnitude becomes larger 
as the absorption due to the quartz increases. For the transmission 
measurements, a 1P28 photomultiplier (with frosted envelope to 
avoid problems arising from point to point variation in cathode 
sensitivity) served to determine the incident and emergent 
intensity. 

Ordinarily with a comparison spectrum placed alongside the 
unknown, the fixing of the wavelength scale presents no problems. 
Since no comparison spectra were superimposed on the exploratory 
plate, in fixing the wavelength scale recourse was made to the sharp 
photographic cutoff and low dispersion at the long-wavelength 
limit of the spectrum. Spectrograms of an incandescent source 
were made with the same slit width as that used in the synchrotron 
exposure. The resulting spectrograms were such as to approximate 
the steep rise in density observed in photographing the spectrum 
of the synchrotron continuum. Comparison mercury spectra, 
taken with a narrow slit, were superposed on the above spectro- 
grams to establish the wavelength scale. Obviously, in more 
refined work, one would introduce a comparison spectrum on the 
synchrotron exposures directly. 


The preceding discussion points out the many factors 
which enter into the reduction procedure to be followed 
in obtaining the actual source distribution. In the case 
of the 60-Mev run, the result is presented in Fig. 15 


2 Johnson, Watanabe, and Tousey, J. Opt. Soc. Am. 41, 702 
(1951). 
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Fic. 15. Comparison of the reduced 60-Mev monoenergetic 
electron distribution with those calculated from theory at 60 Mev 
and 65 Mev. The ordinates have been matched at A=3800 A. 
Assuming the shutter setting to be correct, the experimental curve 
should agree more closely with the 65-Mev theoretical distribu- 
tion, since, due to the width of the shutter opening, actually the 
the spectrograph can receive the radiation from electrons with 
energies up to 67 Mev. 


along with the expected theoretical distribution at 
60 Mev and 65 Mev. The experimental measurements 
represent the average of reductions based on two 
separate spectrograms. The results from the individual 
exposures were in good agreement, thus furnishing a 
check on the photometric procedure. For the sake of 
comparison, the experimental curve and those calculated 
from the formula [Eq. (5) ] for the spectral distribution 
of monoenergetic electrons are matched at 3800 A. 
The agreement seems reasonable. Although the phase 
of the shutter was adjusted to admit the radiation from 
the 60-Mev electrons, actually due to the finite width 
of the shutter opening, the exposure received the 
radiation from electrons whose energies were spread 
over a 14-Mev band centered at 60 Mev. Therefore 
one would expect to find closer agreement with the 
65-Mev rather than the 60-Mev theoretical curve. 

When dealing with the problems of reducing plates 
obtained in the vacuum ultraviolet, one must again 
take into account similar factors characteristic of both 
the dispersing instrument and the detector. However, 
because of properties peculiar to the grating and photo- 
metric limitations encountered in this spectral region, 
there are significant and startling differences in making 
relative intensity measurements. 

The various diagrams in Fig. 16 are intended to serve 
as an aid in describing the method of reduction of 
these plates. The problem as before is to extricate the 
source distribution function P(A) from the spectro- 
graphic record. To do this let us assume that the curve 
in Fig. 16(a) represents the average power spectrum 
emitted by a single electron whose energy is increased 
from zero to an upper limit sinusoidally with the time. 
A fraction of the power radiated by the electron will 
be incident on the grating. (For the present we shall 
be concerned only with the shape of the distribution 
curve and need not know the fraction of the emitted 
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Fic. 16. Diagrams intended to illustrate the steps involved in 
the reduction of exposures obtained in the far ultraviolet by means 
of a grazing incidence spectrograph. Incident on the grating is the 
spectral distribution shown in (a). As in the ray diagram (c) the 
grating diffracts the radiation into various orders, so that at a 
given point Q in the focal plane, the energy collected per unit 
distance is due to radiation of wavelength A, in the first order, 
1/2 and \,/3 in the second and third orders. Also the incident 
intensity is modified by the grating according to the reflecting 
power curves given in (b). Experimentally one arrives at the 
relative power vs distance distribution curve in (g) from the 
microphotometer trace (f) of the exposure by using the plate 
calibration (e). The observed source distribution can then be de- 
termined by taking into account the instrumental dispersion 
curves of (d) and the reflecting power curves shown in (b). The 
important detail of the emulsion response is not considered. 


power intercepted by the receiving device. This is 
governed by the geometry of the receiver and source.) 
The power incident on the grating over the narrow 
spectral band d),, centered at A:, will be proportional to 
P(A;)dAx. A portion of this radiation will be scattered 
diffusely or absorbed by the grating. The remainder 
will be diffracted into various orders. At the given 
wavelength );, the energy which appears in the first 
order is a fraction of the energy incident on the grating 
at the same wavelength ,. Let this fraction, i.e., the 
reflecting power of the grating, be denoted by R(A:). 
This quantity will vary with the wavelength in a 
manner which is characteristic of the material of the 
grating blank and groove shape. The wavelength de- 
pendence of the reflecting power for first and second 
order spectra is indicated qualitatively by the curves 
in Fig. 16(b). It follows that Rr(A:)P(Ai)dA; is a 
measure of the power which falls into a vertical image 
of width dx, centered at x, on the Rowland circle. As 
shown in Fig. 16(c) the distance x; is measured along 
the circle from the central image C.I. to the point Q 
where the radiation of wavelength \, is brought to a 
focus. In the absence of other contributions to the image 
centered at Q, we may write 


Py (x)dx,= P(Ay)R1(3)d, (24) 


where P;(x;) represents the power per unit distance 
interval at the position 2. 

In general, the incident radiation will contain shorter 
wavelengths \;/2, A:/3, ---. The radiation having 
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these wavelengths will also be focused at Q in the second, 
third, or higher orders, respectively. Hence the fixed 
interval dx, at x; will also receive contributions corre- 
sponding to 


P(Ax/2)Rur(Ar/2)d(A1x/2), P(Ai/3) Ru (A1/3)d(A1/3), + + « 


where Ryz(Ai/2) and Ri (A1/3) are the reflecting powers 
of the grating appropriate to the wavelength and 
spectral order. The wavelength intervals d(\,/2), 
d(A,/3), etc., must be chosen so as to correspond to the 
fixed distance interval dx,, in accordance with the 
instrumental dispersion curves for different orders 
[see Fig. 16(d)]. In fact, it follows from the grating 
equation that the instrumental dispersion dA/dx at a 
fixed x varies inversely as the order, so that the wave- 
length interval d(\;/2) is half as large as dd, and 
d(A,/3) is a third of d\;. Taking into account the con- 
tributions from higher orders, we can now write the 
more complete expression 


P(xy)da,= P(A) Ri (A1)dA1 
+$P(Ai/2)Ru(Ar/2)dAr+-++, (25) 


where P(x) is the power per unit distance at x; due to 
the first- and higher order contributions. 

In Eq. (25), only the first two orders have been 
considered, since over the wavelength range covered 
by the present measurements the third-order contribu- 
tions are negligible. Dropping the subscript and solving 
for P(A), we obtain 

1 


d Ru (A/2 
PO)=Pt)( =) P02) de 


Rx(A) 


It follows that in determining the spectral distribution 
of the source we need to know: (1) dx/d, the reciprocal 
instrumental dispersion in the first order; (2) Rr(A) and 
Ru(A/2), the reflecting powers of the grating for the 
first- and second-order spectra ; and (3) P(x), the power 
per unit distance as recorded by the photographic 
emulsion. The values of dx/d\ may be deduced from 
the wavelength vs distance curve in Fig. 16(d). The 
evaluation of P(x) and the method used in determining 
the reflecting power will be discussed under separate 
headings. 

In Eq. (26), the second term on the right is the con- 
tribution due to overlapping second-order radiation. 
Its magnitude presupposes a knowledge of the source 
distribution P(A). As shall be described presently, it 
turns out that Rm(A/2) is zero for wavelengths shorter 
than a certain critical value, so that the portion of the 
observed spectrum which falls on the short-wavelength 
side of this critical value is free from second-order 
overlap. This fortunate circumstance makes it possible 
to obtain the P(A) vs \ curve directly by the use of 
Eq. (24) over the region where only first-order con- 
tributions are present. This segment of the curve is 
subsequently utilized to evaluate P(\/2) at the higher 
wavelengths where Ry(A/2) is no longer negligible. 
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The distribution curve as formulated in Eq. (26) can 
then be constructed over the entire range by a piece- 
meal evaluation of portions free from overlap. 


III. Photographic Photometry 


In calibrating the photographic emulsion, one needs to corre- 
late, at each wavelength, the incident energy (or the number 
of photons) per unit area of the emulsion with the photographic 
density resulting from the irradiation. Due to the nature of 
sources available in the vacuum region and the characteristics of 
spectrographs used, difficulties arise when attempting to vary 
exposures in a known way. One scheme is to compare the photo- 
graphic densities of lines in spark spectra by varying the number 
of spark discharges in the exposure. 

In calibrating the Q emulsion of the plates used in the soft 
x-ray region by this scheme, the source consisted of a condensed 
spark discharge in a glass capillary. Juxtaposed exposures of line 
spectra emitted by multiply ionized O, N, Si, Na,. . . atoms were 
utilized to construct the calibration curve. The scheme is based 
on the assumptions that: (1) at corresponding points of the 
images of a given line in spectra taken by varying the number of 
sparks, there is a constant ratio between the radiant energy 
received by unit area of emulsion; (2) in a given spectrum equal 
amounts of energy produce the same photographic density 
independently of the wavelength; and (3) intermittency defects 
and reciprocity law failures may be ignored. It is to be noted that 
assumption (2) presupposes one type of plate response “flatness.” 
Another type might be that equal numbers of photons produce 
the same density independent of wavelength. 

Suppose that one obtains two spectrograms of the same spark 
source, the exposure in the first being & times that of the second. 
In the microphotometer traces of the two exposures, now labeled 
as i and 2, the deflection d4 of a line A in trace 1 will be due to 
k times the radiant energy represented by line A in trace 2. Due to 
the richness of the spectrum one can almost always find a line B 
in trace 1 which has a deflection dg equal to that of line A in 
trace 2. Let Ea represent the energy (in arbitrary units) which 
gives rise to d4. Then the deflection dg corresponds to an energy 
E,/k. In a like manner, a series of deflections da, dz, dc,. . . may 
be correlated with the energies E4, Ea/k, Ea/k*, ... and a 
calibration curve similar to the one sketched in Fig. 16(e) may 
be plotted. 

Because of the lack of neutral detectors or sources of known 
intensity distribution, the procedures of heterochromatic photo- 
metry cannot as yet be applied in the spectral region of interest. 
As already mentioned in the calibration process, we have been 
obliged to ignore the wavelength dependence of the emulsion 
energy sensitivity. We shall for the moment proceed on the as- 
sumption that the emulsion used in these measurements has this 
type of “flat” wavelength response in the 100 A to 300 A region. 
The alternative specification of “flatness” in terms of equal 
photon efficiency will be considered in connection with the 
discussion of the experimental results. 


IV. Determination of P(x) 


Due to the vertical angular spread of the radiation 
cone of each radiator, coupled with the fact that 
individual radiators are distributed in space, the total 
radiant power in a wavelength interval d\ at \, appears 
on the plate in a corresponding width dx at x but is 
spread over the height of the spectrogram. 

In the case of a point source the situation may perhaps 


% The continuous radiation investigated in these experiments 
may in the future furnish a source whose spectral distribution 
may be regarded as known. For further comments see the con- 
cluding section of this article. 


Fic. 17. Sketch depicting the manner in which the radiant 
a ol in a wavelength interval dd at a given A is spread over the 
eight of the spectrum. The diagram shows the radiation cones 
from two orbital points @ and 6. It illustrates how the image 
height, at each of two wavelengths (A=100 A and A=400 A), is 
dependent on the cone angle and on the distance from the source 
to the Rowland circle. Small astigmatic effects and focusing in the 
Rowland plane are ignored. 


be visualized by referring to the sketch in Fig. 17 
which again shows how, for a given radiation cone, the 
energy is collected only from orbital points lying 
between points a and 6 and how the radiation is 
dispersed by the grating (only first-order images are 
indicated). The diagram illustrates further how at any 
wavelength the image height is dependent both on the 
cone angle and on the distance from the source to the 
Rowland circle if small astigmatic effects at the grating 
are ignored. Focusing in the Rowland plane is not 
indicated. 

We must therefore measure a quantity proportional 
to the energy collected in an image of width dx ex- 
tending crosswise to the spectrum whose vertical 
spread is not restricted by the aperture of the spectro- 
graph. At a given X, this quantity could then be corre- 
lated with the average power spectrum derived from 
an appropriate single electron distribution by summing 
over all cone angles, for the energies assumed during 
the acceleration interval and over the space distribution 
of electrons in the beam. 

At a fixed position along the spectrum, say at x= x, 
a microphotometer trace taken crosswise to the exposure 
is shown by curve A in Fig. 18, while a plot of the 
corresponding intensity variation along the height of 
the spectrum is indicated by curve B. The ordinates in 
curve B were obtained from the microphotometer 
deflections with the aid of the calibration curve for 
the emulsion. The trace shown in curve A is typical and 
others taken at different values of x were similar in 
appearance. The sharply rising sides of the trace 
indicate that the instrument did not accept the entire 
vertical spread of the radiation. Indeed, all the traces 
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Fic. 18. The vertical intensity profile at a given wavelength 
position as derived from a crosswise tracing of the exposure. 
The steeply rising portions of the microphotometer trace in 
curve A indicate that the vertical spread of the spectrum was 
limited by the height of the spectrograph slit. The asymmetric 
appearance of curve B arises from the fact that the Rowland 

lane did not bisect the radiation cone accurately. If unrestricted 
> slit height, the area under curve B is proportional to the 
radiant energy received per unit length along the spectrum at the 
particular spectral position. 
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had the same width of 9.8 mm, which was very nearly 
identical with the actual height of the spectrograph 
slit. (The latter was located about 2.8 meters from the 
source of radiation.) Also the asymmetry of curve B 
points to the fact that the Rowland plane did not 
quite bisect the over-all radiation cone of the source, 
i.e., the Rowland plane was not the same as the orbital 
plane of the electron. A very slight inclination between 
the two planes was also indicated by a small vertical 
displacement in the trace of the position of the density 
maximum as function of distance along the plate. 

In the diagram of Fig. 18 let dy be the effective scan- 
ning width of the microphotometer. In curve B let 
the ordinate, which represents the power per unit 
distance across and per unit length along the spectrum, 
be denoted by P(xo,y). Then the integral fP(xo,y)dy, 
taken over the unrestricted height of the spectrum, is 
proportional to P(xo), the power per unit length along 
the spectrum. Thus P(xo) can be measured in terms 
of the area under curve B (still not limited by slit 
height). Actually in obtaining P(x), the intensity 
curve was assumed to be symmetrical and the desired 
area was evaluated by making use of the right half of 
curve B whose full extent was approximated by 
extrapolation. 

An examination of a series of curves representing the 
cross intensity variation in the spectrum at different 
wavelengths leads to the observation that the actual 
areas under the curves are closely proportional (within 
3%) to the maximum in the crosswise intensity varia- 
tion. This is largely due to the fact that the various 
curves are quite similar in shape and have nearly 
identical widths when extended to cut the axis. This 
circumstance makes the intensity maximum a useful 
parameter in a more simplified scheme of reduction. 
In practice, it was therefore convenient to run the micro- 
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photometer trace along the spectrum at a height corre- 
sponding to the maximum in density. Deflections 
obtained in this manner could then be converted to 
intensities which gave the desired values of P(x) 
within the approximation involved. 


V. The Grating Response 


As indicated by the formulation represented by Eq. 
(26), the reduction of the plates involves a knowledge 
of the energy distribution among the various order 
spectra produced by the particular grating as mounted 
for the purpose of these studies. A certain amount of 
information regarding the spectral response of the 
grating was already available previous to the under- 
taking which led to the determination of the reflecting 
power. This was based on the following observations 
derived from the examination of line spectra as well 
as the synchrotron continuum: (1) The radiation in the 
60 A to 100 A range appeared only in the first order; 
(2) second- and third-order spectra were only observed 
for wavelengths higher than 100A and 150A, re- 
spectively. In addition, intensity ratios between the 
first- and higher order spectra were known with reason- 
able precision. The statements made under (1) and (2) 
may be verified by referring to the traces given in Figs. 
13(a) and 13(c). For instance, in Fig. 13(c), the steep 
rise in intensity occurring at 60 A should have mani- 
fested itself in the second order, namely around 120 A. 
No sharp rise is observed in this vicinity. On the other 
hand, in Fig. t3(a) we see that the Be K edge located 
above 100 A is definitely present in the second order. 

With this information as a background, an attempt 
was made to determine experimentally just what 
fraction of the energy incident on the grating was 
diffracted into the first and second orders. Such meas- 
urements necessitate the use of monochromatic radia- 
tions, so the grating response was measured at a few 
selected wavelengths by utilizing the sensibly mono- 
chromatic soft x-ray bands emitted by several light 
elemental solids. In particular, the K-emission bands 
of C and Be and also the ZL» spectrum of Al are 
suitably distributed over the wavelength range of 
interest. (The emission edges of C, Be, and Al bands are 
located respectively at 45 A, 110 A, and 170 A). 

The techniques involved in the comparison of in- 
tensities will be found in another paper. The results 
indicated that, at 110 A, 5.4% and 1.5% of the incident 
energy was diffracted into the first- and second-order 
spectra, respectively. At 170 A the corresponding quan- 
tities were 8.0% and 4.5%. 

The solid part of the curves in Fig. 19 shows how R, 
the reflecting power, varies with wavelength from 40 
to 188 A for the first- and second-order spectra produced 
by the grating used in the synchrotron investigation. 
The experimental values of R over this wavelength 


( %t Sprague, Tomboulian, and Bedo, J. Opt. Soc. Am. 45, 756 
1955). 
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range as determined from various emission band data 
are predicted quite accurately by the plots. In harmony 
with the initial observations referred to earlier, the 
reflecting power curves show that (1) only first-order 
reflections are expected over the short-wavelength 
region, and (2) a marked increase in the intensity 
of second- and third- (not shown) order spectra sets in at 
successively longer wavelengths. In addition, over the 
region specified in Fig. 19, good agreement was found 
between the second-to-first order ratios predicted from 
these curves and those deduced from an examination 
of a large number of spectral lines. 

Unfortunately, it was not possible to determine the 
grating response much beyond 200A on the basis of 
measurements involving monochromatic radiations. 
Furthermore, the theoretical calculation of the re- 
flecting power was not considered feasible in this region. 
Such a determination involves a knowledge of the 
wavelength dependence of the index of the grating 
blank. Over the spectral region extending up to 200 A 
the refractive index was calculated with the aid of 
dispersion theory on the assumption that all the Z and 
M electrons present in SiO», taken as typical of the 
material of the grating blank, took part in the process. 
In view of the decrease in the energy of incident 
photons, in the region beyond 200 A, the above supposi- 
tion regarding ZL and M electrons was no longer con- 
sidered valid and no other independent scheme presented 
itself for arriving at the numerical value of the index. 

However, in Fig. 19, the portions of the reflecting 
power curves shown by dashed lines beyond 200 A, 
constitute extensions based on synchrotron measure- 
ments. The manner in which these portions were 
deduced will be described in connection with the 
study of the average power spectrum obtained in the 
233-Mev run. 


E. RESULTS 


The experimental results derived from the reduction 
of plates taken in the soft x-ray region will now be 
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Fic. 19. The wavelength dependence of Ry(A), the reflecting 
power, for first- and second-order spectra of the grating used in the 
investigation of the radiation in the vacuum region. (The sub- 
script N refers to the order.) The values of Ry(A) over the spectral 
range specified by the solid curves were derived from experimental 
measurements utilizing soft x-ray emission spectra of various 
solids. The values of Ry(A) beyond 200 A were determined from 
measurements based on the average power spectrum of the 
synchrotron radiation in the case of the 233-Mev run. Such 
values are represented by the dotted portions of the curves. 
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Fic. 20, The average power spectrum; part }-cycle acceleration 
interval. Over the 80 A to 200A region, the experimentally ob- 
served distribution is indicated by circles. The distribution 
calculated from theory is shown by the solid curve. The observed 
values of P(A) are matched at the peak of the theoretical curve. 
In this run the rf voltage was turned off when the electrons had 
acquired an energy of 233 Mev. Beyond 200 A, the experimental 
data were utilized to determine the reflecting power of the grating. 


presented and compared with predictions from theory. 
The discussion will be divided into three headings and 
will include observations regarding (I) the shapes of 
average power spectral distribution curves, (II) the 
intensity variation with distance from center of image 
at given wavelength positions, and (III) the com- 
parison of the energy radiated per angstrom using the 
measurements obtained from the 321-Mev and the 
233-Mev runs. 


I. Average Power Spectral Distributions 


The information furnished by the grating response 
curves shown in Fig. 19 was first applied to the re- 
duction of the 233-Mev trace. The calculations were 
carried out in accordance with the formulation of 
Eq. (26). The results as indicated by the circles in the 
plot of Fig. 20 outline the shape of the observed distri- 
bution over the spectral range extending from about 
80 A to nearly 200 A. The data were normalized to an 
intensity of 100 at the peak. The wavelength interval 
is the one for which instrumental reflectivity curves 
were available on the basis of the calculations and tests 
carried out on the grating as cited previously. The 
measurements may be regarded as proportional to the 
energy per angstrom collected by the emulsion over 
the entire vertical spread of the spectrum and thus 
correspond to the average power per angstrom radiated 
by the electrons in the beam in all directions. It is 
therefore proper to compare the experimental observa- 
tions with a plot of the function P,.(A) representing 
the average power spectrum as predicted by the theo- 
retical expression of Eq. (18). For the run in question, 
the rf voltage was turned off when the electron energy 
had reached the value of 233 Mev. Thus 7’ defined by 
Eq. (20) and appearing as the lower limit of the integral 
of Eq. (19), here assumes the value (321/233)'= 2.62. 
A plot of Pyar(d) resulting from a numerical evaluation 
of Eq. (19) using this value of 7’ was included in Fig. 5. 
The theoretical distribution with its maximum also 
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adjusted to a value of 100 is indicated by the solid 
curve in Fig. 20 and is reproduced for the sake of com- 
parison with the observed experimental points. 

An examination of the data presented in Fig. 20 
reveals that over the range of short wavelengths a 
reasonably close correspondence is attained between the 
shape of the theoretical P,,+(A) curve and the experi- 
mentally evaluated relative intensity distribution. This 
aspect led us to believe that conditions at the source 
simulated the requirements of the theory and that the 
methods followed in the treatment of the data gave 
reliable results. Accordingly, in the long-wavelength 
region, the spectral distribution of the source was 
assumed to obey the theoretical relation. Still regarding 
the emulsion response to be flat on the energy basis, the 
experimental data available for wavelengths in excess 
of 200 A were therefore utilized to calculate the grating 
reflectivity. As pointed out previously, it had not been 
possible to obtain a reliable determination of the re- 
flectivity in this spectral region by measurement or 
calculation.” The additional information concerning 
the grating response obtained on this basis is indicated 
in Fig. 19 by those dashed portions of the reflecting- 
power curves which lie beyond 200 A. Aided in part by 
this extension to the existing data on the grating 
efficiency, we proceeded to reduce the photometric 
measurements belonging to an entirely separate syn- 
chrotron exposure obtained from the run in which the 
electrons were accelerated during the full } cycle to 
a peak energy of 321 Mev. The results of this reduction 
are again shown by circles in Fig. 21. The solid curve 
in this instance represents a plot of P;a1(A), the average 
power spectrum over a full cycle for Z,,=321 Mev 
[see Eq. 15 and the plot in Fig. 5]. As before, the ex- 
perimental points and the theoretical curve were 
normalized to 100 at the peak of the curve. It may 
be said that the experimental points reproduce the 
shape of the power distribution curve over a rather 
large spectral region, including that of the peak which 
is located at 85 A. (For E,,=321 Mev, \,=169 A as 
calculated from Eq. (14). Hence Apeak=0.50A m=<85 A.) 

At wavelengths close to the cutoff of the spectrum, 
the photometric reduction is subject to large errors. 


* The values of the reflecting power obtained by this procedure 
were used to calculate the quantity 6, as defined by 6=1—n, 
n being the refractive index. The values of 6 can further be 
utilized to obtain a quantity which under the assumptions of 
normal dispersion theory, can be interpreted as the number of 
dispersion electrons per SiO: molecule, if one regards the com- 
position of the grating blank to be similar to quartz. Excluding 
the K electrons, the molecule has twenty-four L and M electrons 
associated with the Si and O atoms and this number was used in 
calculating the reflecting power over the short-wavelength region. 
Over the longer wavelength range, the incident photon energies 
gradually get smaller and correspondingly the number of electrons 
per molecule participating in the dispersion act is reduced. 
The above calculations show that this number drops from 24 
to about 4 over the wavelength range in question [see D. E. Bedo 
and D. H. Tomboulian, Phys. Rev. 99, 624 (1955) ]. The outcome 
of this calculation is quite reasonable and lends support to the 
above procedure adopted in determining the grating reflecting 
powers. 
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The corresponding microphotometer deflections are 
derived from the rapidly falling portion of the trace 
shown in Fig. 13(c). Also, over this region, the re- 
flecting power varies rapidly with wavelength. These 
considerations can give rise to a large scatter in the 
result at the short wavelength limit of the spectrum. 
The experimental points represent the average of three 
reductions and a typical deviation of a single observa- 
tion from the mean is indicated by vertical lines at 
three wavelengths in regions away from the cutoff. 

It must be emphasized that in Fig. 21, the experi- 
mental observations in the region of the peak as well 
as those extending to about 200 A are determined inde- 
pendently of the synchrotron radiation, and are based 
on the grating response obtained with the aid of other 
soft x-ray sources. Beyond 200 A, the points are calcu- 
lated by treating the corresponding region of the 233- 
Mev spectrum to be that of a standard source. The 
two sets of determinations are seen to join fairly 
smoothly and except at the longest wavelengths are 
distributed in the vicinity of the curve predicted by 
theory. Beyond 200A, the contribution from over- 
lapping second order radiation gets progressively larger. 
As can be seen from Eq. (26) the magnitude of this 
contribution is in part dependent on Ry(A/2) the 
second-order reflecting power and on the experimental 
values of Pyan(A) which are free from overlap. These 
two factors are evaluated independently of the 233-Mev 
run which has been utilized only to obtain the values of 
Ri(A). Thus, at wavelengths longer than 200 A, the 
shape of the 321-Mev experimental curve is considerably 
influenced by the shape of the same curve over the 
portion below 200 A. In the light of these considera- 
tions, there appears to be no inconsistency between 
the 321-Mev and the 233-Mev reductions. 

The value of E,, used in these calculations is uncertain 
to within 1%. According to Corson,®* the peak electron 
energy used in these experiments in all probability was 


© Experimental Points 
—Theory 


Fil 3 44 cycle 
J2/ Mev 
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Fic. 21. The average power spectrum; full }-cycle acceleration 
interval. The experimental results extending from 60 A to 350A 
are designated by circles. For the purpose of comparing shapes, 
the observed values of the relative spectral emittance are matched 
at the peak of the theoretically calculated distribution here 
shown by the solid curve. The electron energy varied sinusoidally 
with time and in this run the electrons attained the peak energy 
of 321 Mev. 


%D. R. Corson (private communication). 
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more accurately represented by 318 Mev. For this 
value of E,,, the peak intensity would fall at 88 A, 
rather than at 86 A. Indeed, the small change brought 
about in the shape of the Prun(A) curve due to this 
reduction in the value of E,, is such as to improve the 
general agreement between theory and experiment. 
However, since the experimental errors are considerably 
larger than 1% it was not considered worth while to 
introduce this small alteration in the evaluation of 
integrals which had already been computed on the 
basis of E,,=321 Mev. 


II. Intensity Variation with Height in Spectrum 


As mentioned in connection with the method used 
in determining P(x), it is possible to examine the 
intensity variation at right angles to the Rowland plane 
by obtaining a trace across the spectrogram (see again 
the plot in Fig. 18). The observed intensity variation 
is primarily due to the combined effects of the vertical 
spread of the radiation cone of each electron in the 
extended source, astigmatic effects being very small. 
In order to make some sort of comparison between the 
results of observation and those predicted from the 
angular distribution functions, it was assumed that the 
radiation was received from sources smeared uniformly 
over a circular section. Guided by our own visual ob- 
servations on the source, we estimated the diameter 
of the beam cross section to be between 6 and 8 mm. 
For convenience in calculation it was taken as 6.8 mm. 

Other observers estimate it as a smaller light source. 
Actually, no direct photographic measurements of the 
beam size appear to have been made. There are, how- 
ever, two indirect measurements which have a bearing 
on the determination of the extent of the beam. These 
do not agree between themselves and are at variance 
with the somewhat ad hoc beam diameter assumed 
here. In the study of the activity (at the target of an 
expanded orbit) produced by the beam, Camac* finds 
a vertical spread of less than 2.5 mm and infers that 
the horizontal spread of the beam does not exceed 3.5 
mm. Measurements by Corson, based on the rate at 
which the beam sweeps over a target in the case of a 
contracting orbit, are consistent with a beam width of 
12 mm. Both of these measurements were made on a 
“coasting” beam subsequent to the removal of the 
rf field—a circumstance which induces large vertical 
and horizontal oscillations. It is unlikely that either of 
these determinations will yield the width of the beam 
at the equilibrium orbit. The latter width is primarily 
what is seen in an optical observation which averages 
the extent of the source over a wide range of energies 
while the other measurements are made near the peak 
energy and are concerned with the extent, at the target 
position, in a beam subject to large oscillations. There is 
considerable latitude in the interpretation of the latter 
determinations. In fact, they may not be applicable 


* M. Camac, Rev. Sci. Instr. 24, 290 (1953). 
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Fic. 22. The calculated intensity variation with height of 

spectral image for an extended source 6.8mm in diameter. A 

given curve belonging to the family shows the vertical distribu- 

tion at a particular position on the Rowland circle receiving 
radiation of the specified wavelength in the first or second order. 

The distance appearing in the label of a particular curve is the 

path length from the orbital point where the radiation originates, 

to the Rowland circle where the radiation is received. The vertical : 
distances along the height of the spectrum are measured from the 
median plane. Only half of the actual spread is included in the 
plot. The calculations are based on the angular distribution 
curves of Fig. 8. In the above family of curves the ordinates 
representing the relative power per mm per A, do not include 
the modification in intensity introduced by the grating response. 


to our situation. In any case, the arbitrariness regarding 
the nature and the size of our model must be recognized. 
Now the radiation from the distant source is inter- 
cepted by the photographic plate at distances which 
gradually increase with wavelength. Hence, on the 
basis of the angular distributions presented in Fig. 8, 
the height of the image due to a point source can be 
determined at given wavelength positions since the 
source-to-plate distance is known from the experimental 
arrangement. In the case of the extended source 
postulated above, the resultant vertical spread*® of the 
radiation may be obtained by an appropriate summa- 
tion of point source intensity patterns at a fixed position 
on the plate. The curves reproduced in Fig. 22 represent 
superpositions of this nature. Neglecting the modifica- 
tion in intensity introduced by the grating response, 
the various plots in Fig. 22 depict the intensity varia- 
tion with height at a particular position on the Rowland 
circle, due to the radiation of a given wavelength 
received at this position in the first or second order. 
Over that region of the exposure which is free from 
second-order overlap, the predicted vertical intensity 
variation at a given wavelength position may be com- 
pared directly with the corresponding variation deduced 
from a crosswise tracing of the exposure. Comparisons 
of this kind are shown in Figs. 23(a) and 23(b) where 
the experimental determinations at various heights are 
indicated by circles. The data correspond to measure- 
ments carried out along the height of the exposure at 
101A and 179A, respectively. The solid curves are 


5 Strictly speaking, owing to astigmatism the vertical distribu- 
tion should also include a small additional spread in the individual 
point source patterns. This effect is essentially independent of 
position on the plate and is small so its influence upon the re- 
sultant distribution will be ignored. 
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Fic. 23. Comparison between the predicted and observed 
vertical spread of the radiation at two wavelength positions in 
the spectral region free from order overlap. The experimental 
points shown in (a) and (b) are obtained respectively from 
measurements carried out along the height of the exposure at 
101 A and 179 A. The solid curves represent the results of calcula- 
tions carried out at 100 A and 180 A, respectively. 


those found in Fig. 22 for A=100 A and A\=180A. 
The ordinates in the various plots are normalized 
so as to match at the peak. The shapes outlined by the 
experimental points agree surprisingly well with the 
results of calculations based on the adopted model. 
Excepting the region near the short-wavelength 
limit, an examination of the shapes of a series of curves 
obtained at different positions throughout the exposure, 
indicates that the observed height of the spectrum 
changes but slightly. This observation can be explained 
by considering the overlap from second-order spectra 
and can be predicted on the basis of the information 
given in Fig. 22, by including the effect of the reflecting 
power of the grating for radiation occurring in the 
second order. As seen by referring to the values listed 
in Table I, the reflecting power for first-order radiation 
begins to decrease at wavelengths in excess of 200 A. 
Hence, relative to 180 A radiation, those at 300 A and 
400 A suffer a considerable reduction in intensity. How- 
ever, beyond 200 A, there is overlap due to short-wave- 
length radiation appearing in the second order. In this 
order, the reflecting power shows a considerable increase 
with wavelength. Hence the observed image height at 
positions corresponding to longer wavelengths is de- 
termined mainly by the vertical spread of the short- 
wavelength radiations which lie in the 100-200 A range 


and therefore possess heights comparable to those shown 
by the curves in Fig. 23. 

To verify the foregoing statements with regard to 
the vertical distribution in the region of overlap, the 
expected intensity variation with height was calculated 
at two positions corresponding to \= 300 A and 400A 
in the first order. In so doing, use was made of the two 
lower curves in Fig. 22, to which second-order contribu- 
tions were added after making suitable adjustments 
(for differences in dispersion and grating response) to 
the ordinates of the plot representing the spread of 
150 A and 200A radiations in the second order. The 
results are given by the solid curves in Figs. 24(a) and 
24(b) for the two wavelength positions in question. The 
actual measurements of the crosswise intensity varia- 
tions are again designated by circles. The agreement 
between observation and the composite curves including 
the effect of overlap is satisfactory. Thus, it may be 
concluded that the measurements on the height of 
the spectrum are not at variance with theoretical 
predictions. In fact, this aspect of the investigation is 
even more revealing than the corresponding study of the 
shape of the average power spectrum. Here one can see 
in a more detailed fashion just how the individual 
monochromatic angular distributions combine to ac- 
count for the observed vertical characteristics of the 
spectrum. 

It might be of interest to comment on the appearance 
of the spectrogram shape at the short wavelength 
limit. Here there is a rapid drop in the spectral in- 
tensity as well as in reflecting power. Accordingly, the 
height of the spectrum registered by the emulsion 
diminishes since, for a given exposure time, only the 
contribution coming from a narrowing spread near the 
peak of the distribution curves gives rise to a detectable 
blackening of the emulsion. (See again the intensity 
plot of Fig. 18.) This effect is seen in the 321-Mev 
spectrum reproduced in Fig. 13(c) where the exposure 
has a tapering appearance near the termination of the 
spectrum. 

Admittedly the model adopted for the actual source 
may be somewhat artificial. However, as we have seen, 
it effectively predicts the observed width and the in- 
tensity variation in a direction normal to that of the 
dispersion. A reduction in the diameter of the smeared 
source or the assumption of a higher concentration of 
radiators over the central portion of the beam cross- 
section height would have resulted in narrower angular 
distributions approaching those for the limiting case of 


TaBLeE I. Reflecting powers at various wavelengths for first- and 
second-order radiations. The values are expressed as percentages. 
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Fic. 24. The vertical distribution in the spectral region where 
there is overlap due to short wavelength radiation appearing in 
the second order. The solid curves in (a) and in (b) show the ex- 
pected intensity variation with height at two spectral positions 
corresponding respectively to \=300 A and 400 A in the first order. 
The calculations take into account the contributions due to second- 
order spectra, suitable adjustment having been made for differ- 
ences in dispersion and reflecting power. The experimental 
measurements were obtained from a crosswise tracing of the 
exposure at the two wavelength positions in question. 


a point source, which would have yielded a spectrum 
roughly two-thirds as wide as that observed. 


III. Comparison of the Energy Per Angstrom— 
Part and Full }-Cycle Runs 


In addition to the consideration of the shapes of the 
spectral and angular distributions discussed in parts 
I and II, it is instructive to compare the energy per 
angstrom radiated at various wavelengths by making 
use of the measurements derived from the 321-Mev 
(full interval) and the 233-Mev (part interval) runs. 
Such a comparison utilizes additional information 
furnished by the readings of the integrating meter used 
in making the exposures. 

At x, a fixed position on the microphotometer trace, 
P(x), when corrected for second-order overlap, is a 
measure of W, the energy per unit wavelength band 
incident on the emulsion. For each of the two runs this 
energy is due to a certain number of electrons which 
took part in the emission process during the particular 
exposure. Although the absolute number of these 
electrons is not known, an estimate of the ratio of the 
number of electrons participating in the two different 
runs may be obtained in the following manner: 
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For a given number of electrons incident on the 
target used for monitoring the beam intensity, , the 
number of “sweeps” recorded by the integrating meter 
is proportional to £, the electron energy at the target, 
ie., m=constX#. Assuming that the energy at the 
target is not very different from the maximum electron 
energy, the required sweep ratio should be m321/m233 
= 321/233= 1.38 for the peak energies of 321 Mev and 
233 Mev. In the present experiments 182 sweeps were 
recorded for the 321-Mev run. Hence, for an equal 
number of electrons falling on the target, the cor- 
responding reading of the meter at 233 Mev should 
have been 182/1.38 or 132 sweeps. However, the actual 
exposure involved 240 sweeps in the case of the 233- 
Mev run, so that relative to the 321-Mev exposure, in 
this run, 240/132 or 1.82 times as many radiators 
participated. 

From the expressions for the average power spectrum 
given by Eqs. (15) and (18), the energy per angstrom 
radiated by a single electron can be found by multi- 
plying the expression for the average power by T and T” 
for the full- and part-interval accelerations, respectively. 
For the two exposures the ratio of two such energies 
at a specified wavelength X, is found to be 


W 321(A)/W o33(A) = 3[ 4G (x) ], Tal (x) ], (27) 


where the universal functions are to be evaluated at 
the particular value of x associated with the chosen A 
through the relation x=\,,,/\. Experimentally, the same 
ratio may be determined by comparing the value of 
P(x), the energy per unit distance, as obtained from the 
two photometric reductions at a fixed distance « along 
the trace. [The latter quantity should not be confused 
with the parameter x in Eq. (27).] In so doing the 
second-order contribution must be removed and the 
observed ratio P321(x)/P233(x) must be multiplied by 
1.82 in order to take into account the difference in the 
number of radiators involved. 

In Table II, the experimentally determined quantity 
1.82P321(x)/P233(x) is listed for a series of wavelengths. 
To minimize photometric errors, the wavelengths were 
chosen only over the region (common to both traces) 
where the microphotometer deflections were relatively 
large (the density on the 233-Mev run was rather lower 
than what we would have preferred) and where the 
second-order corrections did not constitute a major 

TABLE II. A comparison of the energy per angstrom emitted 


at a given wavelength by an electron accelerated, respectively, to 
peak energy of 321 Mev and 233 Mev. 








1.82 P32 (x)/ 
P233(x) 


37.0 
32.5 
29.8 
23.8 
20.6 
18.3 


Ratio 


1.18 
1.15 
1.16 
1.11 
1.13 
1.14 
Average 1.14 


W321 (A) / Wess (a) 


31.4 
28.3 
25.6 
21.5 
18.3 
16.1 
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portion of the observed photographic density. The 
theoretical energy ratios were deduced from the 
appropriate plots of the functions appearing on the 
right-hand side of Eq. (27). The last column in the 
table shows the ratio between the evaluations based on 
the experimental curve and those calculated from the 
theoretical spectral distribution. The six determinations 
of this ratio, over a wavelength range covering 80 A, 
are scattered about the average value of 1.14. It may 
well be that the systematically high value of the ratio 
originates from the uncertainty in the value used for 
the relative number of radiators involved in the two 
experimental runs. It is estimated that this number 
(1.82) can be relied upon to within 5%. 


F, MISCELLANEOUS COMMENTS AND CONCLUSIONS 


I. Alternate View Regarding the “‘Flatness’’ of 
the Emulsion Response 


As already described, for the lack of a better ap- 
proach, the reduction of the spectrograms was carried 
out under the assumption that the emulsion possessed 
a flat response on the energy basis. More specifically, 
the implication is that equal amounts of energy at 
two different wavelengths give rise to the same photo- 
graphic density. While plausible arguments may be 
given to support the assumption, the physical reasons 
underlying it are not proven. It was therefore considered 
worth while to investigate the influence of an alternate 
view regarding the nature of the emulsion response, 
namely that, as for x-rays, equal numbers of photons 
of different wavelengths produce the same blackening. 
Recalling the method described in obtaining the plate 
calibration curve by the use of spark spectra, it is 
seen that on the above assumption the quantity 
plotted as the abscissa in the calibration curve of 
Fig. 16(e) could just as well be taken to represent the 
number of photons per unit area as to represent the 
energy per unit area. With this understanding, P(x), 
the experimental relative intensity is measured in terms 
of the number of photons per unit distance along the 
plate and must be expressed in energy units by taking 
into account the variation of the photon energy with 
wavelength. Following this conversion, comparison 
can again be made with the theoretical power spectrum 
curve. 

Accordingly, the measurements were rereduced in 
the case of the 321-Mev run on the supposition that 
equal number of photons of different energy produced 
the same photographic blackening. This also involved 
determining a new grating response for the region 
beyond 180A with the 233-Mev run, as before. The 
distribution curve derived on this basis is shown in 
Fig. 25 along with the corresponding theoretical plot 
of Prun(A). It is plain that the alternate view leads to a 
large departure in the shape of the two curves. Also, 
in the long-wavelength region the experimental curve 
now shows a rising trend which is most unlikely. It 
might be mentioned that the values of the reflecting 
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Fic. 25. A plot which illustrates the alteration brought about 
in the shape of the observed average power spectrum curve 
when an alternate view is adopted regarding the “flatness” of the 
emulsion response. If the exposure obtained in the 321-Mev run 
is reduced on the assumption that equal number of photons of 
different wavelengths produce the same blackening, the outcome 
is represented by the solid curve, determined by the experimental 
points indicated. The dotted curve portrays the shape predicted 
by theory. The same spectrogram when reduced on the basis of 
equal energy efficiency gives the result already presented in Fig. 
21. It is clear that the procedure which supposes that the re- 
sponse is flat in energy yields a curve whose shape is in much 
better agreement with the theoretical plot of the energy 
distribution. 


power which result from this modified treatment of the 
233-Mev run are very low and lead to unreasonable 
values for the refractive index. 

These discrepancies lead one to believe that the 
previous assumption with regard to the emulsion re- 
sponse is more reliable. In any event, the reduction 
procedure which supposes that the response is flat in 
energy, yields a distribution curve whose shape com- 
pares favorably with theoretical plots of the energy 
distribution and results in sensible values for the 
reflecting power. 


II. Effect of Astigmatism 


Since the grooves of the concave grating are ruled on 
a concave mirror as the blank, the images of spectral 
lines are, in general, astigmatic. The image of a point 
source located at the slit and radiating in all directions 
appears as a line whose length is given by*® 

l(sin’a+sin?8 cos8/cosa), 

where a and f are the angles of incidence and diffraction, 
respectively, and / is the length of the ruling. It follows 
that the effect is particularly large near grazing inci-. 
dence where a and 8 are close to 90° and B<a. If one 
takes all points of the slit into account, the image 
formed by the grating may be regarded as a series of 
of overlapping astigmatic images of slit points. In a 
conventional setup where an extended source is placed 
close to the slit, the rays originating from various 
points of the source are considerably inclined to the 
Rowland plane and the full height of the grating may be 
illuminated. This results in line images of large vertical 
extent. 


36 See for example, H. G. Beutler, J. Opt. Soc. Am. 35, 311 
(1945). 
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However, the circumstances in the present experiment 
are quite different. Here a small source, taken to be 
about 7 mm in extent, is located at a relatively great 
distance from the slit (about 3m). What is more im- 
portant is the fact that the rays have the very small 
vertical divergence of only about 3X10 radian. 
Thus they are essentially parallel to the Rowland 
plane and the effective length of the grating ruling is 
short. Using formulas given by Beutler,** one can 
calculate the height of the image due to a distant point 
source such as the electron at the orbit. Considering 
also the spread of the electrons in the beam, the results 
indicate that the astigmatic height of the image is 
only slightly greater than that expected on the basis 
of the angular width of the radiation cone. Furthermore, 
the image height is nearly independent of wavelength. 

This expectation was confirmed in the negatives taken 
with the synchrotron continuum. If limited by the 
opening in the plate holder, the height of the emulsion 
which could have been exposed would have been 
twice the slit height. Yet the blackening did not extend 
to the edges of the plate holder. Over the entire spec- 
trum the exposed region had sharp boundaries and very 
nearly a constant height equal to that of the slit 
(9.8 mm). 


III. Energy Loss Due to Reflection at Surface 
of Emulsion 


In connection with the plate response in the far 
ultraviolet, the assumed “flatness” presupposes that the 
fraction of the incident energy lost due to reflection at 
the surface of the emulsion is independent of ‘the 
wavelength, that is, of the angle at which the radiation 
falls on the plate. Strictly speaking, this is not a valid 
assumption, but the variation in the fractional reflected 
energy should not be large over the limited range of 
angles (7°-15° from the surface of the emulsion) en- 
countered in this work. On the other hand, the meas- 
urements of the grating reflectivity were carried out 
with the photographic plates positioned normally to 
the incident or diffracted radiation and should be 
essentially free of this difficulty. 


IV. Attenuation of the Beam 


In comparing the experimental curves with those 
based on theory, no allowance has been made for the 
possibility that the number of electrons participating 
in the radiation process at the end of an acceleration 
interval may be smaller than the number present at an 
earlier stage in the cycle. It has been assumed that 
there was no serious attenuation in the number of 
radiators in the beam after the electrons had attained 
an energy of a few tens of Mev. 


V. Radiation Received while Electrons 
Spiral into the Target 


In the experimental measurements dealing either 
with the angular or the spectral distribution, no correc- 
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tion has been made for the radiation received from 
electrons which spiral into the target after the rf 
voltage is turned off at the peak value of the magnetic 
field. The fact that energy will be collected by the 
plate during this interval may be understood by re- 
ferring to the diagram in Fig. 9(b), and recalling that 
because of radiative losses the electron orbits will begin 
to shrink. The target is located at a radial distance of 
39 inches which is 1 inch shorter than the mean orbital 
radius. Assuming that the magnetic field does not vary 
radially, this would correspond to a 2.5% or 8 Mev 
decrease from the peak energy of 321 Mev. However, 
because of the radial dependence of the magnetic field 
(see reference 17) the strength of the field increases 
slowly with diminishing orbital radius so that the 
actual change in energy is only 3 Mev. If one takes 
the radiative loss to be 900 ev per revolution [see Eq. 
(1) ], this involves 3300 revolutions or a time of 66 usec. 
Near the peak of the acceleration cycle the electron 
spends about 1200 usec while its energy increases from 
310 Mev to 321 Mev, so the energy collected during 
the contraction of the orbit amounts to about 6% of the 
energy collected over the 11-Mev range near the 
peak. Thus the additional radiant energy received 
while the electrons spiral into the target is small. This 
is a safe statement since the 6% figure ignores the 
energy collection over the earlier stages of the accelera- 
tion cycle. However, its effect upon the observed 
angular and spectral distributions must be recognized. 
Quantitatively the effect can be taken into account in 
the course of the numerical summation of the spectral 
and angular distributions at various energies by in- 
creasing the weighting factor of the monoenergetic 
321-Mev distribution by about 6%. (Considerations of 
similar nature would be applicable to the case where 
the orbit is expanded by maintaining the rf voltage but 
allowing the field to decrease beyond the peak of the 
cycle.) 

A further complication is involved in this correction. 
Referring again to Fig. 9(b), it can be seen that the 
radiation which is received from successively shrinking 
orbits, originates from orbital points having different 
azimuthal angles. ‘The magnetic field may also be a 
function of this angle so that the orbital radius of 
curvature may have a complicated time dependence 
subsequent to the removal of the rf voltage. 


VI. Applications 


The electromagnetic radiation from centripetally ac- 
celerated high-energy electrons appears to be a useful 
by-product of such electron accelerators and is out- 
standing in its own right. Its continuous nature, high 
intensity, and wide spectral coverage are attractive 
features. Moreover, for a point source the spectral 
distribution is completely calculable, that is, the 
radiant energy can be expressed in absolute measure. 
These attributes lead one to believe that the con- 
tinuum may serve as a standard in radiation measure- 
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ments both in the near and far ultraviolet of the 
spectrum as well as the visible. 

Once the instrumental and procedural difficulties 
are surmounted, the source may be used to obtain 
the absolute calibration of various detecting devices 
utilizing counters, photoelectric surfaces, and photo- 
graphic emulsions. Devices calibrated in this manner 
can be used as secondary standards by those who do 
not have access to the radiation itself. 

In principle, one can calculate the average power per 
unit wavelength band (watts per angstrom) incident 
on a receiving area which accepts the full angular 
spread of the radiation. As outlined previously, this 
involves a knowledge of the relevant spectral distri- 
bution for a point source, the fraction of the radiant 
energy received by the spectrograph, and the dispersion 
and efficiency of the instrument. For an actual source, 
one must also know the effective number of radiators 
which contribute to the energy collected. In absolute 
calibration work this presents something of an obstacle. 
An appealing scheme to obviate it is to monitor a well- 
defined spectral region in the visible portion simul- 
taneously with the exposure in the far ultraviolet. The 
measurement of the energy over the visible portion may 
be carried out by available calibrated neutral detectors. 
From this sampling of the radiation the effective 
number of radiators may be calculated by comparing 
the measured energy with that predicted from a single 
source distribution over the chosen limits of the 
spectrum in the visible. 

Another application is in the use of the source for 
absorption studies in solid-state spectroscopy. Reference 
has already been made to sample absorption spectra 
obtained with the aid of the continuum. To deduce the 
shape of the absorption curve it is necessary to follow a 
reduction procedure which resembles the one followed 
in determining the shape of the average power spectrum. 
However, in this case the radiation incident on the slit 
is modified by the absorber placed between the slit and 
the grating. The effect due to an absorber of thickness 
t may be taken into account by introducing the factor 
e-*®)!, where u(A) is the linear absorption coefficient. 
Imitating the steps used in formulating Eq. (26) and 
remembering that the absorption coefficient depends 
on the wavelength, we may write 


dx 
sina” P(d)e*™ # Ry (A) 
+EPO/2)€-#° Ri (/2)+ ++, 


(28) 
whence 


r P(x)dx/dd 1 P(A/2)e~*)*Ryy(\/2) 


eee a 
P(A)Ri(A) 2 P(A)R1(A) 





(29) 


With the aid of Eq. (26) it is seen that, over the region 
where there is no second-order overlap, Eq. (29) re- 
duces to 


e*Ot= P(x)/Po(x), (30) 


D. H. TOMBOULIAN AND P. L. 
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where P(x) and Po(x) may be readily determined from 
exposures obtained with and without the absorber. 
The correction due to second-order overlap can be 
handled as before. 

Absorption data for Be and Al obtained by the use of 
the synchrotron continuum have been reduced by 
following this procedure. The values of uw and the 
shapes of absorption curves so determined are in good 
agreement with similar but more laborious determina- 
tions obtained by exposing the absorber to the radia- 
tion from a spark discharge. 

It is conceivable that the source may serve a useful 
purpose in problems involving the irradiation of bio- 
logical specimens in the extreme ultraviolet. Or again, 
with suitable instrumentation designed to explore the 
region in the vicinity of the spectral maximum, the 
radiation itself could be utilized to determine the peak 
energy of electrons in the accelerator. 


G. CONCLUDING REMARKS 


The classical expressions describing the spectrum 
emitted by high-energy electrons moving in circular 
orbits have received experimental verification under a 
variety of circumstances. In the initial exploration by 
Elder, Langmuir, and Pollock," radiometric measure- 
ments were carried out in the visible and near ultra- 
violet regions. These authors dealt with the average 
power spectrum emitted by electrons accelerated to 
peak energies ranging from 42.5 Mev to 80 Mey, in the 
small General Electric synchrotron whose orbital radius 
was 29cm. As reported in the present paper, a rough 
check in the quartz region was made with the radiation 
from the old Cornell synchrotron (radius 100 cm) by 
the photographic registration of the spectrum over a 
small energy interval centered at 60 Mev. Of greater 
significance are the photometric studies of the average 
power spectrum in the vacuum region for the peak 
energies of 233 Mev and 321 Mev. The angular spread 
of the radiation was also examined at various wave- 
lengths throughout the spectrum in the case of the 
321-Mev run. With the aid of independent information 
regarding the relative number of radiators involved in 
the low- and high-energy runs, the energy per angstrom 
received at a given wavelength in the 321-Mev run 
was compared with the corresponding quantity in the 
233-Mev run. The energy ratios obtained in this manner 
for a series of wavelengths were compared with the 
corresponding ratio deduced from theory. Perhaps one 
should also mention the side excursion which led to 
very acceptable values of the reflecting power by con- 
sidering the radiation to possess the distribution 
ascribed to it by theory. In addition to these attempts 
designed to study the spectrum, there is Corson’s 
work dealing with the measurement of the total 
radiative energy loss per revolution. Making due 
allowance for short comings in measurements, the 
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experimental evidence indicates in all respects satis- 
factory agreement with the classical theory of 
Schwinger. 
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Relationship between the Reciprocity Theorems of Onsager and of Callen-Greene* 
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Onsager’s reciprocity theorem is extended to linear non-Markoffian processes; the recipricity relation due 
to Callen-Greene is also extended to include the imaginary (as well as the real) part of the admittance 
matrix. In terms of these extensions, the two theorems are shown to be completely equivalent. 


I. INTRODUCTION 


HE Onsager reciprocity theorem! forms the basis 
of virtually the entire existing theory of irre- 

versible processes.? More recently a “fluctuation- 
dissipation” theorem has been proved,’ relating the 
equilibrium fluctuations to the dissipation parameter 
of an irreversible process. Extension‘ of the theorem to 
simultaneous processes again yields a form of reciprocity 
relation. This latter reciprocity theorem forms an 
apparent generalization of the Onsager theorem, as 
the symmetry is obtained for each Fourier component 
for general linear transient processes. The purpose of 
this paper is a critical examination of each of the re- 
ciprocity theorems so as to clarify their ranges of 
validity and their relationships to each other. It is 
shown that a reinterpretation of the Onsager theorem 
permits of its extension to linear non-Markoffian 
processes; that is, such an interpretation allows the 
kinetic coefficients to be considered as general functions 
of the time rather than as constants. Our examination 
of the fluctuation-dissipation theorem similarly leads to 
an extension of the reciprocity theorem derived there- 
from: the imaginary part of the admittance matrix, as 
well as the real part, is shown to be symmetric. Finally, 
with the above described extensions of each of the 
reciprocity theorems, it is shown that both theorems 

* This work was performed at the University of Pennsylvania 
and supported by the Office of Naval Research. It is part of a 
thesis submitted to the Graduate School of the University of 
Pennsylvania in partial fulfillment of the requirements for the 
Ph.D. degree. 

1L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 

2S. R. DeGroot, Thermodynamics of Irreversible Processes 
(Interscience Publishers, Inc., New York, 1951). 


3H. B. Callen and R. F. Greene, Phys. Rev. 86, 702 (1952). 
4H. B. Callen and R. F. Greene, Phys. Rev. 88, 1387 (1952). 


have the same range of validity and are, in fact, com- 
pletely equivalent. 


II. SUMMARY AND DISCUSSION OF THE 
TWO THEOREMS 


A. Onsager’s Theorem 


Let us consider a closed system which may be de- 
scribed thermodynamically by a set of extensive vari- 
ables x;. For example we might have a closed system 
made up of two subsystems separated by a wall which 
permits the flow of heat and matter. Then the energy u 
and mole number of one of the subsystems would 
constitute the set ;. Equilibrium thermodynamics 
describes such a system in terms of the constrained 
equilibrium states accessible to the system. In the above 
example, a constrained equilibrium state would be one 
in which the differences in temperature and electro- 
chemical potential between the two subsystems are 
nonzero, equilibrium being attained by replacing the 
diathermal, permeable wall by an adiabatic, imperme- 
able wall. The unconstrained equilibrium state is the 
one for which the temperature and electrochemical 
potential differences are zero, this being reached 
physically if the diathermal, permeable wall is kept 
intact. Letting X; be the values of the extensive vari- 
ables in the unconstrained equilibrium state and a; be 
the deviations x;— X;, we may define a set of “forces”’ 
yi in terms of the entropy function S(---x,---) (the 
total entropy of the closed system), by 


¥i=DieSinae, (1) 


Sie= OPS (++ +X 5-++)/OX OX: (2) 
Note that the y; as defined by Eq. (1) are approxi- 


where 
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mately equal, for small a;, to the usual “entropy lan- 
guage”’ intensive parameters 0S(-- -2; 

Onsager’s reciprocity theorem may now be stated as 
the following. Let us imagine that the behavior of the 
system following the removal at time r=0 of con- 
straints, (which had previously held the system in the 
constrained equilibrium state [---a;(#)---]), may be 
represented phenomenologically by a set of equations 
of the form 


a(t+7r)—a,)=7 Dilan), T>r>0. (3) 


(Here 7, as discussed by Casimir,® is the time in which 
a disturbance from the unconstrained equilibrium state 
is appreciably reduced.) Then the reciprocal relations in 
the absence of magnetic and Coriolis fields are 


La= Lui. (4) 


We shall now generalize this theorem in a simple way, 
incidentally removing the restriction!’ that 7 not be 
allowed to go to zero in Eq. (3). The argument which 
has been adduced in favor of this restriction is as 
follows. One can show® from statistical mechanics that 


{a;(t+7))---a;(t) ---—a,(t) 
im ew 
0 T 





where (a;(¢+-7))---aj«--- is the average value of a; a 
time 7 after one had only the knowledge that the values 
of the a’s were ---a;(#)---. As a result of this relation, 
it has been felt!:® that Eq. (3) cannot be valid in the 
limit r — 0, and that there must exist some very small 
time 7:;>0 such that Eq. (3) is valid only for 7>7;. 
We point out that such a statement is called for if and 
only if the L,; are presumed to be independent of r. 
As a matter of fact, however, our generalization is 
simply the observation that Onsager’s proof of Eq. (4) 
starting from Eq. (3) in no way requires the L,; to be 
constant; also we may remove the restriction as to the 
smallness of +. This may readily be seen by briefly 
reconstructing Onsager’s derivation, as we shall now do. 
Since the prediction of statistical mechanics for 
the phenomenologically observed quantity a;(¢+7) 
may properly be taken as the expectation value 
(a;(t-+7))---a;(2)---, it follows from Eq. (3) that 


(a;(t+ r)) *ssaj(t)- -—a;(t)= T Dd eLivyx (2). 


Multiplying by a;(#) and averaging over all sets 
-++a;(t)--- according to the Boltzmann weighting 
factor, we obtain 


(ar(t)as(t+7))—(ai(A)as(t))=7 Do Lin(ar(dye(t)). (5) 


Using the result of fluctuation theory that (a;(t)y:(é)) 
= — kd, (k is Boltzmann’s constant), Eq. (5) reduces to 


(a;(é)a;(t+-7))— (ar (t)a;(t)) = — kr Lip. 
5H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 


*H. B. Callen, thesis, Massachusetts Institute of Technology, 
1947 (unpublished). 
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The symmetry of the autocorrelation matrix (a;(é)a; 
X(t+r1)), which follows from the principle of micro- 
scopic reversibility’ then gives the symmetry of the 
Ly matrix. 

As far as the averaging process used in obtaining 
Eq. (5) is concerned, it is clear that 7 is strictly a con- 
stant. Hence the logic leading to the reciprocity relations 
holds just as well for the case in which the Lj are 
functions of r. Thus, using a more explicit notation, 
Onsager’s theorem may be taken more generally as the 
following. If the behavior of the system may be repre- 
sented phenomenologically by 


a(t+7r)—a,()=7 DjLi(r)75(0), (3’) 
Lij(7) = Lji(r) (4’) 


(with the previously mentioned restrictions as to mag- 
netic and Coriolis fields). Whereas Eqs. (3) in the 
limit +—>0 describe only Markoff or “relaxation” 
processes, Eqs. (3’) are able to describe any general 
type of linear process. 

Note that an alternate form of these equations is 


a(t+7)= DM (r)vs(), (6) 


then 


where 


d 
Ma(s)=—Urku(s)]. (7) 


Hence Eq. (4’) implies the symmetry of the M;;(r). 


B. The Reciprocal Relations of the Fluctuation 
Dissipation Theorem?‘ 


The reciprocal relations derived from the fluctuation- 
dissipation theorem provide symmetry relations for the 
following situation. Suppose a system S to be in inter- 
action with a reservoir R. Let the extensive parameters 
of the composite system be x; (i=0, 1, ---, N) and let 
the entropy language intensive parameters of the 
reservoir be f; (j=0, 1, ---, N,). As an example, 
consider a system composed of a cylinder with two 
pistons (Fig. 1), intercepting volumes V; and V; (the 
extensive parameters x,;); the intensive parameter of 
the reservoir is the ratio of reservoir pressure to tem- 
perature, P/T. We shall consider that manipulations 
of the reservoir permit its intensive parameters to be 
made arbitrary functions of the time. Thus, in this 
connection we note that the very definition of a reservoir 
guarantees that all changes therein are quasi-static, so 
that the intensive parameters are at every moment 
determined by their equilibrium definitions. 








Fic. 1. System S in 
contact with reservoir R. 
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If Xj are the values of the x; in the equilibrium state 
for which /,(#)= fi, and if A,(4)=fi()—fi and a;(t) 
=x;(t)—X jo, then there will exist a range of values of 
the \,(#) for which linearity will hold. That is, for suffi- 
ciently small );, the Fourier transforms, A;(w) and 
A;(w), of \;(¢) and a;(#) will approximately satisfy 


iwA (w)= As(w)=L,Y j(w)A;(), (8) 


where the admittance matrix, Y;;(w), is independent of 
the applied forces ,;(¢). 

The fluctuation-dissipation theorem implies that, in 
the absence of magnetic or Coriolis fields, 


Vi;(w)= Yji(@). (9) 


In actuality only the inference of the symmetry of the 
real part of the admittance matrix has been previously 
drawn. The proof of the extension to the imaginary 
port (the reactance), as in Eq. (9), is given in the 
Appendix. 

We shall have occasion to use certain properties of 
the Y;,;(w) as discussed in reference 4. Namely, the 
Y,;(w) have no singularities in the lower-half complex 
plane and expansions of the Y;;(w) about w=0 yield 


V ij(w) = twit (tw)*digt ++ -, (10) 


where c;;,di;,:** are constants. (Equation (10) is 
equivalent to the assumption, in electrical terminology, 
that the system be capacitive.) In particular, 


Ox; 

Cii= ) (=¢js), (11) 
OF ;/ .--Fy-+- 

the capital letters X, F indicating that the equation 

applies to equilibrium states (---F,--- are the reservoir 

intensive parameters). 

Summarizing, we have two theorems which in some 
respects bear a strong resemblance. On the one hand, 
the generalized form of Onsager’s theorem gives sym- 
metry relations for the kinetic coefficients L,;(#) which 
describe phenomena occurring in closed systems after 
the removal of constraints. On the other hand, the 
reciprocity relations of the fluctuation-dissipation theo- 
rem give the symmetry of the admittance matrix 
Y,;() which represents phenomena associated with the 
interaction of a system with a reservoir when the latter 
exhibits sinusoidally varying forces. 

A situation which can be treated by both theorems 
is the process resulting from the removal of constraints 
between a system and a reservoir. The suitability of the 
fluctuation-dissipation theorem to the analysis of such 
a process is evident. The Onsager theorem becomes 
applicable by the simple stratagem of considering the 
system plus reservoir as a closed system, as required in 
the Onsager formalism. By applying the two for- 
malisms to such a situation, we shall determine in the 
next section the relationship between them. 




















Ayo 


Fic. 2. Force \;(¢) and response a;(t) corresponding to the 
condition of constrained equilibrium for ¢<0, the constraints 
being removed at /=0. 


III. THE EQUIVALENCE OF THE TWO 
RECIPROCITY THEOREMS 

We shall show in this section that the two reciprocity 
theorems are equivalent in the sense that the L;;(f) are 
essentially the Fourier transforms of the Y;;(w), bearing 
the relation of the step-function response and the 
admittance of circuit theory. This relationship has 
been demonstrated previously by Takahasi’ for theo- 
rems very similar to those given by Eqs. (3’) and (4’) 
and Eqs. (8) and (9); the difference between the 
theorems of Takahasi and those discussed in the 
present paper lies essentially in the fact that certain 
processes, e.g., heat flow and the diffusion of matter, 
cannot be treated by the former. We might mention 
here that Takahasi’s derivation is the classical analogue 
of the quantum mechanical theory presented as a 
recent paper by Callen, Barasch, and Jackson,*® that 
theory apparently being limited in the same way as 
that of Takahasi. 

Considering that constraints prevent interaction of 
the system § with the reservoir R for ¢<0, we shall 
calculate, by means of the formalism of the fluctuation- 
dissipation theorem, the quantities a;(t) if the con- 
straints are removed at time /=0 (Fig. 2). To express 
analytically the condition of constrained equilibrium, 
we replace the constraints by constant values, Ao, of 
the reservoir forces for ¢<0,° the values of the extensive 
parameters being ajo. The removal of the constraints 
at ‘=O gains expression in requiring \,(#)=0 for ¢>0. 
Thus 


A(t) =Aiol (—2), (12) 


where 1(#) is the unit step function. We emphasize that 
the system S—R, in this case, is closed for all />0. 
Using the Cauchy principle value of the integral 


J dwe iw tA; (w) ; 


7 Hidetosi Takahasi, J. Phys. Soc. (Japan) 7, 439 (1952). 

® Callen, Barasch, and Jackson, Phys. Rev. 88, 1382 (1952). 

® This is equivalent to replacing the microcanonical ensemble 
which describes the constrained state « « -ajo- « - of S, by a canonical 
ensemble, the average values of the a; in this ensemble being put 
equal to ajo. 
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Eq. (12) gives 


-1 
Au(e) =o] — +4060) | (13) 
2riw 4 


From Eq. (8) then, using Eq. (10) and the other 
properties of Y;; discussed there, one obtains 


a;(t) =D shis(DAjo+3 Liscisd;o, (14) 


where 


(15) 


h,;(t) =: — foc a i 


Hence 
a;(t)—a,(0) =t Y.s(d)Ajo, (16) 


1ij(t) =} [hs () —4,5(0) J. (17) 


We cannot yet compare the /;;(/) with Onsager’s 
coefficients L,; since the forces A; are in general different 
from the ;. However in this case the desired relation- 
ship between the forces is particularly trivial, namely, 


Ajo=7;(0). (18) 


This is so because in the first place we have 


where 


= dj/— Ni, 


where ),’ are the forces of system S; secondly \,’=Ajo 
for ¢#<0 and \;(+0)=0. Obviously what is meant by 
7;(0) in terms of this analysis is y;(+0). Hence we have 


a;(t)—a;(0)=¢ D'his(0)7;(0). (19) 


Comparing with Eq. (3’), it is clear that Onsager’s 
coefficients are identical to the functions 1/,;(¢) for 
t>0; the Li;(¢) are undefined for ‘<0. We might men- 
tion here that it was Eq. (19) as derived here that sug- 
gested a possible time-dependence of the Li. 

Equations (15) and (17) demonstrate the Fourier 
transform relationship between the L,;(¢) and the 
Y,;(w). It is clear, then, that the symmetry of the 
Y,;(~) implies Onsager’s theorem, the converse being 
true as well. 


IV. CONCLUSIONS 


After generalizing the original Onsager theorem to 
the case wherein L,;= L,;(¢) and extending the original 
fluctuation-dissipation reciprocity relations so as to 
include the imaginary part of the admittance matrix, 
we have shown the two extended theorems to be 
equivalent. 
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APPENDIX: SYMMETRY OF THE 
ADMITTANCE MATRIX 


The method for obtaining information as to the sym- 
metry of the admittance matrix is basically the same 
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as that used in deriving the symmetry of the L,; matrix. 
Namely, one obtains an expression for the statistical 
quantity (a;(t))---a;c)--- by means of the phenomeno- 
logical laws [which involve either the L,;(¢) or the 
Y,;(w)] and then applies the principle of microscopic 
reversibility which states that 


(a;(t))++-ajcoy---=(ay(—2))---azay-»». (AL) 


Since (a;(#))---ajo)--- is the expectation value for a; 
a time ¢ after the release of constraints which had 
maintained the state ---a;(0)---, the right-hand side 
of Eq. (14) is the proper expression for (a;(#))---a;(0)---, 
for (>0. Using Eq. (A.1), we therefore obtain 


(a;(t))---a;(0)--- 


1 ys Y ;;(w) : ; 
seater Ean f d—§$—\/(e**'+-e-*#"), allt. (A.2) 
2x ale w 


(This may readily be checked by utilizing Eq. (10).) 
We may rewrite this as 


all #, 


oe e (A.3) 


1 % ( 
(ae())---a30--=— rn f dus——$§+_e*!, 
v —< 


@ 


where G;;(w) is the real part of Yi;(w). 
Multiplying Eq. (A.3) by a,(0) and averaging over 
the equilibrium fluctuations, we see that 


A ki (t) = (ax (0)a;(#)) 
Giz (w 


om. fue 


ies w 


et, allt, 
(A.4) 

k - Vu (w) ‘ 
=—— du—§——(e'*t+-e~ i") 


Qrd_. w 


all ¢. 


The symmetry relation A;i(#)=Aix(t), (which follows 
from Eq. (A.1) and the assumption of a stationary 
random process) immediately gives the symmetry of 
the conductance matrix G;;(w) which has previously 
been obtained by Callen and Greene.‘ From Eqs. (A.4) 
and (10), it follows that 

k a VY 5x (w) k 

An)=—— f dw—e*“'—-cy, for t>0. 

2rd 2 w 2 

Hence 


° Ya) | 
Ta(d= f dio——e'*' = Tju(t) for t>0. 
w 


—~ 


But 


Ti;(t) = 15 TC T(t) for t<0. 


In other words, the integral 


fue iwt 
aw 


—« 


is symmetric in the indices i and j for all ¢. Thus the 
function Y,;;(w) must be symmetric in 7 and 7. 
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On the basis of an investigation of n-type germanium bombarded with high-energy electrons, it is herein 
concluded that a particular set of temporary hole traps is created by the bombardment. The bombardment 
centers which remained in the samples at room temperature were measured by resistivity changes and 
found to agree with the densities of traps. Different samples with trap densities varying from 5 10"2/cc to 


5X 10"/cc were studied. 


An analysis of the trapping kinetics, essentially similar to those previously reported by Haynes and 
Hornbeck and by Fan, permits the energy of the traps to be determined as 0.28 ev above the valence band 
while the cross section for capture is 6X 105 cm? at 200°K. 





INTRODUCTION 


OBILE charges in a nonmetallic solid may be 

temporarily immobilized when captured by trap- 
ping centers. Trapping centers have been known to 
exist for some time in alkali halides.! Haynes and 
Hornbeck? have recently demonstrated minority carrier 
trapping effects in silicon at room temperature and have 
indicated the presence of traps in germanium at low 
temperatures. Fan* and his co-workers have reported 
finding traps in germanium in the vicinity of dry ice 
temperature. Here we present a detailed study of the 
origin and properties of a particular set of traps in 
n-type germanium introduced by high-energy electron 
bombardment. 

The trapping reaction is shown in Fig. 1. We shall 
confine our discussion to hole trapping in order to 
conform to our experiments. Energies in this figure and 
the following discussion will be electron energies. Of 
course, a similar formulation applies to electron traps. 
The hole trapping process is the capture by the trap 
of a hole from the valence band. The rate of capture 
will depend upon the rate constant for trapping f:, as 
well as upon the populations of the various levels. The 
rate constant k, for trapping holes can be expressed as 
a product of the cross section for capture o times the 
thermal velocity of the holes, or ki=0v. Corresponding 
to this capture process, holes are liberated to the 
valence band with a characteristic rate constant ke. 
The equation for the time rate of change of trapped 
holes, P:, is 

OP,/dt=kip(Ni— Ps) — oP, (1) 


where # is density of holes in valence band and NV, the 
total density of traps which are assumed to be located 
at one energy e;. While k, and k, designate the trapping 
process in Fig. 1, the wavy arrow describes a Shockley- 
Read type recombination process which comprises a 
parallel path for the minority carriers. Through these 
localized electronic energy states, called recombination 


1N. F. Mott and R. W. Gurney, Electronic Processes in Tonic 
Crystals (Clarendon Press, Oxford, 1948), second edition, p. 128. 

2 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953) ; 
J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 

3H. Y. Fan, Phys. Rev. 92, 1424 (1953). 


centers, holes and electrons annihilate each other. For 
the present, recombination and trapping will be con- 
sidered as separate processes. 


THEORY 


In our experiments minority carriers are injected by 
a pulse of light and the time-dependent photocon- 
ductivity measured. An analysis of a simple trapping 
event is presented in Appendix A where Eq. (1) is 
solved with appropriate boundary conditions. It is 
assumed that an injected minority carrier, after being 
trapped once and released, subsequently recombines. 
In other words, the analysis ignores multiple trapping 
where carriers are trapped and released more than 
once before recombining. Since the experiments indi- 
cated multiple trapping, it will be shown in the text 
how these formulas for the simple trapping case may be 
used to interpret multiple trapping. 

The solutions of Eq. (1) are 


ifs} 
k= |---| =o, 
Pilto 7, 


ko= 1/7,, 
PN, 
pi(N.— P:*) 


N yIVT, == eltt ~ty) /k r. 


(2-a) 
(2-b) 


= efet-ev) /k of 


(2-c) 


(2-d) 


where P;” is the steady-state density of trapped holes 
when #; mobile holes are maintained by the light source, 
€, the energy at the edge of the valence band, N, the 
effective density of states, ro the time constant of hole 
capture, and 7, the time constant of release. 

Haynes and Hornbeck? have described multiple trap- 
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Fic, 1. Energy level schematic for single trapping process. 
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Fic. 2. Circuit diagram of apparatus used to 
detect photoconductivity. 


ping as well as the simple trapping discussed here. 
Multiple trapping will decay rapidly at first approach- 
ing an exponential decay after a time long compared to 
the reciprocal of the initial rate of decay. At these long 
times they have shown that 


TeH=T1Tq/T1= TN rT ,, (3) 


where 7,, is the measured exponential decay time, 7, the 
recombination time, and 7, the release-time from the 
traps described in Eq. (2) and actually observed in 
simple trapping. The mean time that a hole spends in 
the valence band before it is trapped is 7, where 
7:=1/N,ov. Therefore, in order to know the value of 
tov required in Eq. (2-d), one measures instead the 
more convenient ratio of r,./7, and uses the equations 
already presented for the simple trapping case. Equa- 
tion (3) can be interpreted rather simply. It says that, 
with 7, as the recombination time and 7; as the time of 
trapping, on the average each hole will be trapped 
7,/tT_ times before recombining. Furthermore, each of 
these r,/7; trapping events will have a decay time of 1, 
so that the observed decay time will be as indicated. 
It is also clear that changing the relative values of 7, 
and 7; can alter 7,,. From this we see that although the 
decay time of photoconductivity is probably the most 
apparent property of a trap, it is not an intrinsic 
property of the trapping center and the temperature. 
The two intrinsic properties of trapping centers are 
their cross sections for capture and their energies. It is 
noteworthy that trapping measurements furnish infor- 
mation about two independent properties of the im- 
perfection acting as a trap, whereas most measurements 
which have previously been used to identify imper- 
fections measure only the energy. The errors in meas- 
uring energies are larger for levels near the center of the 
forbidden gap in both Hall measurements and optical 
measurements. The errors in measuring energies from 
trapping experiments, however, are independent of the 
position of the trap in the gap. In this manner electronic 
energy levels near the center of the gap are determined 
more accurately from trapping experiments, when con- 
ducive to measurements of this sort. Bearing in mind, 
then, the potential advantages of trapping measure- 
ments for understanding and identifying deep-lying 
localized electronic levels over the methods previously 
employed, we turn to the experimental results on traps 
caused by bombardment. 
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EXPERIMENTAL METHOD 


Measurements of trap densities and properties were 
made by observing the time-dependent photoconduc- 
tivity of germanium rods and bridges. Figure 2 is a 
schematic diagram of the apparatus. When germanium 
rods were used as samples, designated by R,, the photo- 
conductivity was transmitted to the amplifiers by 
measuring the voltage drop across a matching load 
resistor Rz;. When bridges were used, in order to 
eliminate transient contact effects, Rz was increased so 
as to provide a constant current and the voltage 
measured across the bridge arms. For transient effects 
in the range 10-® to 10-* second a Tektronix model 
121 A preamplifier was used in conjunction with a 
Tekronix 514A oscilloscope. This combination con- 
tributed only a negligible distortion for exponential 
time constants between 10~ and 10~* second. For time 
constants larger than 10-* second a correction was 
applied to compensate for amplifier distortion. 

A typical oscilloscope pattern is shown in Fig. 3. 
When the light is turned on, the mobile-hole density 
increases to p; in a time of the order of a recombination 
time. It is maintained at that steady-state value until 
the light is removed. These additional concentrations 
of holes and neutralizing electrons cause the conduc- 
tivity of the sample to increase at the same rapid rate 
to a value Aoi=quppi(1+b), where b is the ratio of 
electron mobility to hole mobility. The nonequilibrium 
density of holes increases the net trapping rate and 
holes begin to fill the traps. The rate of filling can be 
changed by adjusting the light intensity and thereby 
increasing or decreasing ~;. Trapped holes are immobile 
and cannot contribute to the conductivity. However, 
the additional electrons required to neutralize the 
trapped holes will contribute to the conductivity and 
their effect is noted in Fig. 3 as Ao;. The relation 
Ac:=qunP” enables one to calculate P;”. When the 
light is turned off, the concentration of trapped holes 
decays from its steady-state value to its equilibrium 
value of P,°. The conductivity decreases at the same 
rate. Depending upon whether or not the system shows 
multiple trapping, this decay time will be determined 
by the trap properties as shown in Eqs. (2) or (3). 

The experiments have had two objectives: first, to 
ascertain in what manner the trap densities are de- 
termined by the amount of room temperature bombard- 
ment; second, to measure the properties of the traps. 
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Fic. 3. Typical oscilloscope pattern illustrating trapping. 





HOLE TRAPPING 


All bombarded samples were kindly supplied by W. L. 
Brown and R. C. Fletcher of these Laboratories. They 
had been bombarded in the Massachusetts Institute of 
Technology Van de Graaff accelerator through the 
cooperation of K. A. Wright. Bombarding electron 
energies were 3 Mev. All samples were bombarded at 
room temperatures and most were kept at room tem- 
peratures until they were studied. Some had been 
heated at 100°C for ten minutes. It is necessary to 
emphasize the past history of the samples because 
Brown and Fletcher‘ have recently observed trapping 
effects in bombarded germanium which are removed by 
annealing above —140°C. The trapping centers dis- 
cussed here are stable at temperatures somewhat above 
room temperature. 

Table I compares trap densities with densities of 
acceptors introduced by bombardment for eleven differ- 
ent samples. The densities of bombardment acceptors 
are based upon earlier resistivity measurements by 
Brown and Fletcher of a cross section for acceptor 
formation. Densities of acceptors listed in the table are 
calculated from these experimentally determined cross 
sections and from the integrated electron flux. The trap 
densities in bombarded samples were consistently many 
times higher than in the unbombarded. Although the 
agreement between trap densities and acceptor densities 
is not quantitative, it is striking enough to permit the 
reasonable hypothesis that the traps are formed by the 
bombardment. 

Samples were alternately etched and sandblasted in 
an attempt to see if these differences in surface condition 
would affect the traps. The only effects noticed could 
be accounted for by the change of lifetime. This indi- 
cated that the trapping was a volume phenomenon. 


EXPERIMENTAL RESULTS—DETERMINATION 
OF (e,—e#,) 


Intensive measurements were made of the trap 
properties in sample 91 A. This sample showed multiple 


TABLE I. Density of traps (N;) compared with 
density of bombardment centers. 








Ne 
density of 
bombard- Nt 
density of 
traps before 
bombardment 


<4X 10" 
3X10" 
9X 10" 
3X10" 
9X10" 


p 
ohm-cm 
after ment 
bombard- acceptors 

ment at 300°K 


18.1 5X10” 
18.6 5X10” 
7 5X10" 
0 5X10 
3 5X10” 
5 4X10" 
5 4X10 
2 
5 
0 
2 


Ni 
density of traps 
after bombardment 


5 1032) 
3X10" 
1X10” 
3X 10% 
2X 102 
5x10" 
5108 
3X10) 


14) 
10 


Sample 


95B 
94B 
51B . 
54B . 
33B . 
34A f 





35A 
91A 2 


A-20 # 
A-23 3. 
A-24 3. 





5X 10% 


1.510% 3X 
5x10" 


5X10" 9X 10% 








4 Brown, Fletcher, and Wright, Phys. Rev. 96, 834(A) (1954). 
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Fic. 4. Inverse of final decay time 1/7. plotted versus 1/T. 


trapping. The decay of photoconductivity was not a 
single exponential. Additional confirmation that the 
trapping was multiple will be found below in the 
measured and computed values of 7; and 1,. In order 
to use Haynes and Hornbeck’s solution where r.,/7; 
= N,ov7,, we plot 1/7,, vs 1/T in Fig. 4. The solid points 
are experimental results while the open circles represent 
these values after a correction for the measured am- 
plifier response time has been applied. In addition to 
the values of r,, it was also necessary to measure 1, 
which varied smoothly from 5.5 ysec at 170°K to 
8 psec at 225°K. These values of 7, have been in- 
corporated in the formulas where necessary. Equation 
(2-d) shows that both the absolute value of N,ovr, at 
any temperature and its temperature dependence may 
be used to calculate e,—e,. For the temperature range 
180°K to 220°K, we find from the slope that (¢,—«,) 
=0.25 ev, while the absolute values yield ¢,—¢,=0.30 
ev. These measurements were made on a rod and con- 
firmed by measurements across bridge arms soldered to 
the sample. In this fashion transient contact effects 
were eliminated as the cause of these observations. 


DETERMINATION OF CAPTURE CROSS SECTION 


When the light intensity and temperature are ad- 
justed for any particular sample so that mor, then 
Eq. (2-a) reduces to ov=1/7op;. This permits the 
direct measurement of ov which is presented in Fig. 5 
for sample 91 A. There seems to be a small temperature 
dependence of the cross section of the order of 0.05 ev. 
As mentioned above the absolute value of the cross 
section combined with the value of NV, will determine r; 
through the relation r,=1/N,ov. For sample 91 A, 
N.=3X10" and at 169°K, ov=4X 10-8, hence 7,=0.8 
usec. Since the measured value of 7, was 5.5 usec at this 
temperature, carriers will be trapped approximately 
seven times before they recombine. From Fig. 4 the r., 
at T=169°K is seen to be about 5500 usec. For these 
values of 7,., 71, and 7, we can calculate that 7, should 


«be about 800 usec. Now 7, can also be measured 


directly. If the decay is measured immediately after a 
very strong light is turned off, one measures the time 
constant of a system where nearly all the traps are still 
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Fic. 5. Product of cross section, o, and thermal velocity 2 
plotted versus 1/T. The value of v is about 10’ cm/sec in this 
temperature range. 


filled with holes. Therefore the probability that a hole 
will be trapped again after it is liberated is small and 
the holes, once liberated, will recombine. The time 
constant of the first part of the decay curve is then 
equal to the liberation time 7,. Figure 6 shows the decay 
in photoconductivity for sample 91 A at T=169°K 
under the two conditions of strong chopped light which 
essentially fills all the traps and weak chopped light 
which fills a negligible fraction of them. The strong 
light decay curve is 770 usec in excellent agreement 
with the preceding calculations while the weak light 
gives a decay time of 2430 ysec. When this latter 
decay time is corrected for the response time of the 
amplifiers one obtains the aforementioned value of 
5500 usec. Therefore the trapping picture presented is 
confirmed by this additional self-consistency of the 
results. 
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Fic. 6. Plot showing dependence of decay time upon light 
intensity. The upper curve, showing a decay of 770 usec, illus- 
trates a case where all “ are essentially still filled and multiple 
trapping cannot occur. The lower curve results from traps essen- 
tially empty, allowing multiple trapping. 


APPENDIX A 


It is assumed that the traps do not affect the valence 
band hole concentration which, when the light is on, 
is determined by 


dp/dt=l—r(p— po), 


where / is rate of generation of hole electron pairs by 
the light and fp is the equilibrium density of mobile 
holes. With the light on, the hole density rapidly (in the 
order of the recombination time) reaches a steady state 
value p— po=//r, and in the same time after the light 
is off it reaches the equilibrium value fo. The first 
solution then is for the light-on case. 

Here the mobile hole concentration is maintained at 
an arbitrary value p= ,. The solution of Eq. (1), 
subject to the initial condition that P;= P,° at ‘=0, is 

kipiN: 


kipiN : 
= —_————_+ (P2- =.) -tnin 
kipitke Ripitk, 


The steady-state density of trapped holes is then 
P°=kipiN./(kipitp2), and the time constant of trap- 
ping is To= 1/(Ripithe). 

When the light is turned off, p=po. Once again 
Eq. (1) is solved, using this time the initial condition 
that P;=P,* at t=0. (Here ‘=0 now refers to the 
moment the light is extinguished.) The time constant 
for the decay of (P,—P,°) is rz=1/(kipot he). 

In addition, the principle of detailed balance at 
equilibrium supplies another relation among the vari- 
ables and introduces the trap energy. At equilibrium, 





HOLE TRAPPING 


dP,/dt=0 and Eq. (1) becomes 


hipo(Ni— PP) =haP, (A-6) 


where 
po= Nye? -®) /kT 


and (N,—P?)=N1—e—“*"-*?], In this equation, 
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N,= (2amkT/h*)!, and it is the effective density of 
states at the edge of the valence band. Furthermore, 
it is assumed that e; is far enough below er, the Fermi 
level, to validate the Boltzmann approximation. By 
assuming (pi—po)=fi, these equations can be re- 
arranged to give Eq. (2). - 
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Copper in Germanium: Recombination Center and Trapping Center 


R. G. SHULMAN AND B. J. Wytupa 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received November 16, 1955) 


The time-dependent photoconductivity of copper-doped n-type and p-type germanium bridges has been 
measured between 130°K and 293°K. Temporary hole traps were found in the n-type samples at the lower 
temperatures but no traps were observed in the p type. Trap concentrations agreed with the density of 
copper atoms to within a factor of two and were at least 100 times higher than undoped crystals. The 
trappings levels are 0.2 ev above the valence band; the capture cross section for holes, op, is 10-!* cm™? and 
independent of temperature while the capture cross section for electrons, on, is temperature-dependent with 
an activation energy greater than 0.1 ev. As a result of this temperature dependence of op, the 0.2-ev copper 
level changes from a recombination center at room temperature to a hole trap at lower temperatures. 


INTRODUCTION . 


NJECTED minority carriers in semiconductors have 
been shown to interact with localized centers whose 
electronic energy levels lie in the forbidden gap. The 
kinetics of these reactions have been discussed by 
several authors under the two classifications of recom- 
bination! and trapping.?* While it has been convenient 
for experimental and theoretical reasons to separate 
these processes, it has also been realized that both are 
closely related. In this paper, we shall present measure- 
ments of hole trapping by the 0.2-ev copper level in 
n-type germanium at low temperatures. Since this level 
has been shown to act as a recombination center in 
germanium at room temperature,‘ it will be necessary 
to examine the relation between recombination and 
trapping. In general, the results may be anticipated by 
considering the system represented in Fig. 1. 
Recombination centers are represented by triangles 
within the forbidden gap and trapping centers by 
squares. The arrows representing transitions to both 
bands from the recombination centers indicate that 
electron and hole capture and release rates are im- 
portant. In other words, an electron or hole in a 
recombination center has ready access to either band. 
An electron or hole, after capture, attracts a carrier of 
the opposite type resulting in a mutual annihilation. 
If either of the rate constants becomes very small 
compared: to the other, a recombination center will 
become a trapping center. We have found that the 
1 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
2 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953); 
J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 
3H. Y. Fan, Phys. Rev. 92, 1424 (1953). 


4 Burton, Hull, Morin, and Severiens, J. Phys. Chem. 57, 102 
(1953). 


0.2-ev copper level changes from a recombination center 
at room temperature to a trapping center at low tem- 
peratures, presumably because the rate of electron 
capture (or hole release to the conduction band) de- 
creases with temperature. This means the probability 
that a trapped hole will attract an electron is decreased 
and that the hole usually remains in the center until it 
is thermally excited back to the valence band. 


DETERMINATION OF TRAPPING CENTER 
PROPERTIES 


The trapping center properties were found to be 
qualitatively similar to those of the bombardment 
traps® described in the previous paper. Experimental 
techniques were identical with those described in 
reference 5. In brief, we measured the time dependence 
of the photoconductivity. Chopped white light was 
used to illuminate germanium bridges and the con- 
ductivity was measured across noncurrent carrying 
arms. A Tektronix 514 oscilloscope and 121 pre- 


Fic. 1. Schematic energy 

level diagram. The arrows 

on the left indicate that 44% SERRE 
recombination centers can 
capture holes from valence 
and conduction bands and 
that captured holes may be $F 
released to either band. The 
arrows on the right indicate 
that trapping centers inter- 
change holes only with the ““ 
valence band. 


5 R. G. Shulman, preceding paper [Phys. Rev. 102, 1451 (1956) ]. 

® At low temperatures extreme care is necessary to prevent 
interference from transient photoresponses arising at the contacts. 
All our samples were bridges with gold-antimony bonded contacts 
which at low temperatures were more often ohmic than any other 
contacts we tried. 
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TABLE I. Comparison of trap density and copper concentration. 








Sample 


number p (ohm-cm) Ni 


0. 3.3X 10" 
1, <1X104 
4 


[Cu] 


2X10" 
2X 10" 
2X10" 
2x10" 


Type 


U-67 n 
U-69 p 
U-74 n 
VIII 789 n 





1.410" 
1.4X 10" 








amplifier were modified by H. R. Moore so as to be 
linear from 0.1 cps to 10’ cps and the photoconductivity 
measured as a function of time on the oscilloscope. 
Both p- and n-type copper-doped germanium bridges 
were examined for traps at temperatures between 
120°K and 300°K. All the n-type samples showed 
trapping, but no traps were found in the p-type samples. 
The densities of trapping centers were measured by 
the changes in sample conductivity under strong illumi- 
nation. A comparison of the densities of trapping 
centers and of copper is presented in Table I. The 
copper concentration in the grown crystals were calcu- 
lated from the fraction of copper added to the melt 
and a distribution coefficient’ k= 1.5X 10-°. 

The analysis of trapping kinetics?*.5 assumes two 
independent trap properties. It has been convenient to 
choose the capture cross section of the trapping centers 
and their energy with respect to the valence band as 
the independent properties. The capture cross section 
is a kinetic property involving the rate of capture 
of carriers while the energy level is an equilibrium 
property. Because of the high concentrations of trapping 
centers all the decay curves were nonexponential, indi- 
cating multiple trapping. The formulas relating the 
observed rates of rise and decay of photoconductivity 
to the properties of the traps were derived previously”:®: 


dP,/dt=ovp,(Ni—P:)—Pi/ta, (1-a) 
N,ovr,=expl_(€:—€r)/kT ], (1-b) 


where we consider hole traps and where o= cross section 
for hole capture, »= thermal velocity of mobile holes, 
pi=hole concentration maintained in valence band by 
chopped light while on, 7,= time constant for liberation 
of holes from traps, V,= effective density of states at 
edge of valence band, (€,—¢,)=energy of trapping 
centers above edge of valence band, N;=density of 
trapping centers, P;=density of trapped holes, and 
ta= decay time constant which is a function of P;. 

Equation (1-a) describes the rate of change of 
trapped-hole density as the difference between the 
rate of capture and the rate of liberation. By increasing 
the light intensity and thereby increasing p; so that 
ovp,>1/ra, the equation can be simplified and when 
integrated takes the convenient form 


av= 1/ Topi, (2) 
where 79 is the time constant of rise. In this form, the 


7 Burton, Kolb, Slichter, and Struthers, J. Chem. Phys. 21, 
1991 (1953). 
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determination of ov from experiment involves measuring 
ro and p;. By assuming a value of »= 1.410" cm/sec 
the capture cross section for holes as a function of 
temperature has been derived from the experiments and 
is plotted in Fig. 2. The value determined at room tem- 
perature from recombination kinetics‘ is included, and 
it can be seen that the capture cross section of holes by 
the upper copper level is independent of temperature 
within experimental accuracy. 


DETERMINATION OF TRAP ENERGY 


Equation (1-b) can be used to determine (¢;—¢,) in 
two ways. At any temperature the measured values of 
r, and o and the calculated values of V, and » can be 
substituted in the equation in order to determine the 
energy. Alternatively, if o is independent of tempera- 
ture, as Fig. 2 shows, then a plot of Inv, vs 1/T should 
have a slope of (¢,—e,)/k. Because of the multiple 
trapping, the decay of photoconductivity is nonexpo- 
nential.? The first part of the decay, however, has a 
time constant 7,, which will be the same for all samples 
containing the same type of trap. On the other hand, 
the rest of the decay curve will vary from sample to 
sample at the same temperature. We have measured 7,, 
and typical results are plotted vs 1/T in Fig. 3. From 
the slope, (€:—«,)=0.18 ev, which is to be compared 
with the value® of 0.2 ev determined by Hall measure- 
ments. When one substitutes the measured values of r, 
and ov in Eq. (1-b), the same value of 0.18 ev is ob- 
tained for (€,—€,). 


DISCUSSION OF RESULTS 


The transition from a recombination center to a 
trapping center indicates that the cross section for 
electron capture which is appreciable at room tem- 
perature has decreased at the lower temperatures. If we 
assume a relation of the form o,=¢,"e~4**?, then a 
lower limit may be placed upon Ae. Values of 7, of 
about 10-* second were observed at 125°K. From this 
we can calculate that at this temperature ¢,<3X10-” 
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Fic. 2. Cross section for hole capture by copper traps in n-type 
germanium as a function of 1/T. 


8 F. J. Morin and J. P. Maita, Phys. Rev. 90, 337 (1953). 
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cm?, and comparing this with the room temperature 
value of 10-!7 cm? we can say that Ae>0.11 ev. This 
limit upon the activation energy is in agreement with 
the recent report of Baum and Battey® who have 
measured this energy as 0.22 ev. 

One would expect that the lifetime of minority 
carriers would increase as the copper centers become 
trapping centers and recombination through them be- 
comes negligibly slow. We have seen some evidence of 
this effect as shown in Fig. 4 where the lifetime of holes 
is plotted vs 1/T for two different values of ambient 
illumination. The steady illumination was needed in 
order to keep the traps filled, and under illumination 
the exponential decay of recombination is observed. 
It can be seen that the lifetime has increased several- 
fold as the temperature is lowered from 300°K to 175°K. 

These lifetimes were measured by observing the 
decay in photoconductivity. Measurements made with 
a chopped light and point contact collector on bulk 
samples were difficult to interpret at these low tem- 
peratures because of a “shoulder” that was invariably 
found on the signal versus light distance curve. The 
“shoulder” is possibly caused by channel formation. 
However, this increase of lifetime with decreasing tem- 
perature was not observed in all the samples and it is 
believed that the results are sometimes complicated by 
two other mechanisms. 

The first complicating factor is the background im- 
purities which are assumed to have a concentration of 
about 10'°/cm*. These may act as recombination centers 
and at low temperatures may limit the recombination 
times. Residual impurities may also contribute to the 
trapping, and in fact several samples showed anomalous 
decay curves at long times, indicating some trapping 
mechanism in addition to copper traps. 

The second factor is the effect of minority carrier con- 
centration upon the recombination time. As Shockley 
and Read! have predicted, and as Bemski! has ob- 
served in silicon, the recombination rate depends upon 
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Fic. 3. Initial decay times for copper traps in n-type 
germanium as a function of 1/T. 


9R. M. Baum and J. F. Battey, no Rev. 98, 923 (1955). 
1 G. Bemski, Phys. Rev. 100, 523 (1955). 
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Fic. 4. Hole lifetime in n-type copper-doped germanium for 
two different hole concentrations, produced by changing the 
intensity of the ambient light. 


the minority carrier concentration. It is necessary to 
inject carriers in order to fill the traps and therefore, 
while measuring the recombination, there is always a 
relatively high concentration of minority carriers. In 
Fig. 4 we see that increasing the illumination decreases 
the lifetime at low temperatures, but it is difficult to 
be certain that this is the only explanation of the 
effects observed. 

A detailed examination of the electronic environment 
of copper atoms is beyond the scope of this paper. 
However, a potential barrier to electron capture might 
be correlated with an electron density at a radius 
corresponding to the 0.04-ev electron energy state. 


QUANTITATIVE ANALYSIS 


Once the cross section and energy for the copper 
traps have been determined, it is a simple matter to 
use these properties in order to determine copper con- 
centrations in m-type samples. This method of analyzing 
for copper is based upon two parameters and therefore 
can determine the chemical nature of the centers with 
somewhat more assurance than Hall measurements. 
In 10 ohm cm germanium there is no difficulty in 
identifying 10" copper atoms/cc. Under optimum con- 
ditions of low background trap concentrations, the 
method will measure as few as 10"/cc. Trapping 
determinations of copper concentrations require that 
the sample be m type while Hall measurements can 
only be made on p-type samples. In this manner the 
two methods supplement each other. 


CONCLUSIONS 


We have shown that the upper copper level in n-type 
germanium which acts as a recombination center at 
room temperature becomes a minority carrier trap at 
lower temperatures. The properties of these traps 
further our understanding of the detailed electronic 
nature of the centers and in addition provide a means of 
quantitative analysis for copper in n-type germanium. 
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Moving Dislocations and Solute Atoms 


GUNTHER SCHOECK 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received October 31, 1955) 


In the stress field of a moving dislocation, stress-induced local rearrangement of solute atoms takes place. 
From this rearrangement there results a friction force, which depends on the velocity of the dislocation. 
It should be possible to detect this effect in creep experiments. 





HE interaction between moving dislocation lines 

and solute atoms has been treated by several 
investigators. Mott and Nabbaro' considered the 
motion of a dislocation line through a random solid 
solution where the solute atoms are in fixed positions. 
Cottrell and Jaswon? treated the case of a moving 
dislocation dragging along an atmosphere of solute 
atoms. 

There is another possibility for certain solute atoms 
to interact with the dislocation even if the time is too 
short to allow the formation of an atmosphere around 
the dislocation by long range diffusion.’ In the stress 
field of a moving dislocation, local atomic rearrange- 
ment or short-range ordering may take place. This is 
possible, however, only if the solute atoms in different 
lattice positions have different interaction energies with 
the dislocation. An example is the case of a solute atom 
which causes a distortion with a symmetry different 
from the symmetry of the lattice. It may also apply for 
pairs of solute atoms‘ or pairs of vacancies. A more 
general case is an alloy where the lattice dimensions 
depend on the degree of short-range order.’ Here the 
degree of short-range order changes in the stress field 
of the dislocation. Since in all these processes only 
atomic interchanges between neighboring lattice sites 
are necessary, they take place in a relative short time. 

Let us first consider a dislocation at rest. In its stress 
field a redistribution of solute atoms may take place 
by single atomic jumps with the mean frequency ?. 
With each jump into a preferred lattice position an 
amount of energy Au; is released. Since the stresses 
around a dislocation decrease with r (r being the 
distance from the dislocation line), Au; can be expressed 
as 

Au;=A,/r, (1) 
where A; depends on the solute atom and the special 
configuration. In typical cases Au; is from 0.1 to 0.5 ev 
at one atomic distance from the dislocation line. 

When local thermal equilibrium is reached around 
the dislocation there are, depending on Aw,, different 


1N. F. Mott, Imperfections in Nearly Perfect Crystals (John 
Wiley and Sons, Inc., New York, 1952), p. 173. 

2A. H. Cottrell and M. A. Jaswon, Proc. Roy. Soc. (London) 
A199, 104 (1949). 

3 F. R. N. Nabarro, Conference on the Strength of Solids at the 
University of Bristol (The Physical Society, London, 1948), p. 38. 

*C. Zener, Phys. Rev. 71, 34 (1947). 
(1s 0 D. LeClaire and W. M. Lomer, Acta Metallurgica 2, 731 

954). 


numbers of solute atoms in different types of lattice 
positions. (We consider here only thermal equilibrium 
with respect to the population of different types of 
lattice sites and not with respect to the change in 
concentration around the dislocation since to establish 
the latter requires a time longer by orders of magni- 
tude.) The total energy of the dislocation is then 
decreased by 

Uo= Dd: Au, (2) 


compared with a dislocation with a random distribution 
of solute atoms around it. 

Since the thermal energy of the lattice tends to 
randomize the distribution, the ordered atmosphere has 
a certain “radius” R. This radius is given by the distance 
at which the thermal energy kT is equal to the energy 
difference Au;, or from Eq. (2) the radius of the atmos- 
phere is 

R=A,/kT. (3) 


If we now move the dislocation through a solid 
solution where the solute atoms are in a random 
distribution, this ordering effect produces a dragging 
force which depends on the velocity » of the dislocation. 
The dragging force vanishes only at infinitely low 
velocities where the ordering always reaches thermo- 
dynamical equilibrium and at infinitely high velocities, 
where no redistribution takes place. 

The dragging force results from the fact that the 
“center” of the ordered distribution lags behind the 
dislocation; and therefore, the dislocation has to move 
against an energy gradient. A critical velocity 2, is 
reached when the time for the dislocation to move over 
the distance of the radius R of the distribution is about 
the time 1/7 to form the ordered distribution® 


Yor = DR. (4) 
At this velocity the force F to push the dislocation 


against the energy gradient of its ordered distribution 
reaches a maximum which is given by 


F..=3Uo/R. (5) 
At higher velocities the dislocation cannot build up an 
essential ordering and therefore the force drops. 


A detailed analysis has been made for the movement 
of a screw dislocation in a-iron with carbon impurities.*® 


6 G. Schoeck, Gordon Conference on Chemistry and Physics of 
Metals, New Hampton, New Hampshire, 1955 (to be published 
elsewhere). 
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MOVING DISLOCATIONS AND SOLUTE ATOMS 


At a carbon concentration of 2X10~ the critical 
velocity is about 20 atomic distances per second at 
room temperature. The corresponding shear stress to 
obtain this movement is t-r-5X 10" dyne/cm? which is 
about a fifth of the yield strength of iron single crystals. 
The effects described above should show up in 
experiments on internal friction and on microcreep.’ 
It might be difficult to detect the described energy 
dissipation of dislocations in the background of the 
7B. Chalmers, Proc. Roy. Soc. (London) A156, 427 (1936). 
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internal friction due to the external forces. There 
should be, however, a pronounced influence on micro- 
creep. At stresses below 7.; the dislocations can move 
in typical cases only several atomic distances per 
second. The corresponding strain rate should be of the 
order of 10~* secé', if we assume a density of moving 
dislocations of 10°. Above 7c, the dislocations can move 
too fast to build up a substantially ordered atmosphere 
and their velocity is limited by other forces. At Tor, 
therefore, a break in creep rate should occur. 
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Hall Coefficient and Thermoelectric Power of Thorium Metal* 


JosEepu H. Boning, Jr. 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsylvania 


(Received Febraury 20, 1956) 


The Hall coefficient of two samples of thorium metal was measured at room temperature in magnetic 
fields on the order of 4000 gauss, and an average value of —1.2X10~" volt-cm/abampere gauss obtained. 
The voltage of a thorium-platinum thermocouple in the temperature range 400°C to 1100°C is also reported. 


EASUREMENT of the Hall coefficient of thorium 
metal at room temperature was performed on 
two samples of rolled sheet of nominal thickness two 
and five mils, obtained from A. O. Mackay, Inc. Hall 
specimens of approximately 3-inch width and 23-inch 


length, with an attached potential probe on the mid- 
points of each of the long sides, were cut from the sheet 
so that as the Hall current passed longitudinally 
through the specimen these probes were on an approxi- 
mate equipotential. These probes were about 35 in. 
wide at the junction with the side of the specimen and 
3 in. long. Each end of the specimen and the Hall probes 
were held between separate pairs of brass jaws, the 
latter mounted on a lucite plate and the entire assembly 
thermally shielded from air currents. The assembly was 
mounted between the poles of an electromagnet capable 
of producing fields of the order of 4000 gauss. Hall 
currents of the order of 5 amperes were passed through 
the specimen, and readings were taken of the change in 
probe potential difference as the magnetic field was 
applied and then reversed. The Hall voltage changes 
were measured by a null method using a galvanometer 
of sensitivity 7.7X10-" amp/mm and resistance 600 
ohms, the “bucking” potential being supplied and 
measured by a battery and a calibrated voltage divider. 
The results obtained are shown in Table I. According 
to the simple theory of the Hall coefficient of metals, 


TABLE I. Hall coefficient of thorium. 








Specimen 
thick- Hall current Magnetic field 
range, gauss 


3700-4500 
3700-4500 


Ru Hall coefficient, 
volt cm/abamp gauss 
—1.3X10 
—1.1X10 


Specimen 
No. ness, mils :range, amp 


1 2.9 4-5 
2 $.2 4-5 











* This research was supported by the U. S. Army, Office of 
Ordnance Research, 
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Fic. 1. Emf vs junction temperature. Thorium-platinum thermo- 

couple with 0°C cold junction. Th positive with respect to Pt. 
these results indicate conduction in thorium by electrons 
with a carrier density of approximately 4.710” per 
cc or 1.6 electrons per atom at room temperature. The 
variation in Ry between the two specimens, exceeding 
the standard deviations of either specimen, may well 
be due to differences in past histories of the specimens. 

A “triple” theormocouple of platinum, platinum-10% 
rhodium, and thorium was constructed, the thorium 
wire being strips of the nominal 5-mil sheet spot- 
welded end to end. This was placed in a thoria insulating 
cylinder in the heating coil of a vacuum furnace, with 
the three wires running out through a teflon plug into 
an ice bath. The resultant emf generated by the 
thorium-platinum thermocouple (measured with a 
Beckman portable potentiometer) as a function of the 
junction temperature, measured by the platinum and 
platinum-rhodium thermocouple, in the 400°C to 
1100°C range, is shown in Fig. 1. 
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An Antiferromagnetic Transition in Zinc Ferrite* 


J. M. Hastincs anp L. M. Corttss 
Department of Chemistry, Brookhaven National Laboratory, Upton, New York 
(Received March 13, 1956) 


Neutron powder diffraction patterns have been obtained for zinc ferrite over the temperature range 
2.7°K-300°K. The data strongly suggest that the compound undergoes a transition from a paramagnetic 
state to an antiferromagnetic state in the neighborhood of 9°K. Superlattice lines observed below this 
temperature can be indexed on a cubic unit cell whose edge is twice that of the chemical cell. A model con- 
sisting of an antiferromagnetic alternation of ferromagnetic “bands” is tentatively proposed and discussed 


in relation to the observed line intensities. 





INTRODUCTION 


ECENT neutron diffraction measurements! have 
confirmed the earlier x-ray result?’ that zinc ferrite 
has the normal spinel structure, in which the diamagnetic 
zinc ions occupy the tetrahedral or A sites. According to 
the Néel theory‘ of ferrimagnetism there are, in addition 
to the dominant antiferromagnetic coupling between 
magnetic ions on A sites and those on B sites, weaker 
A-A and B-B interactions. Since the A-B coupling is 
absent in zincderrite, this compound is ideally suited for 
observing a subsidiary B-B interaction, and might well 
be expected to exhibit antiferromagnetism at sufficiently 
low temperatures. Kittel’ has estimated the Néel tem- 
perature to be 150+50°K by extrapolating the experi- 
mental measurements® of the Curie temperatures of 
Ni-Zn and Mn-Zn mixed ferrites. This extrapolation 
is difficult since the experimental data extend only to 
10% Ni and 20% Mn. Nevertheless, the data suggest, 
as Kittel points out, a Néel point well below room 
temperature. 


EXPERIMENTAL 


The neutron diffraction apparatus used in this investi- 
gation has been previously described.” The neutron 
wavelength used throughout the work was 1.064 A. 
An all-metal cryostat similar in design to the one 
described by Erickson® was used in obtaining the low- 
temperature diffraction patterns. The capacity of the 
inner or helium reservoir of the cryostat was about 
2.5 liters, while the outer or nitrogen reservoir had a 
capacity of 6 liters. At helium temperatures the heat 
leak was approximately 20 calories per hour and thus a 
filling of helium lasted about 80 hours. For the runs 
made at pumped helium temperatures the sample was 


* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. A preliminary report of this work was pre- 
sented at the Third International Congress of the International 
Union of Crystallography, Paris, July, 1954 (unpublished). 

( a Hastings and L. M. Corliss, Revs. Modern Phys. 25, 114 
1 y 

( ome W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 
1 e 

3 E. F. Bertaut, J. phys. radium 12, 252 (1951). 

*L. Néel, Ann. phys. 3, 139 (1948). 

5C. Kittel, Revs. Modern Phys. 25, 119 (1953) (discussion 
following reference 1). 

°C. Guilland, J. phys. radium 12, 91 (1951). 

7 Corliss, Hastings, and Brockman, Phys. Rev. 90, 1013 (1953). 

®R. A. Erickson, Phys. Rev. 90, 779 (1953). 


in direct contact with the liquid, while for the higher 
temperatures thermal contact was established by an 
aluminum conductor. The sample temperature was 
determined by use of an Au-Co, Au-Ag thermocouple 
kindly supplied by Dr. J. F. Youngblood of the Gereral 
Electric Company. 

The zinc ferrite powder was prepared by Dr. V. C. 
Wilson of the General Electric Company and analysis 
by Dr. R. W. Stoenner of Brookhaven National Labora- 
tory gave 45.98% iron and 28.33% zinc compared with 
theoretical values of 46.33% iron and 27.12% zinc. 


RESULTS 


Figure 1 is a neutron diffraction pattern of zinc ferrite 
taken at 77°K. This pattern is essentially identical with 
the room temperature pattern and shows only the expec- 
ted spinel lines. The sloping background (except for the 
rapidly rising region below about 5 degrees, coming 
from the direct beam) is produced by paramagnetic 
diffuse scattering. This aspect of the scattering has been 
extensively studied® using a modified experimental 
arrangement and indicates that zinc ferrite behaves at 
room temperature as a nearly ideal paramagnetic with 
a localized moment of 5 Bohr magnetons per iron atom. 
The paramagnetic scattering is, however, somewhat 
anomalous at liquid nitrogen temperature. This point 
will be further discussed below. 

In the neighborhood of 9°K (Fig. 2) a broad maxi- 
mum is present in the diffraction pattern at a counter 
angle of about 8 degrees. The growth of this diffuse 
maximum, which begins at somewhat higher tempera- 
tures, is accompanied by a stimultaneous decrease in the 
paramagnetic scattering. A rapid sharpening of the dif- 
fuse peak takes place as the temperature is further de- 
creased and a well-developed superlattice pattern can be 
seen in representative traces obtained at 6°K and 2.7K° 
(Figs. 3 and 4).!° The dotted line in Fig. 3 represents the 

® Brockhouse, Corliss, and Hastings, Phys. Rev. 98, 1721 (1955). 

1” A second preparation of zinc ferrite has been very kindly sup- 
plied by Dr. E. F. Westrum, Jr., and Dr. D. M. Grimes of the 
University of Michigan. The superlattice lines obtained with this 
sample are somewhat narrower than those shown in Figs. 3 and 
4, but the line positions and indexing are identical for the two 
specimens. While the general level of magnetic intensity is higher, 
compared to the nuclear intensity, in the case of the second 
sample, the relative intensities of the superlattice lines are in 


sufficiently close agreement for the two preparations as to leave 
unaltered the conclusions reached in this paper. 
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Fic. 1. Neutron diffraction pattern of polycrystalline zinc ferrite taken at 77°K. The sloping background 
is characteristic of paramagnetic scattering. 


paramagnetic scattering level present at higher tem- 
peratures. In Table I the integrated intensities of the 
first few diffraction lines obtained at room temperature 
and liquid helium temperature are compared and found 
to be identical. In addition, inspection of the diffraction 
patterns reveals that to within the resolution of the 
instrument, no shift in peak positions has taken place. 

The interpretation placed upon these observations is 
that zinc ferrite undergoes a transition to an antiferro- 
magnetic state in the neighborhood of 9°K. The fact 
that the fundamental line intensities remain unchanged 
rules out the possibility of a crystal structure change or 
of either a ferromagnetic or ferrimagnetic transition. On 
the other hand, the appearance of superlattice lines 


TABLE I. A comparison of integrated intensities 
at 300°K and 4.2°K. 








Integrated intensity (arbitrary units) 
(hkl) 300°K 4.2°K 


(111) 467 453 
(220) 153 154 
(311)+(222) 





1110 1122 








showing a general form factor dependence on angle, and 
the simultaneous disappearance of the paramagnetic 
scattering strongly suggest that the transition is anti- 
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Fic. 2. Neutron diffraction pattern of zinc ferrite taken at 9°K. 
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Fic. 3. Neutron diffraction pattern of zinc ferrite taken at 6°K. 
Indexing of the superlattice peaks with respect to a double unit 


cell is shown by the short vertical bars at the top of the figure. The 
fundamental lines are designated by the letter NV. 
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Fic. 4. Neutron diffraction pattern of zinc ferrite taken at 
2.7°K. The indexing refers to the double unit cell. Decomposition 
of the first group of superlattice lines is shown by the dashed lines. 


ferromagnetic. In Fig. 3 about ten incompletely resolved 
superlattice lines can be seen. These lines can be indexed 
on a cubic unit cell whose edge is twice that of the 
original spinel unit cell. The indexing is shown by the 
short vertical lines at the top of the figure. 


DISCUSSION 


The complexity of the diffraction pattern and the 
large size of the unit cell make it unlikely that an un- 
ambiguous model of the antiferromagnetism can be 
established on the basis of powder data alone. Neverthe- 
less it is of interest to see if one can account even quali- 
tatively for the general features of the extra scattering 
in terms of an antiferromagnetic model. It is indeed 
possible to construct a model which gives qualitative 
agreement between calculated and observed intensities. 
Figure 5 is a schematic representation of a projection 
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TABLE IT. A comparison of observed intensities with those 
calculated from the model shown in Fig. 5. 








(hkl) 


(100) 
(110) 
(111) 
(200) 
(210) 
(211) 
(220) 
(300) 
(310) 
(311) 
(222) 
(320) 
(321) 


(400) 
(410), (322) 
(411), (330) 
(331) 
(420) 
(421) 
(332) 
(422) 
(430), (500). 
(431), (510) 
(511), (333) ) 
(520); (432) 


Observed 


0 
6 
14 
20 
50 
9 
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per by 
nuclear (111) peak 
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Calculated 
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of the model on a (100) face, showing only the iron or 
B sites. Each algebraic symbol denotes two atoms 
superimposed by the projection, one from the upper and 
one from the lower half of the unit cell. In the case of the 
unshaded symbols the spin of the upper atom is the 
same as that of the atom in the lower half of the unit 
cell, whereas in the case of the shaded symbol the two 
are opposite. Qualitatively, the structure is seen to 
consist of parallel bands 2-3 atoms wide, of alternating 
spin, with occasional “‘mistakes”’ along the boundaries. 
The spin orientation is taken to be parallel to (010). 
Table II gives a comparison of observed intensities 
with those calculated from the model. The former are 
necessarily only qualitative since the majority of the 
lines are incompletely resolved. Calculated and observed 
intensities agree to within about 25%. Crude agreement 





Fic. 5. A schematic representation of a proposed antiferromag- 
netic model for zinc ferrite in (100) projection. Each symbol 
represents two iron atoms superimposed by the projection. The 
spins of the upper and lower atoms are alike for unshaded symbols 
and opposite for shaded symbols. The spin orientation is parallel 
to the y axis of the figure. 
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of this kind clearly cannot be taken as detailed con- 
firmation of the proposed model. It is felt, however, that 
the general features of the model are perhaps suggestive 
of the true state of affairs. Although the model is based 
upon trial and error calculations, it is not completely 
arbitrary. The “banding,” which is seen to be roughly 
parallel to the (210) direction, is closely related to the 
presence in the diffraction pattern of a dominant (210) 
peak. Some improvement in the agreement can be 
achieved by slight modifications of the model and by 
adjustment of the form factor for magnetic scattering. 
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It was felt, however, that further refinement was un- 
warranted in view of the uncertainty in the experimental 
intensities. Furthermore, small undetected departures 
from the completely normal spinel structure may have 
some effect on the superlattice pattern. 

It is worth noting that the anomaly in the paramag- 
netic diffuse scattering at liquid nitrogen temperatures 
referred to earlier may be interpreted? as arising from a 
short-range ferromagnetic interaction. This is not in- 
consistent with the picture suggested here of an anti- 
ferromagnetic alternation of ferromagnetic bands. 
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New Low-Temperature Ferromagnets 


A. N. HopEn, B. T. Matrtuias, P. W. ANDERSON, AND H. W. Lewis 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received March 2, 1956) 


Certain of the complex cyanides of elements of the 3d transition group appear to be ferromagnetic at very 


low temperatures. 


E have observed large positive susceptibilities 

and ferromagnetic remanence at liquid helium 

temperatures in a number of complex cyanides of iron 
transition group metals. 

The apparatus is the same as that used in previous 
work on superconductivity.! It measures the change in 
mutual inductance of two coils surrounding a sample in 
powder form; for the measurement of remanence, the 
sample was pulled out and the current pulse from one 
coil observed. It is incapable of precision measurements 
on ferromagnetic substances, both because of the small 
fields available and of the difficulty of calibration. On 
the other hand, purely paramagnetic susceptibilities of 
the order of magnitude expected in these substances 
would be nearly unobservable with our sensitivity. 

Our results:are shown in Table I. The entries are the 
temperatures of maximum observed susceptibility. For 
each entry not zero, a remanence was also observed. 


TABLE I. Absolute temperature of maximum 
susceptibility of cyanides. 








Kt Zn*+ Crt+++ Mn*+ Fet*++ Fe*++ Cot+ Nit+* Cutt 





Ferricyanide 

(Fe (CN)s)~% 0 
Ferrocyanide 

(Fe(CN)s)~* 
Cobalticyanide 
Manganicyanide 0 0 
Chromicyanide 0 








1B. T. Matthias and J. K. Hulm, Phys. Rev. 87, 799 (1952). 


0’s indicate that the substance was tested with negative 
results down to 1°K; some may be ferromagnetic at 
lower temperatures. 

The field used in the measurement of susceptibility 
was about 10 oersteds. The maximum moment was 
about 0.2 to 2/cc. For all the substances in Table I, 
the observed remanence was about B,~5 gauss but, of 
course, this must be understood as an extreme limit for 
the saturation remanence. 

The materials were precipitated by slowly adding 
25 cc of solution 0.2 molar in the potassium salts of the 
anions to 50 cc of solutions 0.2 molar in the cations, 
and isolating and washing the precipitates in the 
centrifuge. The existence, as chemical individuals, of 
some of the substances ostensibly produced in these 
reactions has been questioned. It is also well known that 
such precipitates often contain potassium, and that the 
valence states of the heavy metal ions are ambiguous. 
This is particularly so for Prussian and Turnbull’s 
blues: 


(Fet*),[(Fe(CN)s)~*]s and (Fet?)s[ (Fe(CN)s)~* ]». 


We can merely point to the use of excess cation and of 
comparable conditions of precipitation to justify the 
nominal formulas of Table I.? 

Measurements of Curie points and magnetizations 
are to be published by R. M. Bozorth, H. J. Williams, 
and D. E. Walsh. 


? Weiser, Milligan, and Bates, J. Phys. Chem. 46, 99 (1943). 
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Thermionic Emission, Field Emission, and the Transition Region 


E. L. Murpny* anp R. H. Goon, Jr. 
Department of Physics, Pennsylvania State University, University Park, Pennsylvania 
(Received January 16, 1956) 


Although the theories of thermionic and field emission of electrons from metals are very well understood, 
the two types of emission have usually been studied separately by first specifying the range of temperature 
and field and then constructing the appropriate expression for the current. In this paper the emission is 
treated from a unified point of view in order to establish the ranges of temperature and field for the two 
types of emission and to investigate the current in the region intermediate between thermionic and field 
emission. A general expression for the emitted current as a function of field, temperature, and work func- 
tion is set up in the form of a definite integral. Each type of emission is then associated with a technique 
for approximating the integral and with a characteristic dependence on the three parameters. An approxima- 
tion for low fields and high temperatures leads to an extension of the Richardson-Schottky formula for 
thermionic emission. The values of temperature and field for which it applies are established by considering 
the validity of the approximation. An analogous treatment of the integral, for high fields and low tempera- 
tures, gives an extension of the Fowler-Nordheim formula for field emission, and establishes the region of 
temperature and field in which it applies. Also another approximate method for evaluating the integral is 
given which leads to a new type of dependence of the emitted current on temperature and field and which 
applies in a narrow region of temperature and field intermediate between the field and thermionic emission 


regions. 





IL INTRODUCTION 


HE current emitted from a metal increases with 
the temperature of the metal and the applied 
field strength. The thermionic and cold emission proc- 
esses are very well understood on the basis of the 
Fermi-Dirac distribution for a free electron gas in the 
metal and the classical image force barrier at the sur- 
face. The temperature dependence arises in the dis- 
tribution function and the field dependence in the shape 
of the surface barrier. For high temperature and low 
field strength, emission over the barrier predominates 
and the temperature dependence of the distribution 
function is mainly responsible for variations in the 
emitted current. This process is thermionic emission. 
For high field strength and low temperature, emission 
of electrons with energies below the Fermi level pre- 
dominates; field dependence of the barrier shape is 
mainly responsible for variations in the emitted current 
and this process is called field emission. 

The theoretical treatment of thermionic emission 
leads to the Richardson equation,’ modified by the 
Schottky dependence? on the square root of the applied 
field. The theoretical treatment of field emission leads 
to the Fowler-Nordheim equation.** Contributions to 
the study of the emission in the transition region, based 
on this model, have been made by Sommerfeld and 
Bethe’ and by Guth and Mullin® using series expansion 


* National Science Foundation Predoctoral Fellow. 

10. W. Richardson, The Emission of Electricity from Hot Bodies 
(Longmans Green and Company, London, 19 Ont). 

2 W. Schottky, Physik. Z. 15, 872 (1914). 

3L. W. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 

*R. H. Fowler and L. W. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

5 A. Sommerfeld and H. Bethe, Handbuch der Physik, edited by 
H. Geiger and K. — (Verlag Julius Springer, Berlin, 1933), 
Vol. 24, No. 2, p. 44 

¢E. Guth and C. r Mullin, Phys. Rev. 61, 339 (1942). 


methods and also have been made by Dolan and Dyke’ 
and by Dyke, Barbour, Martin, and Trolan® using 
numerical methods. 

In this paper the entire emission phenomenon is 
studied from a unified point of view. Extensions of the 
Richardson-Schottky and Fowler-Nordheim formulas 
are developed. The regions of temperature and field for 
which the extended formulas are valid are determined ; 
these are referred to below as the thermionic and field 
emission regions. Also an expression for the current in 
a narrow intermediate region is developed. The calcula- 
tions are based on a general expression for the emitted 
current as a function of temperature, field, and work 
function, in the form of a definite integral. The ex- 
pression is found from the established model: the 
Fermi-Dirac distribution for the free electrons and the 
classical image force barrier at the surface. The form 
of the integrand suggests approximate evaluation tech- 
niques; these correspond to the various types of emis- 
sion. The well-known formulas for thermionic and field 
emission currents come out as limiting cases. Roughly 
fields from 0 to 10® volts/cm and temperatures from 0 
to 3000°K are considered, although not all of this 
range is at present experimentally accessible. 

The basic equations, including the general expression 
for the current, are given in Sec. II. Thermionic and 
field emission are treated in Secs. III and IV and in 
Sec. V formulas for the intermediate region are derived. 
A general discussion of the results is given in Sec. VI. 


II. BASIC EQUATIONS 


The free-electron model gives the following for the 
number of electrons per second per unit area having 


7W. W. Dolan and W. P. Dyke, Phys. Rev. 95, 327 (1954). 
® Dyke, Barbour, Martin, and Trolan, Phys. Rev. 99, 1192 
(1955). 
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energy within the range dW incident on the barrier’: 


N(T,f,W)dW =4armkTh* 
XIn{it+exp[—(W—s)/kT]}dW, (1) 


where N is called the supply function, m is the electron 
mass, k is Boltzmann’s constant, T is the absolute 
temperature, h is Planck’s constant, and ¢ is the Fermi 
energy. Energies are measured from zero for a free 
electron outside the metal, so that the work function ¢ 
is simply —f¢. Here W is only the part of the energy 
for the motion normal to the surface: 


W=[p?(x)/2m]+V(x), (2) 


where x is the coordinate normal to the surface and out 
of the metal, p(x) is the electron momentum normal to 
the surface, and V (x) is the effective electron potential 
energy. 

The assumed potential energy of the electrons is (see 
Fig. 1): 


V (x) = —e (4x) — eF x, 
=—W,, 


where —e is the charge on the electron, —e?(4x)" is 
the contribution from the image force, —eFx is the 
contribution from the externally applied field F, and 
—W, is the effective constant potential energy inside 
the metal. In the region near «=0 it is assumed that 
V(x) is regular and connects smoothly with the func- 
tions in Eqs. (3) and (4). The calculations below are 
independent of the details of the shape of the potential 
in that region. The maximum value of the potential 
energy Vmax is — (e*F)}!. 

The following approximation for the probability 
D(F,W) that an electron incident on the barrier 
emerges from the metal will be used: 


when «>0, (3) 
when 2x<0, (4) 


—1 


Dipaw)=[1-+em(—2%-f “ptoae)) : a 


Here x; and x2 are points where p(x) becomes zero and 
h is h/2m. The branches of p(x) to be used in the inte- 
grand are specified below. This formula was first pro- 
posed by Kemble” and also can be understood in terms 
of a parabolic WKB-type approximation." It applies 
to the case of a simple potential barrier for which p?(«) 
has two zeros, possibly complex, and is not expected to 
be valid if p(x) has any other zeros or singularities in 
their vicinity. When the energy W is below the peak 
of the barrier, the zero points are real and are to be 
chosen so that #<x2; the argument of p(x) is to be /2. 


9 See, for example, R. Fowler and E. A. Guggenheim, Statistical 
Thermodynamics (Cambridge University Press, New York, 1952), 
p. 460. 

”E. C. Kemble, The Fundamental Principles of Quantum 
Mechanics 7} Hill Book Company, Inc., New York, 1937), 


first edition, Sec. 21). 
us. C. Miller, “s and R. H. Good, Jr., 
(1953), Sec. IV. 
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Fic. 1. Potential energy of an electron near the metal 
surface, Eqs. (3) and (4). 


In consequence the entire exponent is positive. When 
the energy is above the peak of the barrier, the zero 
points are complex and are to be chosen so that the 
imaginary part of x; is positive and the imaginary part 
of 2 is negative; the argument of (x) is to be in the 
neighborhood of zero. It develops, in consequence, that 
the entire exponent is negative. There is no difficulty 
in applying this transmission coefficient formula to the 
potential of Eqs. (3) and (4) as long as W<Vinax 
= — (eF)!. The é integration is real and p(x) is given by 


p(x) = {2m W +e? (4x)-!+ eF x ]}3, (6) 


with argument 7/2. When W> — (e’F)!, the ¢-integra- 
tion is along a path in the complex plane and V (x) 
must be defined for complex x. It is assumed that V (x) 
is given by Eq. (3) for a range of W near Vmax. Then 
p(x) is given again by Eq. (6) but with argument in the 
neighborhood of zero. In that case p(x) branches at 
the points 


a= (—W/2eF)[1+7(eFW-—1)4], (7) 


W/2eF)[1—i(&FW-2— 1), (8) 


X= (- 


and also at the origin. Since, as far as the actual po- 
tential V(x) is concerned, the singularity at the origin 
does not apply, Eq. (6) should no longer be used when 
the origin is close to the other singularities relative to 
the distance between them. Therefore one expects that 
Eq. (6) may be no longer applicable for energies above 
the value given by 


(@FW*—1)'=1. 
The limiting value W;, is 
Wi= —}N2(@F)}, (9) 


and the conclusion is that when W is below this value 
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the transmission coefficient is given by Eqs. (5) and 
(6). When W is above this value the transmission co- 
efficient may be taken to be one in calculating the 
current, 


D=1 when W>W;; (10) 


the justification is given following Eqs. (17) and (18). 

The integral which arises when Eqs. (5) and (6) are 
combined can be evaluated in terms of complete 
elliptic functions. Only negative values of W need be 
considered. The integral is 


—2ih- f p()dt=—2ih f 
Zi 71 


x {2m[W +e (4) 1+eF€]} tdt 
= (4/3)v2 (Fh*/m'e®)-*ytn(y), 
y= (@F)'/|W, 
35 pity) 


ns mage 
4v2J;__y! 


(11) 
(12) 


where 


4 


[o—2+y'p"}¥dp. (13) 


When |W|<(éF)! so that y>1, the argument of the 
integrand is in the neighborhood of zero and the argu- 
ment of (1— +")! is —2/2. When y<1, the argument of 
the integrand is x/2 and the argument of (1—,”)? is 0. 
The integral in Eq. (13) is well known.”~ The usual 
evaluation is 


v(y)=2-4(1+-a){ EL (2a)!/(1+-a)*] 


— (1—a)K[(2a)4/(1+a)4]}, (14) 


where 


x/2 
K[k]= f (1—k? sin*#)—4d8, 
0 


x/2 
F[k]= Y (1—R? sin’) #48, 
0 


~ and a is defined by 

a= (1—y*)}. 
[The argument of a is either 0 or —2/2 and the argu- 
ments of (1+a)! and (1—#* sin’@)! are in the neighbor- 
hood of zero.] The following equivalent expressions, 
which considerably simplify discussions of this function, 
have been discovered : 


v(y) = — (y/2)8{ — 2EL (y—1)4/ (2y)*] 

+ (y+1)KL(y—1)4/(2y)#]} 
when y>1, 
v(y) = (1+-y){ AL (1—y)4/(1+y)*] 
—yK[(1—y)*/(1+y)*}} 
y<, 


(15) 


(16) 
when 


12 See reference 3, Sec. 5. 

18 Burgess, Kroemer, and Houston, Phys. Rev. 90, 515 (1953). 

4S, C. Miller, Jr., and R. H. Good, Jr., Phys. Rev. 92, 1367 
(1953). 
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where the positive roots are to be used. Although Eq. 
(14) applies for all y, the modulus for the elliptic func- 
tions is complex when y> 1 and this makes it awkward 
to evaluate »(y) numerically in that region with this 
equation. In Eq. (15) the modulus for the elliptic func- 
tions is real and less than one; for this case the functions 
are well tabulated and numerical results are easily 
found. Equations (14) and (16) are equally convenient 
as far as the modulus range is concerned but Eq. (16) 
is usually preferable because of the simpler dependence 
on y. Burgess, Kroemer, and Houston have given a 
convenient table of v(y) for y<1." 

When Eqs. (5), (10), (11) are combined, the result 
for the transmission coefficient is 


D(F,W)={1+exp[ (4/3)v2 (Fh‘/mie®)-tytv(y) }} 
W<W,, (17) 
D(FWi)=1 when W>W,. (18) 


In order to justify setting D=1 in Eq. (18), one evalu- 
ates D by Eq. (17) at the limiting value of W. Evi- 
dently y is just V2 and Eq. (15) is to be used for »(y). 
The result is 


DUF,W .J={1+exp[—0.868 (Fht/m*e5)1]} 1, 


It develops that the energy range W> W, is significant 
only in the discussion of thermionic emission, Sec. III, 
and that there only fields smaller than 5X10" volts/cm 
are to be considered. At this extreme value DL F,W,] 
is already 0.94. Since also the actual transmission co- 
efficient must approach one with increasing energy, one 
is justified in setting it equal to one over the whole 
range W> Wz). Any error in Eqs. (17) and (18) must be 
in the neighborhood of W=W,, because below that 
value the approximation is dependable and above it 
the transmission coefficient is one. At the worst this 
will be only a minor part of the range of energies of the 
emitted electrons. 

The total electric current per unit area j(F,7,¢) is 
found by integrating, over all accessible energies, the 
product of the charge on an electron, the number per 
second per unit area incident on the barrier Eq. (1), 
and the penetration probability Eqs. (17) and (18): 


when 


(E,T.QO=e| D(FW)N(T.,W)dWw 
ws 


—— In{i+expl—(W—f)/kT]}dW 
BI wy Apexpl (4/3)V2(Fht/mie®)-tyn(y)] 





4armkTe fr” 
+ f In{it+exp[—(W—¢)/kT]}dW. (19) 


Hartree units are used in the following sections. That 
is, j is redefined to mean the current per unit area 
divided by m*e*h-? = 2.37 X 10 amp/cm?; F to mean the 
electric field strength divided by m’e'#-4*=5.15X 10° 
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volts/cem; and ¢, kT, W, W., W, to mean the corre- 
sponding energies divided by me*h~*= 27.2 ev. In these 
terms, 


kT pe! In{1+expl—(W—f)/kT ]}dW 
j(FT.)=— . 
1+exp[(4/3)v2Fty“o(y) J 


29? 





toes it+exp[—(W—)/kT]}dW (20) 
st Sw, n{1+-exp f } 


is the complete expression for the current. 


III. THERMIONIC EMISSION 


One technique for evaluating the integrals in Eq. 
(20) applies when the conditions on the temperature 
and field given in Eqs. (34) and (35) below are satisfied. 
When these conditions hold, the emission will be called 
thermionic. The reason for this definition is that, as it 
develops, limiting values of the current in this region 
of temperature and field are given by the Richardson 
and Schottky formulas and the emission is strongly 
temperature-dependent. Within this thermionic emis- 
sion region the integrals in Eq. (20) are similar to those 
evaluated by Miller and Good" and their procedure is 
also used here. 

The basic idea of the approximation is to simplify 
the integrand in Eq. (20) by using the first term in an 
expansion of the logarithm above the Fermi energy and 
the first term in an expansion of the exponent in the 
denominator about the peak of the barrier. This leads 
to an integral which can be evaluated in terms of ele- 
mentary functions. The expansions are 


In{1+exp[ — (W—¢)/kT ]} =expl— (W—f)/kT] 
—}expl—2(W—£)/kT]---, 


(4/3)v2F 4y—!0(y) = —4F e+ 40 F He: --, 


where 


(21) 
(22) 


e=1+WF-3 

= (y—1)/y. 
The parameter ¢ is appropriate because it is zero at the 
peak of the barrier and linear in W. Equation (22) is 
easily found by expanding the elliptic functions in 
Eqs. (15) and (16) for small moduli. The small modulus 
expansions can be found, for example, in Byrd and 
Friedman’s handbook,'* Eqs. (900.00) and (900.07). 
When the first terms in Eqs. (21) and (22) are sub- 
stituted into Eq. (20) the result is 


kT p™!— exp[—(W-Y)/kT MW 

~ 29) we 1+exp[—2F-1(1+WF-)] 
kT p* 
+—-- 
2n? Wil 


15 See reference 14, Sec. V. 

16 Paul F. Byrd and Morris D. Friedman, Handbook of Elliptic 
Integrals for Engineers and Physicists (Springer-Verlag, Berlin, 
1954). 


(23) 





j 


expl —(W—¢)/kT]dW. (24) 
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The conditions under which these substitutions are 
applicable yield the boundaries of the thermionic re- 
gion. Before discussing these boundaries in detail, it is 
convenient to combine the two integrals by putting the 
extra factor 


{1+exp[—xF-(1+WF-) }}7 


into the second integrand. At the lower limit this has 
the value 


{1+exp[—0.92F]}" 


and it rapidly approaches unity with increasing W. 
Again anticipating that thermionic fields will be less 
than 5X10’ volts/cm (F <0.01), one sees that even in 
the extreme case the value at the lower limit is 0.95 
and so, as far as the entire integration is concerned, one 
is justified in inserting this factor. The expression for 
the current, Eq. (24), then becomes 


“J expl — (W—¢)/kT ]dW 
2r?J—w, 1+expl—2F-'(1+WF-4) } 
The boundaries of the thermionic region are estab- 
lished by the requirement that the approximations 
made to obtain the integrand in Eq. (25) should be 


valid in the range of W for which the integrand in 
Eq. (25) is appreciable. In terms of the abbreviation 


d= Fi/rkT, (26) 


the energy 7, defined to be the energy at which the 
integrand has its maximum value, is given by 
n= —Fi—r"F' In{d/(1—d) ]. (27) 

For larger W the integrand behaves roughly like 
exp — (W—¢)/kT ]=exp{ —1F “dW —d¢}}, 


and for smaller W the integrand decreases certainly as 
fast as 


(28) 


exp{—«F-"[(1—d)(—W) —dt— F*)}. 


The requirement is then that the approximations hold 
at least over the range 


F1/d>W—n> —F*/x(1—d). 


The approximation of using the first term in Eq. (21) 
for the logarithm begins to apply when W becomes 
greater than ({+7T). Comparing with Eq. (30), one 
sees that a condition that Eq. (25) applies for the 
current is 


(29) 


(30) 


n—[F?/x(1—d) ]>¢+eT. 


One finds that the approximation of using the first 
term in Eq. (22) for the exponent in Eq. (20) applies 
when e> — F"/8. In terms of W, this condition becomes 
W>—Fi—F®/8, and comparing with Eq. (30) one 
obtains 


(31) 


n—[F?/x(1—d)]> —Fi— Fos (32) 
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Fic. 2. Boundaries of the thermionic emission region as given 
by — (34), the broken lines, and by Eq. (35), the solid line. For 
a work function of 3 ev, the region extends from the temperature 
axis out to the first line encountered as indicated by the shading. 
For work functions of 4.5 ev and higher, the corresponding broken 
line lies below the solid line at these temperatures and the region 
extends from the temperature axis out to the solid line. 


for the second condition that Eq. (25) applies for the 
current. 

Next the integral in Eq. (25) will be discussed. For 
metals the energy —W, is below the Fermi energy and 
so, according to Eqs. (30) and (31), is below the range 
where the integrand is appreciable; one can replace it 
by — ©. By introducing the new integration variable 


p=expl—aF(1+WF-)], 


one brings the integral to a standard form!’: 


(kT)? Fite © ydldy 
(oho 
2r? kT 0 1+yu 


= hq (kT)*(xd/sinwd) exp[— (¢— F#)/kT ]. 


Here ¢ has been replaced by —¢. From Eqs. (27), 
(31), and (32) one can write 


Inf (1—d)/d]—d“"\(1-—d)"> —xF4(@—F'), (34) 
Inf (1—d)/d]—(1-—d)"'> —aF-"®, (35) 


as the conditions for the applicability of Eq. (33) for 
the current. Both these conditions also imply that d is 
bounded below one, the requirement for the conver- 
gence of the integral in Eq. (33). When d is so small 
that md/sinwd can be replaced by one, Eq. (33) for the 
current becomes the Richardson-Schottky formula. 
The thermionic emission boundaries as given by Eqs. 
(34) and (35) are shown in Fig. 2 for representative 
values of the parameters. These boundaries are only to 
be taken as indications of where Eq. (33) for the cur- 
rent begins to apply. The thermionic region is always 
bounded by the d= 1 line and is limited by the melting 
temperature of the metal. An upper limit on thermionic 





(33) 


17 See, for example, Herbert Bristol Dwight, Tables of Integrals 
(The Macmillan Company, New York, 1947), revised edition, 
formula 856.2. 


fields is provided by the conditions d=1 and kT=0.011 
corresponding to the melting point of tungsten at 
3600°K. This limiting field is roughly F=0.01 as was 
used in the earlier arguments. 


IV. FIELD EMISSION 


In parallel with the treatment of thermionic emis- 
sion, one can base a discussion of field emission on a 
certain type of approximate evaluation of the current 
integral, Eq. (20). The approximation is to use the 
first term in an expansion of the denominator-factor 
below the peak of the potential barrier and the first 
two terms in an expansion of the denominator-exponent 
about the Fermi energy: 


{1+exp[(4/3)v2F4y~-n(y) }}7 
= exp[ — (4/3)v2F +y-to(y) ] 
X {1—exp[— (4/3)V2F +y-4v(y) ]-- +}, 
— (4/3)V2F+y-tn(y) 
=—b+c(W—-$)—f(W-$)--, 
where } 


b= (4/3)V2F¥g(F1/¢), 
c= 2v2F'pli(Fi/¢), 
f= 2F 19!(¢—F)“0(F 4/9), 
and the function /(y) is defined by 
t(y) = 0(y)—§ydo(y)/dy. (41) 


One can express é(y) directly in terms of elliptic func- 
tions by using properties of the derivatives of the 
elliptic functions with respect to the modulus.'* The 
results, corresponding to Eqs. (14) and (16), are as 
follows: 


t(y) =2-4(1+-a)4ET (2a)*/(1+a)*], 


t(y) = (1+y)-“{ (14+-y) EL (1—y)#/(14+-y)*] 
—yK[(i—y)*/(1+y)#]}. (43) 


Numerical values of ¢(y) for y<1 can be easily found 
from Burgess, Kroemer, and Houston’s tables; in 
terms of the functions »(y) and s(y) which they tabu- 
late, ¢(y) is given by 


3t(y) = 4s(y)—v(y). 


One finds Eqs. (37)-(40) by making a straightforward 
Taylor’s series expansion of the left hand side of 
Eq. (37) about W=f=—@ and using the derivative- 
properties of the elliptic functions to simplify the 
third term. When the first terms in Eqs. (36) and (37) 
are substituted into Eq. (20), the result is 


kT 7™ 


2r? 


(36) 


(37) 


(38) 
(39) 
(40) 


(42) 


ebre(W—5) In (1-6 F—- DET) gw 


—-Wa 
kT ” 
+— fo In(ite--peryay, 
Qn? 


Wi 


(44) 


18 See, for example, reference 16, Eqs. (710.00) and (710.02). 
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The region of temperature and field in which these 
approximations apply (discussed below) is here called 
the field emission region because in it the current is 
strongly field-dependent and the zero-temperature limit 
is the Fowler-Nordheim formula. 

The second integral in Eq. (44) makes a negligible 
contribution to the current in the field emission region 
and so the conditions on the region are found from the 
first integrand. The energy 7 at which the integrand is 
a maximum is given by 


chT (1++e0-P/*P) In(1e-G-Hlkr) = 1, (45) 


The dependence of 7 on ckT is illustrated by Fig. 3. By 
writing Eq. (45) in the limits of (y—{)/kT far below 
zero and far above zero, one finds that 


n={—c when ckT<1, (46) 
n={+kT In[ckT/(2—2ckT)] when 1—ckT<1. (47) 


Above the Fermi energy the first integrand in Eq. (44) 
has the energy dependence e~¥ “-#*?)/'?, and below the 
Fermi energy it has the energy dependence ({—W)e*™. 
In consequence of this and Eqs. (45) to (47) for the 
peak location, one writes 


t+kT(1—ckT)">W>f—-207+0 — (48) 


for an estimate of the energy range in which the con- 
tribution to the current is appreciable. Here Q is a 
positive quantity whose exact value does not influence 
the later calculations. The next question to be con- 
sidered is the relation of the approximations made in 
obtaining the integrand to the energy range in Eq. 
(48). The approximation of disregarding the higher 
order terms in Eq. (36) applies roughly when 


exp[ — (4/3)V2F +y-!o(y) J<e7. 


The extreme energy satisfying this condition can be 
adequately discussed in the small ¢ approximation of 


Eq. (22) which gives, for the extreme value, 
exp[ afte ]J=e", (49) 
or, equivalently, 
W <-Fi-r Fi, 


T 


(50) 








0 | 
(- ¢)/ KT 


Fic. 3. Determination of peak energy 7 in the field emission region 
from the field, temperature, and work function, Eq. (45). 
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A condition on the field emission region is found by 
comparing this with Eq. (48): 


S+kT(1—ckT) 71 << —-Ft— Fh. (51) 


The approximation of retaining only the linear terms 
in Eq. (37) must also be discussed. It will be assumed 
that the rest of the series is dominated by the quad- 
ratic term. Then the approximation applies when 


S(W-$P <3, 


since then the factor that it contributes to the inte- 
grand, exp|—f(W—f)*], is near unity. The require- 
ment that this approximation be valid over the whole 
range given in Eq. (48) leads to two conditions: 


§—(2f)-*<g—2c+0, 
SHRT(1—ckT)*<$+ (2f)-4. 


One finds that, as long as Q is positive, Eq. (52) does 
not need to be considered because it is satisfied as long 
as Eq. (51) is satisfied. 

Next the integrals in Eq. (44) for the current will be 
evaluated. For ordinary metals —W, is far below the 
lower boundary of Eq. (48); it will be assumed that it 
can be replaced by — ©. From Eqs. (48) and (51) one 
sees that the important range of the first integral in 
Eq. (44) lies below the peak of the potential barrier at 
—F*; the energy W, lies above this value. Accordingly 
one assumes that only the first integral is significant in 
calculating the main contribution to the current and 
that further its upper limit may be extended to infinity: 


kT 
j=—e 


2 2 


(52) 
(53) 


- f ee In(1+e-"-DIeT AW, (54) 
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The expression for the current now becomes 


kTe* 0 pokT-1 
= f dy 
2r*c 0 1 v 

e > xckT 
~ Oat! sin(ackT) 





(55) 


where the integration variable y=e(¥—!)/*? is intro- 
duced and an integration by parts is made in order to 


‘bring the integral to the same standard form’ as arose 


in the thermionic emission discussion. The integral 
converges only if ckT<1; however this is guaranteed 
by Eq. (53). In summary, the current in the field emis- 
sion region is given by the equation above and the 
region itself is defined by Eqs. (51) and (53). Using 
Eqs. (38) and (39) and simplifying, one can write the 
results as follows: The current is 
4v2$!0 
—) 6 


acekT o(-~ 
a(S)" 
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Fic. 4. Boundaries of the field emission region as given by Eq. 
(57), the broken lines, and by Eq. (58), the solid lines, for various 
values of the work function. The region lies under the two curves 
as indicated by the shading. 


and the field emission region is defined by 
o—Fi> x Ft+kT(1—ckT), 
1—ckT> (2f)*kT, 


where the arguments of », ¢ are F#/p; ¢ and f are de- 
fined by Eqs. (39) and (40). When ckT is so small that 
ackT/sin(rckT) can be replaced by one, Eq. (56) 
becomes the Fowler-Nordheim formula. The field 
emission boundaries as given by Eqs. (57) and (58) 
are shown in Fig. 4 for representative values of the 
parameters. 


(57) 
(58) 


V. EMISSION IN THE INTERMEDIATE REGION 


From Figs. 2 and 4 one can see that there is an 
appreciable region of temperature and field which is 
not covered by either of the above treatments. Another 
treatment of the integrals in Eq. (20) can be based on 
approximations suggested by Eq. (21) in Sec. III and 
Eq. (36) in Sec. IV. If only the first terms in these 
expansions are used, the expression for the current 
becomes 


kT p™ 


* 2rd — Wa 


W-—¢ 4v20 
f o(y) jen 


en a ee 
| kT = 3 Fy 


kT f° 
+— f in (i+e(*-P/'T)dw. 


Wi 


(59) 


The reason for studying these particular approxima- 
tions is that the resulting expression for the current 
can be conveniently evaluated using the saddle-point 
method. The saddle point method is valid to a higher 
degree of accuracy than the approximations used to 
arrive at Eq. (59). Therefore, the conditions under 
which these approximations apply can be used to 
establish the boundaries of the temperature and field 
region for this type of emission. It turns out, as one 
would expect from the approximations used, that the 
range of temperature and field for this type of emission 
is intermediate between the thermionic and field emis- 


sion regions. It develops that the second integral in 
Eq. (59) can be disregarded, and so the conditions on 
the region are found from the first integrand. 

The condition on W so that only the first term in 
Eq. (36) can be used for the transmission coefficient is 
given by Eq. (50): 


W<-Fi-r'Fi, 


The ¢ approximation can be used to study the behavior 
of the first integrand in Eq. (59) for W in the 
neighborhood of (— F!—2~F). Consequently the en- 
ergy dependence of the integrand is represented by 
exp{—W[(kT)'—xF+)} for such W. So one condition 
on the temperature and field region for this type of 
emission is 

at[(kT)7-—2FA}}<-Fi-rFi, (60) 


where » is the energy at the peak of the integrand and 
the term [(kT)-'—xF-*}“' takes account of the upper 
exponential tail. Differentiation of the exponent in 
Eq. (59) gives 


n= — F/8(kT)°? (F#/—n). (61) 


Here ¢ can be put equal to unity for a first approxima- 
tion and for numerical calculations an iteration start- 
ing with ‘=1 will converge rapidly. It is convenient 
to rewrite Eqs. (60) and (61) in terms of d=F?/xkT 
as follows: 


(F4/—n)'> 14+ Fld (d—1)-, (62) 
d= 2v2a(F4/—n)'t(F¥/—n). (63) 


The first condition on T and F for this type of emission 
is found by eliminating F!/(—7) from these equations. 

The approximation of using the first term in Eq. 
(21) for the logarithm is used in Eq. (59). This begins 
to apply when W becomes greater than (+7. First it 
will be shown that the condition imposed on the inter- 
mediate region by this approximation can be ade- 
quately discussed using only the linear terms in the 
expansion for —(4/3)V2F-ty-!v(y) about W=¢, as 
given by Eq. (37). As argued following Eq. (51), this 
linear approximation applies when W<¢+ (2/f)-?, and 
therefore holds in the region of W={+&T as long as 
(2f)*>kT. In terms of F, kT, and ¢, the condition 


TABLE I. Values of the function @(y), as given by Eq. (76). 
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(2f)-4> kT becomes 
[v2F 19! (¢?— F)-0(F#/p) > kT, (64) 


where Eq. (40) has been used for f. A useful numerical 
property of the functions » and ¢ is that 


(1—9?)10(y)P(y) 1. (65) 


The left-hand side is exactly unity when y=0; it de- 
parts from this value slightly as y increases, reaching a 
value of 1.03 when y=1. One can apply this in Eq. 
(64) and also put /=1 to obtain the simpler condition 


5 F°o> (kT). (66) 
However Eqs. (62) and (63) imply that 
d=F'/xkT>1 
for the region under study; also the condition }/°¢ 
> F*/x' is satisfied for all practical work functions and 
all attainable fields. The combination of these two 
gives Eq. (66) and this justifies the use of the linear 
approximation. Consequently the energy dependence of 
the integrand of Eq. (59) in the neighborhood of 
W=(+8T is exp{W[c—(kT)~]} and the correspond- 
ing condition on the intermediate region is 
n—[Lo— (RT) 1 }°> f+. 
Equation (67) can be rewritten as 
n>g+kT[1—(ckT) 7? 


and then, substituting from Eq. (61) for y, from Eq. 
(39) for c, and —¢ for ¢, one finds 


(67) 


(68) 


F 2 


8(kT)%t,2 


—$o+4T——____—_, 
1—F (2v2p*kT ty) 
where /,=¢(F!/@) and t,=¢(F1/—n). Equation (69) is the 
second condition for emission in the intermediate region. 
The conditions on the intermediate region, as given 
in the preceding paragraphs, require that the energy 
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Fic. 5. Boundaries of the intermediate region as determined 
from Eqs. (62) and (63), the broken line, and from Eq. (69), the 
solid lines, for various values of the work function. The region 
lies between the two curves as indicated by the shading. 
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Fic. 6. The three emission regions for a 4.5 ev work function 
(¢=0.17). The letters A to F indicate boundary points for which 
the approximate and exact energy distributions are given in Fig. 8. 
The points A to D are at 1700°K and E and F are at 1000°K. The 
values of the fields in volts/cm are as follows: A, 1.50; B, 2.50; 
C, 3.82; D, 10.26; E, 1.35; F, 1.74; all times 107. 


range for which the integrand in Eq. (59) is appreciable 
lie between the Fermi energy and the peak of the po- 
tential barrier. This range lies between the limits of 
the first integral in Eq. (59) and so the second will be 
discarded. In addition it will be assumed that the saddle 
point method is adequate for evaluating the first 
integral. This requires an expansion of the second term 
in the exponent to three terms about the peak of the 
integrand yn. The expansion is parallel to the one given 
in Eqs. (37) to (40); the result for the integrand is 


exp[ — (W—§) (AT) "'—g+l(W —n)—n(W—n)*], 
where 
(70) 
(71) 


g= (4/3)v2F“(—n)!0(Fi/—n), 


l= 2v2F (—n)'t(F4/—n), 
and 


n=3V2F(—n)4(9?— F)'0(F4/—n). (72) 


When the current integration is performed, the result is 
J=3(RT/*) (x/n)} expl—g—(n—s) (RT). (73) 
Equation (72) for m can be considerably simplified 
using Eq. (65), which applies very well in this region: 
n&[v2F (—n)'?}?. (74) 
Equations (70) and (74) are to be substituted into Eq. 
(73) for the current. Then to show the primary de- 
pendence of the current on the temperature and the 
field one may substitute for » from Eq. (61) except 


where it appears in the argument of the relatively 
slowly varying functions », ¢. The result is 


F —) ( o Fe 
jo——| —— } emp -— +), 75 
re te kT 24(kT)? (78) 


O=3t?—20f, (76) 
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Fic. 7. Logarithm of the emitted current as a function of the 
— field at various temperatures and for a work function of 
4.5 ev (6=0.17). The curves are drawn according to Eqs. (33), 
(56), and (75). Solid lines are used for them in the regions where 
they apply (Fig. 6) and broken lines otherwise. The broken lines 
give a quantitative indication of the way the formulas depart from 
the correct values for the current outside the specified regions. 
The letters A to F indicate points for which the approximate and 
exact energy distributions are given in Fig. 8. 


and the arguments of v, ¢ are F/(—»); 7 itself is to be 
found from Eq. (61). The function O(y) varies from 1 
to 2.4 as y ranges from 0 to 1; some numerical values 
are given in Table I. This gives the final expression for 
the current in the intermediate region, where the 
boundaries of the region are given by Eqs. (62) and 
(63), and (69). Figure 5 shows the boundaries of the 
intermediate region for some representative values of 
the work function. 


VI. DISCUSSION 


The boundaries for the three types of emission are 
shown in Fig. 6 for a work function of 4.5 ev, a repre- 
sentative value for tungsten. One of the qualitative 
results of the above calculation is that there is an upper 
limit on the field for the applicability of the usual 
Fowler-Nordheim formula. These boundaries are only 
to be taken as an indication of the regions where the 
corresponding formulas for the current can be used. 
To illustrate their significance, the dependence of the 
logarithm of the emitted current on the applied field 
at several constant temperatures is given in Fig. 7. 
It is seen that for purposes of estimation the formulas 
can be applied somewhat outside the proper regions. 
One can see quantitatively how the approximate dis- 
tributions of the current in energy correspond to the 
exact distributions from Fig. 8 in which the approxi- 
mate and exact distributions are compared for several 
values of temperature and field on region boundaries. 
For points on the boundaries the error in the total 
current ranges between 15 and 40% and in the 
logarithm of the current between 0.1 and 1.0%. 

The results obtained here have been compared with 
those of Dyke, Barbour, Martin, and Trolan® and of 
Dolan and Dyke,’ found by numerical integration. 
Their results are mainly in the field emission region and 


extend occasionally into the intermediate and ther- 
mionic regions. In the field emission region a comparison 
is very easily made, for they give values of the current 
ratio 7(F,T,¢)/j(F,0,6) and this, according to Eq. 
(56), is simply rckT/sin(rckT). The numerical agree- 
ment is satisfactory in the field and intermediate 
regions. 

The criterion for the validity of the Richardson- 
Schottky emission formula within the thermionic 
emission region can easily be found by expanding the 
new factor in Eq. (33) for small md as follows: 


rd/sinrd=1+3(rd)?-+--- 
=14F1/6(kT)+---. 


Accordingly the fractional error involved in using the 
Richardson-Schottky formula is of the order of Fi/ 
6(kT)*. This is in complete agreement with Eq. (3) of 
Guth and Mullin® (to see the agreement one must 
expand for large values of their parameter n=d™ to 
order u~* and sum the resulting series). The factor 
md/sinrd may also be expanded about d=1, giving in 
first approximation (1—d)-, so that Eq. (33) becomes 


j= 30 *(kT)*(1—d)~ exp[—(¢—F4)/kT], (78) 


in agreement with Sommerfeld and Bethe’ and Eq. (4) 
of Guth and Mullin.* Since, as seen from Eqs. (34) and 
(35), the value d=1 lies completely outside the ther- 
mionic region, the expansion of Eq. (78) has a smaller 
domain of applicability than that of Eq. (77). 

The criterion for the validity of the Fowler-Nordheim 
emission formula within the field emission region can 
easily be found by expanding the new factor in Eq. 
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Fic. 8. Energy distributions of the emitted current density for 
the six special values of temperature and field indicated in Fig. 6 
and a work function of 4.5 ev (6=0.17). The solid lines are the 
exact distributions according to Eq. (20). The broken lines are the 
approximate distributions according to Eqs. (25), (54), and (59). 
The dotted lines are the approximate distributions after further- 
more applying the saddle-point method. The energy increases to 
the left. The energy at the peak of the potential —F* and the 
Fermi energy ¢ are indicated by solid vertical lines. The curves 
are normalized to unit peak value and the actual peak values in 
Hartree units are given on the diagrams. 
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(56) for small rckT as follows: 
ackT /sin(wckT) = 1+-3(mckT)?+ - - - 
= 1+ 496 (kT)P/3F’+---, (79) 
where here the argument of ¢ is Fi/¢. Accordingly the 
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fractional error involved in using the Fowler-Nordheim 
formula is of the order of 42°6(k7)?/3F*. This is in 
agreement with the results of Sommerfeld and Bethe® 
and Guth and Mullin, their Eq. (12)*; only the nu- 
merical factors differ slightly. 
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The mathematical methods of neutron diffusion theory are applied to the problem of cathode sputtering. 
The state of all particles not in thermal equilibrium with the lattice can be described by a gas-like model in 
which the atoms move with constant mean free path. Collisions are assumed to occur only with “fixed” 
lattice atoms, but binding energies are neglected. The distribution functions exhibit finite discontinuities in 
the energy which approximate the behavior of the correct functions. The sputtering ratio is determined by 
integration over the velocity direction and also over energy, thus averaging out the approximation. The 
resulting expression for the sputtering ratio depends upon four atomic parameters of the system. In prin- 
ciple all are measurable, but only the mass ratio is known with precision at the present time. The theoretical 
curve is fitted to the experimental data which are available for eight ion-metal combinations. The curve is 
found to be very sensitive to the choice of fitting parameters, and the parameters exhibit considerable internal 
consistency. The theory indicates certain areas of experimental research which should add to present 


understanding of the process. 


I. INTRODUCTION 


ISINTEGRATION of cathodes by positive-ion 
bombardment has been under discussion in the 
literature for slightly more than 100 years.! Glockler and 
Lind? summarize the information available in 1939, A 
more modern survey, including a critical study of the 
theoretical work, is given by Massey and Burhop.’ 
The theory proposed in this article is a logical devel- 
opment of the ideas of Kingdon and Langmuir,‘ but 
conceptually it lies between their approach and the 
completely thermal method of Townes.’ Mathematically 
it closely resembles the methods developed to study the 
diffusion of neutrons in solids.® 
The sputtering process was analyzed as follows: a 
beam of ions strikes a metallic surface and dislodges 
atoms. The actual process probably involves the pene- 
tration of the ions into the surface, where they “cool” 
into thermal equilibrium with the lattice by making 
collisions with the lattice atoms. These “struck” 
particles acquire an appreciable energy which must be 


* Portions of this work were submitted to the faculty of Yale 
University in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

1W. R. Grove, Trans. Roy. Soc. (London) 142, 87 (1852). 

2G. Glockler and S. Lind, The Electrochemistry of Gases and 
other Dielectrics (John Wiley and Sons, Inc., New York, 1939), 
Chap. XIX. 

3H. Massey and E. Burhop, Electronic and Ionic Impact 
Phenomena (Clarendon Press, Oxford, 1952), pp. 578-594. 

4K. Kingdon and I. Langmuir, Phys. Rev. 22, 148 (1923). 

5 C. Townes, Phys. Rev. 65, 319 (1934). 

( an for example, R. Marshak, Revs. Modern Phys. 19, 185 
1947). 


dissipated by collisions with particles which are still 
bound in lattice sites. Thus the steady state consists of 
two distributions of moving atoms, one describing the 
state of all incident atoms and the other the state of all 
“struck” atoms, which interact with the stationary 
distribution of lattice particles. If the corresponding 
distribution functions can be calculated, the sputtering 
ratio, the number of atoms sputtered per incident ion, 
is determined by the flux of “sputtered” lattice atoms 
through the surface. 

We assume that the distribution functions are solu- 
tions of the Boltzmann integro-differential equation 
written in the form known as the transport equation. 
Thus we are accepting all of the assumptions inherent 
in that formulation. The validity of this assumption will 
be discussed later in greater detail. 


II. DISTRIBUTION FUNCTIONS 


It is convenient to describe the process as the inter- 
action of four distributions, where each of those pre- 
viously mentioned is split into two parts. This method 
allows the interesting portions of the distributions to be 
represented by functions which are approximately 
isotropic. 

The first distribution, hereafter known as the “beam,” 
shall consist of those particles which have penetrated 
into the lattice without having made a collision. These 
particles are within the metal, but they are still moving 
in their initial direction with their original energy. For 
convenience this incident beam will be considered mono- 





1474 


energetic, with all particles moving in the positive z 
direction. Here z will be in the direction of the inward 
drawn normal of an infinite plane metal surface. 

The second distribution, the “incident particle” 
distribution, consists of those beam particles which 
have made one or more collisions without having 
“cooled” into thermal equilibrium with the lattice. 

The third distribution, the “lattice particle” distri- 
bution, includes those lattice particles which are not 
in thermal equilibrium with the lattice, i.e., those lattice- 
type particles which have just been struck and therefore 
have not had time to ‘“‘cool.” 

The fourth, the “metal,” contains all particles, 
incident and lattice, which are in thermal equilibrium 
with the lattice as a whole. The density of the former 
will be assumed negligible compared to the latter. We 
shall assume that this distribution is “smeared out” 
into a uniform density of material, designated by p. 
Actually we are assuming that the mean free paths, or 
collision probabilities, are functions of velocity and not 
of position. This use of ensemble average or effective 
values is a mathematical artifice to facilitate calcula- 
tions and has not been justified physically. The same 
procedure seems to be effective in neutron transport 
calculations performed to this degree of precision. 

Defined in this way, the first distribution function 
will depend only upon the penetration, z, while the next 
two depend upon penetration and velocity. Preliminary 
calculations using reasonable beam densities indicate 
that collisions between two moving particles may be 
neglected. 

When the “target” distribution can be written in this 
smeared-out form, the Boltzmann equation becomes the 
transport equation. The distribution functions, which 
satisfy this equation with the symmetry previously 
described, must be symmetric in velocity direction 
about the z axis; so that only two parameters are needed 
to specify the velocity. Instead of the usual components 
we shall use the logarithmic energy, u=In(Eo/E) 
(where £ is the energy of a particle and Ep is the energy 
of a beam particle before collision), and p, the direction 
cosine of the particle velocity with respect to the z axis. 
In terms of these variables, the transport equation takes 
the form® 


P OL 
sees onieeltes —L+ fap’ fan'L(w's.0! 
n(u) dz 


X f(u',u,po)h(u')+W (u,2,p), (1) 


where (u)= po is the reciprocal of the mean free path 
of a moving particle within the metal. Here g is the total 
cross section of the moving particles upon the lattice 
atoms; so that is the macroscopic cross section. 

The function Z is defined as L(u,z,p)=N(u,2,p) 
Xvn(u), where N(u,z,p) is the required distribution 
function and » is the velocity under consideration. Note 
that if L, the collision frequency per unit volume, is 
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known, then J, the distribution function, is completely 
determined. 

The function f(u’,u,po) is the probability that a 
particle initially in a logarithmic energy state wu’ will be 
in a logarithmic energy state « after a collision. Here 
po defines the scattering angle. In the rest of the work 
this function will be referred to as the direct energy 
transition function. 

The remaining factor under the integral is defined 
by the relation 


h(u')=0,(u')/Lo.(u')+or(w’) ], (2) 


where o, is the cross section for scattering, and o; is 
the cross section for trapping by the lattice. (Note that 
a; corresponds to the cross section for capture in the 
neutron diffusion literature.) We shall refer to h(u’) as 
the trapping parameter. 

We assume that a trapped atom is brought into 
thermal equilibrium with the lattice as the result of a 
single collision. In general a moving atom will make 
several collisions which reduce its energy to the point 
that it can be trapped. Thus although o, and o; are 
functions of the energy, we expect most of the energy 
variation of « to come from o; which will increase 
rapidly as the energy decreases. If this is true, o; in- 
creases with increasing logarithmic energy, and h 
decreases. 

If o, and o; were known functions of the energy any 
difficulties would be entirely mathematical. Unfortu- 
nately we have no quantitative information about their 
behavior ; so the treatment of cross sections becomes one 
of the weakest parts in the entire development. The 
problem will be formulated on the assumption that these 
functions are known, but for comparison with experi- 
ment they are assumed constant; so that h and 7», can 
be used as fitting parameters. For systems on which data 
are available, this constant value assumption appears 
to be valid so long as the mass ratio is greater than 0.1. 
Fitting is possible for smaller mass ratios, but the data 
are scattered and the results suspicious. Apparently h is 
much more energy-sensitive than the nm. 

Finally, W,(u,2,p) is 1/24 times the source strength 
of particles for the particular distribution. 


Beam 


The only source of particles for the beam distribution 
is the flux of ions through the metal’s surface. We shall 
assume that the ions are immediately neutralized upon 
entering the metal so that electrical forces may be 
neglected. The beam distribution is so designed that 
any collision removes the particle from the distribution, 
and hence the rearrangement (integral) term of the 
transport equation must vanish. The resulting equation 
may be solved immediately if we assume that the mean 
free path is not a function of the energy, and it follows 
that 

No= Ne, (3) 
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where NV ,/2m is the density per cubic centimeter of the 
incident flux. The exponential form of this distribution 
function greatly simplifies the determination of the 
incident particle distribution function. 


Metal 


The energy at which a particle becomes a member of 
the metal distribution will be left unspecified. Consider- 
ation of the requirements of conservation of energy and 
of particles shows that it could be determined if the 
distribution functions were accurately known, but the 
process would be extremely complicated. In practice, 
no attempt has been made to evaluate this energy, 
because we find that the lower limit of the energy range 
can be determined in another way. 

Throughout the work, we are assuming that the 
number of moving particles is negligible compared to 
the number of metal particles. Because collisions 
between two moving particles may be neglected, all 
collisions are “‘cooling’’ collisions; that is, the energy 
of the moving particle is decreased. 


Fundamental Equations 


Now that the first distribution function has been 
relegated to the role of source term for the second, and 
the fourth has been merged with the bulk cross section, 
we can concentrate our attention upon the incident 
particle and lattice particle distributions. The subscript 
i will refer to the incident type of particle and its dis- 
tribution function and 7 will refer to the lattice-type 
particles and their distribution function. The subscript 
m refers to either type of moving particle. 

The beam distribution function determines the source 
strength for the incident particle distribution, because 
any particle introduced into this distribution must come 
from the beam. That is dNo/dz must be proportional to 
the required source strength. This rate, multiplied by 
the appropriate f function will give the probability 
that a particle will be introduced with a particular 
value of « and p. Thus 


Wi=N nioe"* f:(0,u,p) = Ne"? f,(0,u,p), (4) 


and the transport equation for the incident particle 
distribution function may be written 


d 
NE 2 Ezy ye eT fay faw ifaw (I) 
ni(u) dz ‘ 


This equation will be called the first fundamental 
equation. 

To determine the second fundamental equation we 
must define a new energy transition probability func- 
tion. Let F,,(u’,u,po) be the probability that a particle of 
logarithmic energy wu’ will transfer a logarithmic energy 
u to the struck particle, sending it in the fo direction. 
Obviously this function is related to fm(w’,u,po) and 
can be evaluated by similar techniques. 
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The source strength for the lattice distribution can 
now be written as the sum of three terms corresponding 
to three orders of approximation to the distribution 
function, Thus 


W jo=N nioe"*F (0,u,p) = Ne F ,(0,u,p) (5) 


represents the production by collisions of “beam” 
particles with metal atoms, while 


Wine fap’ f dul Lalu’ sp) Falun (6) 


is the production by collisions of “incident” particles 
with the metal, and 


Wim f dp! f du’L (ul opPs(u' ap) (7) 


is the production by moving lattice atoms. We shall 
expect the contributions of the second and third terms 
to increase as the energy of the beam particles is in- 
creased. Then, if W;=>->,W,,, the second fundamental 
equation takes the form 


| 
lp Pe f dp’ f du'Ljfjhy+W;. (ID) 
nj(u) dz : 


Note that this separation of source terms is possible 
only if collisions between two moving particles can be 
neglected. If this assumption is not made, the two 
fundamental equations must be solved simultaneously. 
In the present formulation the first may be solved 
independently, and this solution provides part of the 
complete solution to the second. 


Energy Transition Functions 


If we assume hard-sphere collisions, which appears 
reasonable because of the energies involved in the usual 
sputtering experiments, the energy transition functions 
can be evaluated immediately. The direct function, fn, 
has been discussed in the literature® and its derivation 
need not be repeated here. The indirect function, Fp, 
is evaluated from the same formulation of the collision 
kinetics with attention focused upon the struck particle 
after the collision. The functions and related quantities 
are defined in Table I. The quantity uw is the mass 
ratio, = M,/M;. 

In this formulation we neglect the binding energy of 
the struck particles. This assumption is probably valid 
for kev incident particie energies, but is questionable 
near the sputtering threshold. The low-energy portions 
of the theoretical curves are probably less reliable, and 
the threshold values may be considerably in error for 
this reason. The available data do not justify generali- 
zing these functions which would greatly increase the 
mathematical difficulties of the theory. 

We find that there is a maximum logarithmic energy 
loss, €ém, possible in a single collision. Similarly there is a 


~ 





1476 


TaBLeE I. Definitions and properties of the energy transition 
functions, including the complete and approximate Laplace 
transforms of the functions. 








O<u—wu' Sem 
€m <u—u' Fw 
Ym QuU—u' fw 
O<gu—u'<rm 


Smn= (dm/2e)e~—* 8 po— 8 (u—u’) J ; 
=0 ; 
Fn= (€m/2n)e~™—*5[ po— O(u—uv’) J; 
=(0 : 


Om=bm exp[ — (u—t’)/2]—Cm exp[+ (u—w’)/2], 
On = dm? exp[—(u—u’)/2], 

Om = (1+)?/4y, 

bm= (1+-)/2p, 

Cm= (1—p)/2p. 


Letting (s+1)=», 
Jmo=(am/0][1—e*em], 
Jon = Om { [bm /(0-+$) 01 —e- Y=] — [em/ (0-4) 1 —e 7}, 
Pno= (dm/v)e°"™, 
Pai=([am'/(0+-$) Je om, 
In the pa approximation, these reduce to the following: 
Fo= (a:/0)Ex(2), 
fa= (3) (ua;/0) Ei (0), 
Fo= (a;/0) Ex(0), 
Fin = () (uas/0) Ea(2), 


E,(v)=(1—e**), 
E2(v) =e, 








minimum logarithmic energy, ym, which the struck 
particle may acquire. Note that these logarithmic ener- 
gies are not numerically equal, although they have the 
same reference energy. 

The discontinuous form of both f,, and F,, will 
simplify our evaluation of the integral terms of the 
transport equation. The energy transition functions 
also determine the limits of integration in the rearrange- 
ment term. Thus for direct transitions (#—€m) <u’ <u, 
while for indirect O<u’<(u—v,_,). In both cases 
~1< pK. 


Ill. FIRST FUNDAMENTAL EQUATION 


The initial step in our determination of L; will be to 
simplify the angular dependence of the first fundamental 
equation. As the distribution function, source strength, 
and energy transition function are all approximately 
spherically symmetrical, we begin by expanding all 
three of these functions in a series of Legendre poly- 
nomials of p. All of the functions take the form 


1 n= 
x@)=(—) E (n+1)P(9)Xx 


where 


X,=2n f dpP,(p)X(p). 


When the expanded forms are substituted into Eq. (I) 
and the usual procedure of multiplication by P,() 
and integration over p is followed, we obtain the set of 


DON E. HARRISON. 


JR. 


equations 
1 dla . 
|—| =—Liot f du’ Liofiohi+W io, 
ni(u) J dz ’ 
1 [ % GLinys nti dL; *] 
es eS 


ni(u)L2n+1 dz  2n+1 ds 





=-Lit f du! Lin finhit W in; n> 1. 
0 


Here the integration extends from 0 to u because of the 
step function nature of f; and hence of the fin. 

Now assume that 4; can be removed from under the 
integral sign of these equations. This can be interpreted 
in two ways: either the cross sections for scattering and 
trapping are not functions of the energy, as discussed 
above; or we are defining 4; as a weighted average of the 
correct trapping parameter over the range of energy 
under consideration. Our detailed knowledge of the 
process is very limited, but the latter assumption seems 
most reasonable. 

Our next step is to define the Laplace transform of 
the functions 


TX in (u) ]=X in (= f eX ia(uy (8) 


where , a 
T(Lin/ni(u) ]=in, 


and then write the set of equations in terms of the 
transformed quantities. The integral terms cause no 
difficulty because they are convolution integrals. We 
obtain 
ddr 
rey —i0(s)Lio(s,2)+W in(s,z), 

% 


1 OV 1 i ntl 
——|1 + (n-+1) 
(2n+1)L dz dz 
= —yin(s)Lin(s,2) +W in(s,z) ; n21 
Vin(s)= (1 —hifin (s)). (9) 


As the distribution function is approximately 
isotropic, the Liz and higher order terms will be neg- 
lected, and the set of equations reduces to the following 
pair: 


here 


Da /de= —yinliotW iv, 
$Aio/de= —yabatWa. 


These equations correspond to a diffusion approximation 
for the dependence on the space variable, z. 

Now our problem is to obtain the simultaneous 
solution of these two equations with appropriate bound- 
ary conditions. One further analytic simplification is 
desirable. The functional form of the nm(u) is not known; 
so it is convenient to assume that ;(u“)=7;=const. 
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This assumption is quite reasonable because the mean 
free path probably depends more strongly upon the 
lattice spacing and particle diameter than upon the 
energy. The equations then become 


1d 
il —Lia= —violiotW io, 
n dz 


1d 
— —Lio= —yabatWi. 
3ni dz 


We now recall that W;,,(u,z) can be written in the form 
W in(u,z)= W in(u,0) exp(—7.z); so that the transform 
operator affects only the first factor, giving Win(s,z) 
=W;,(s,0) exp(—n). 

It is now possible to eliminate L,, between these two 
equations, with the following result: 


PL o(s,2)/d22= w? (s)Lio (s,z) + Ko(s)e-™*, (1 1) 


where 
w?(s)=3n?ywva, 
Ko (s) =— 3n2LW io (s,0)vatW in (s,0) ]. 


It is interesting to note that when we restrict Eq. 
(11) with a requirement s*<<1 and make a linear change 
of variable in transform space, it reduces to the “age 
equation.” This method has certain mathematical 
similarities to an age approximation, but it is valid over 
a wider energy range. 

An examination of the rate at which the separate 
components of the distribution function are changing 
suggests 


(12) 


d 
limLio(s,z)=0, lim—[Lio(s,z)]=Wals,0), 
2-900 20 dz 


as boundary conditions for Eq. (11). The first condition 
is quite standard, but the second requires some com- 
ment. Basically it says that the distribution function is 
space-symmetric at z=0 except for the source-term 
contribution. This term, which was neglected in the 
numerical calculations, introduces a surface scattering 
effect into the distribution. Its contribution is at least 
an order of magnitude less than the other terms in the 
distribution function. 

These conditions are sufficient to determine the 
solution of Eq. (11) as 


Lio(s,2)= A (s)e*i*+- B(s)e-%#, 
where the amplitudes, functions of s only, are 
A (s)=—[ni/ws(s) [3W ix(s,0)+B(s)], 
B(s)=Ko(s)/[n?—w2(s)]. 


We need not carry our analysis of the first funda- 
mental equation beyond this point, as the remaining 
development depends only upon the Laplace transform 
of the incident particle collision frequency. 


(13) 


(14) 
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Marshak® and Placzek’ have discussed functions 
which are similar to Lj, but the present formulation is 
more useful for this particular problem. 


IV. SECOND FUNDAMENTAL EQUATION 


Formally, there is no difference between the first and 
second fundamental equations except that in this case 
the source consists of three terms. The procedure 
described above is followed, and the solution takes the 
same general form. After taking the Laplace transform, 
we note that the third source term may be combined 
with the rearrangement term. Thus we write 


Tn=1—hjfin—F in. 
In terms of the I’, Eq. (II) becomes 
1 dLj k 
egos agg —ToLhjot+W jo, 
nj dz 
1 dLjo 


3n; dz 


(15) 


=—PLatWa, 


and again eliminating between these two equations, 
PL jo/d2?=w?(s)L jo(s,2) + Ki (sles? + Ko(s)ei, 

where 
w?(s)=3nfT Ti, 
Kx(s)=—3n7[(N+B(s)) Pol | 5 

+ (ni/nj) (N+B(s)yio) Pin], (16) 
K2(s)=— 3nfLP V+ (ni/nj)F xvi LA (s)— B(s)]. 
The functions A(s) and B(s) are defined in Sec. III. 
As before, barred symbols, functions of s, refer to the 
Laplace transform of the corresponding function. 
When the differential equation is assumed to have a 


solution of form of Eq. (13), and the same boundary 
conditions are applied, we find 


7 K,(s) 
Ljo(s,2z) = D(s)e-wi(#)24-—___¢-ni 
n?—w;(s) 
K2(s) 
ewile)s, 


w?(s)—w/?(s 


(17) 
where 
D(s)=— (=~) wnt 
«;(s) w;(s)[n?—w?(s)] 
wiK2(s) 
wi(s)[o?(s)—w?(s)] 


We now begin the final step, the calculation of the 
inverse transformation (inversion) of the function 


Ljo(s,0). 


7G, Placzek, Phys. Rev. 69, 423 (1946). 








(18) 
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V. INVERSE TRANSFORMATION 


The inversion process is considerably simplified if 
we now make the following physical approximation. 
We let fi(u)=$ufio(u) which is equivalent to replacing 
p by pw in the definition of f(u). It is apparent that 
this is a satisfactory approximation for small yu. Later 
we will discuss the meaning of this approximation in 
more detail. 

Even with this approximation, Ljo(s,z) is an ex- 
tremely complicated function of s. In such cases it is 
most convenient to consider the inversion of separate 
factors and then use the convolution theorem to obtain 
the inversion of the complete function. 

The most difficult factors are those of the form 
exp —g(s)z]; so we consider them first. It has been 
shown by Widder® that the following theorem holds: 
If f(s)=7Lf(é)], then it can be shown that 


we (3) 19(;)-10 


where f is the kth derivative of the function with 
respect to its argument. The mathematical conditions 
on the theorem are not restrictive for physical problems. 

Applying this theorem to a function of the form 
exp[ —g(s)z], we see that its Laplace inversion must 
vanish at z=0. Thus if we make the additional physical 
approximation that, because of the small mean free 
path, a particle must actually make a collision at the 
surface to escape, our expression for Ljo(s,z) reduces to 


Ljo(s,0)= Ki(s)/[n?—w?(s) J, (19) 


which can be handled by normal techniques. We note 
that this function is a first approximation to the correct 
collision frequency, even if the mean free path assump- 
tion is not reasonable. 

After some tedious algebra in which it is convenient 
to set (s+1)=9, we find 


Ljo(v,0) = R(v)[ (ev —e2){ N+ B (»)} 
—e;B (v)Ey (v) JE2(v), (20) 
where 
R(v)= e4/(v—11) (0—12), 
B(v)=4(N/v*) (es—eev)[0—e7E1(0) PE (2), 
E,(v)= 1—¢*", 
E.(v)=e*, 


and the e, and 7, are constants which depend upon the 
parameters u,n=i/n;, and h=h;=h;. 

The factor {»—e-[1—exp(— x) ]}~ which appears 
in B(v) is of considerable physical as well as mathe- 
matical interest. It is a particularly complicated form 
of the “jump function” which is used in the solution of 
difference equations.’ This factor modifies B(v) so that 

8D. V. Widder, The Laplace Transform (Princeton University 
Press, Princeton, 1946), pp. 288 ff. There is a misprint in the initial 
statement of the theorem. 

®W. Thomson, Laplace Transformation (Prentice-Hall, Inc., 
New York, 1950). 
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its inverse function appears as a discontinuous function 
of the energy, where both positive and negative values 
are possible, convoluted by a decaying exponential 
function of the energy. The resulting function has 
alternating positive and negative steps whose amplitude 
decreases exponentially, B(u) always remaining posi- 
tive. The actual inversion to real space is accomplished 
by expansion in v and termwise inversion. Fortunately 
the real space exponential decays rapidly; so that only 
three terms of the expansion must be. retained. The 
number of terms required depends upon the mass ratio 
through e; which controls the separation between steps 
on the energy scale. 

We expect this behavior with a source function which 
was initially postulated as discontinuous. Compu- 
tational difficulties are increased because the collision 
frequency is represented by different functions in 
certain regions of the energy variable, but our under- 
standing of the problem jis not affected. 

We can now interpret the a approximation which 
was made earlier in the work. Removal of this approxi- 
mation increases the complexity of the “jump factor” 
and introduces more fine structure into the distribution 
function. As we are interested in the integrated distri- 
bution function the approximation seems reasonable 
until the experimental curves are available to a higher 
degree of precision. 

The factor E2(v) which was introduced from Fo, and 
also from F';, in the pa approximation, has an interesting 
physical significance. We recall that »,, was associated 
with the maximum energy which could be transferred 
in a collision. This energy must be equal to or greater 
than the threshold energy for the process to be possible. 
Therefore we may take as the limiting case v»,=In(Eo/ 
E,); so that (u—vm)=In(E,/E), which appears in the 
inversion process from the £2(v) factor, is just the 
logarithmic energy referred to the threshold energy 
rather than the beam energy. With wu written in terms 
of this reference the algebra is much simpler. 

It is now a straightforward if somewhat involved 
process to obtain the inversion of L,o(s,0) as defined 
by Eq. (19). The results appear as a sum of three terms 
whose complexity depends upon the number of terms 
carried in the jump function. Once the collision fre- 
quency is known it is not difficult to calculate the flux 
of metal particles through the surface by integrating 
over the possible angles of emission. 


VI. SPUTTERING RATIO 


The sputtering ratio is now obtained by integrating 
the metal atom flux over the allowable values of the 
logarithmic energy, 0< u< uv’, which correspond to the 
energy range Eo< E< E;. The resulting expression for 
the sputtering’ ratio takes the form 


(21) 


n=3 
R(u’)= Do Sa(er**’—1), 
n=1 
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where the S, have different values in the ranges 
O<u' <i; Ku’ < 26; 2esKw’ < 3e;; etc. The algebraic 
forms of the constants S, and r, are very complicated, 
and will not be reproduced here. 

The final function, R(u’), depends upon the following 
parameters of the physical system: u= M,/M;, the mass 
ratio, h, the trapping parameter, »=7,/n;, the mean 
free path ratio, and finally E;, the threshold energy. 

In principle, all of these parameters should be 
experimentally measureable ; however, of the four, only 
u is accurately known. Of the others, we can make some 
educated guesses about the order of magnitude of F;, 
and / and 7 are completely unknown. 

The constants are very complicated functions of the 
parameters, but a few generalizations are possible. Thus 
the r, are extremely sensitive to 4, and are very in- 
sensitive to 7. The S, vary directly with , and are 
relatively unaffected by 4. Neither the S, nor the r, 
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Fic. 1. Comparison of theory and experiment for A—Ag and 
Ne—Ag. The 300-ev point of the A—Ag curve appears in Key- 
well’s original letter, but was inadvertently omitted in the long 
paper. In a private communication Dr. Keywell has suggested that 
all of his experimental points may be uncertain by as much as 15% 
of the sputtering ratio. 


depend upon £;. Approximately, h controls the shape 
of the sputtering ratio curve, and 7 its magnitude. 


VII. COMPARISON WITH EXPERIMENT 


Probably the most reliable total sputtering ratio 
curves are those of Keywell.!° The experimental method 
which he has described appears to be the most satis- 
factory so far devised for this type of measurement; the 
only apparent difficulty being that the amount of 
bombarding material trapped in the target was not 
determined, although it may affect the weight of the 
target after bombardment. 

To compare with experiment we plot R as a function 
of Eo; the actual fitting was done by trial and error, 
but is very sensitive to the values chosen for the 
parameters. Thus if any parameter is varied by 10% 


10 F, Keywell, Phys. Rev. 87, 160 (1952); 97, 1611 (1955). The 
author would like to thank Dr. Keywell for the use of his data in 
advance of publication. 
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Fic. 2. Comparison of theory and experiment for Kr—Ag and 
Kr—Cu. The Kr—Ag curve appears to be significant because it 
contains a reasonable number of points, but the low-energy end is 
questionable. The Kr—Cu system is included only because the 
parameters are in line with those for several other systems. The 
data are much too incomplete to insure that this is the correct fit. 


of its value the curve is noticeably changed. Further- 
more, the curve cannot be readjusted by variation of 
the other parameters. 

The results for six cases are shown in Figs. 1, 2, and 
3. This theory appears adequate for these mass ratios, 
and there are regularities in the parameters for similar 
atomic systems; see Table II. The threshold for Kr-Cu 
is not out of line with the general trend, because here 
the mass ratio is greater than unity. The minimum 
logarithmic energy transferrable, v;, begins to increase 
when u>1. This behavior is to be expected from the 
conservation of momentum requirement in a single 
collision. 

In Fig. 4 we see the best single-parameter fits of the 
theory and experimental data for two systems of small 
mass ratio. Here the theory is not as satisfactory, but 
the behavior of the curves suggests the following 
explanation: a single choice of the parameter / is not 
satisfactory over the entire experimental range. Thus 
the averaged value of , which we assumed in the de- 
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Fic. 3. Comparison of theory and experiment for A—Pb and 
A—Cu. The A—Pb curve is probably not significant, but is in- 
cluded because again the parameters fit the pattern. Next to the 
A—Ag pair, the A—Cu is probably the most useful system. 
Unfortunately it does not extend into the higher energy range. 
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TABLE II. Comparison of the parameters for the eight available 
atomic systems. uw is the mass ratio, 4 the trapping parameter, 7 
the macroscopic cross-section or mean-free-path ratio, and E; the 
sputtering threshold energy. Notice the general trend of decrease 
of E; with increasing mass ratio for «<1, and the considerable 
internal consistency of the other parameters for similar systems. 








> 


” Ex(ev) 


0.04 275 
0.05 250 
0.35 220 
0.35 125 
0.35 22.5 
0.35 30 
0.50 25 
0.35 130 


System 


He—Pb 
He—Ag 





0.193 
0.370 
0.626 
0.777 
1.316 


eessssss 
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— 
o 


Kr—Cu 








velopment, is not sufficient in the case of small mass 
ratios. This agrees with the results of neutron cooling 
experiments. If # is a function of the energy, we are not 
allowed to remove it from under the integral sign in the 
transport equation, and the theory is much more com- 
plicated. It would be very difficult to extend the theory 
in this direction unless 4 is a known function of u. 

No attempt has been made to fit Keywell’s data for 
the sputtering of silver by hydrogen. The diatomic 
nature of the ion, and the resulting possibility of 
fragmentation in a collision, forces a reexamination of 
the collision mechanics for this single case, which 
hardly seems worthwhile at this time. 

When more work has been done on the threshold 
energy values it may be possible to relate E, to the 
atomic heat of vaporization through the hard sphere 
maximum energy transfer relation. It is probable that 
the threshold for normal incidence will be different 
from that for fine wires. The incident particles arriving 
with low energy, but almost parallel to the surface, 
could very well remove a lattice atom by means of a 
“plowing” effect across the surface. Experimental work 
along these lines has been carried out by Fetz! and 
Wehner.” 


Vill. ANALYSIS AND CONCLUSIONS 


In conclusion, we should take a closer look at some 
of the basic assumptions made in this work. For 
example, the assumption that the distribution functions 
must satisfy the transport equation is not justified, 
because in all probability the binary collision require- 
ment, made in the development of that equation, is not 
met in the problem under consideration. In addition, 
the entire process takes place in a very thin region near 
the surface of the metal, or the particles would lose 


4 H. Fetz, Z. Physik. 119, 590 (1942). 
1 G. Wehner, Phys. Rev. 93, 633 (1954). 
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their energy before they could escape. This makes the 
assumption »¥n(z) quite questionable. 

Fortunately the surface roughness of the metal tends 
to overcome the last difficulty. In the development this 
surface is assumed to be a mathematical plane which 
levels the surface, i.e., which leaves as many vacant 
sites within the surface as there are atoms outside, but 
the actual irregularities may be greater than the mean 
depth of penetration from which particles ultimately 
escape. At worst, the distributions obtained in this 
manner must be first approximations to the correct 
distribution functions. 

The theory provides a semiquantitative explanation 
of the sputtering mechanism. Unfortunately it depends 
upon unknown atomic parameters, but it has the ad- 
vantage over other theories that the parameters are 
relatively few in number, and that they should be at 
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Fic. 4. Comparison of theory and experiment for He—Ag and 
He—Pb. Note the change of scale. The He—Ag system is quite 
complete, but the He—Pb is very questionable. The fitting is not 
so satisfactory as for systems of higher mass ratio. 


least approximately measurable. When these measure- 
ments have been made, significant improvements should 
be possible. Until this has been done, a further com- 
pounding of approximations hardly seems justified. 
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The measurement of the Hall coefficient of gray tin filaments in the temperature range from 70 to 270°K 
is described. It is found that electron and hole mobilities given by the expressions u,= 3.02 1077—!-® cm?/ 
volt sec and p= 2.18 1087?" cm?*/volt sec combined with an impurity concentration of 2.5 10!7 cm= 
give a good fit to the conductivity and Hall data for pure material in the range extending 110 degrees down 
from the highest measurement temperature. The intrinsic energy gap at absolute zero is 0.094 ev. If one 
assumes a temperature dependence of —5X 10-5 ev/deg, the high-temperature value of the energy gap re- 
mains substantially unaltered from that previously reported and the effective masses of charge carriers have 
the value 0.68 electron masse. Data for the lower temperature range indicate slight degeneracy and impurity 
scattering of charge carriers. Similar computations and results are discussed for other samples doped with 
n-type impurities. In contradiction to the results for n-type samples, p-type samples indicate mobility ratios 
slightly higher than unity. There is no indication, however, of extremely high mobility ratios such as those 
found in InSb. The field dependence of the Hall coefficient of p-type specimens shows a shift of the crossover 


to higher temperatures with increasing magnetic field, qualitatively in agreement with isotropic theory. 





I, INTRODUCTION 


TUDIES of the electrical and magnetic properties 
of gray tin, a group IV semiconductor, have been 
made by Busch and co-workers! using powder samples 
and by Kendall? using pressed-powder rods. Coherent, 
solid specimens of gray tin were first produced in the 
form of filaments.’ More recently, and using different 
techniques, Becker* has produced coherent films of 
gray tin and studied their properties. 

In a previous paper® (hereafter referred to as Article 
I) we have reported measurements of the electrical 
conductivity and magnetoresistance of filaments. To 
aid in the interpretation of these data, a method has 
been devised for measuring the Hall effect in the fine 
(0.1 mm diameter) wires, and Hall data have been 
obtained for a number of pure and doped samples of 
both conductivity types. 


II. APPARATUS AND PROCEDURE 


The specimen holder for Hall measurements was of 
special design necessitated by the small lateral dimen- 
sions and the brittleness of the gray tin samples. The 
specimen was supported by the Hall electrodes. These 
were fine, nonmagnetic spring wires which were parallel 
to each other, and the specimen was lightly clamped 
between and perpendicular to them. To provide good 
electrical contact, the electrodes were wet with a low 
melting-point solder (1 part indium to four parts gallium) 
which was liquid at room temperature but solid at the 
measurement temperatures. Thin-rolled, fine copper 
wires were used as current leads to prevent excessive 


* This work was supported by the Office of Naval Research. 

t Now at Oklahoma Agricultural and Mechanical College, 
Stillwater, Oklahoma. 

1G. Busch and J. Wieland, Helv. Phys. Acta 26, 697 (1953). 

2J. T. Kendall, Phil. Mag. 45, 141 (1954). 

3A. W. Ewald, Phys. Rev. 91, 244(A) (1953). 

4 J. H. Becker, Phys. Rev. 98, 1192(A) (1955). 

5 A. W. Ewald and E. E. Kohnke, Phys. Rev. 97, 607 (1955). 


stress on the sample due to differential thermal 
expansion. 

Error due to the Ettingshausen effect was eliminated 
by making measurements with the sample immersed in 
a liquid bath so that the whole sample was in intimate 
contact with the liquid and no temperature gradients 
could build up. The baths used were liquid nitrogen, 
propane, and butane. To change from liquid nitrogen 
to liquid propane, gaseous propane was introduced into 
the nitrogen bath through a glass tube extending below 
the liquid surface. It was found that under low gas 
pressure the propane would first freeze, then liquify 
(mp~83°K) as the nitrogen boiled off with the result 
that the sample was soon surrounded by liquid propane 
which warmed up very gradually to its boiling point 
(~231°K). At this temperature the procedure was 
repeated with gaseous butane. By using these three 
baths and by pumping on the liquid nitrogen to reduce 
the pressure, it was possible to cover the temperature 
range from 70 to 270°K. To minimize the effect of tem- 
perature drift, readings were taken rapidly and in 
addition a reverse heat leak was used to decrease the 
rate of temperature rise while readings were being made. 
The heat leak consisted of a closed glass tube containing 
liquid nitrogen which was inserted into the bath. At 
higher temperatures, in the butane bath, where the 
highest precision was necessary because of the small 
Hall voltages, the temperature change during an 
individual measurement was so small as to be undetect- 
able with the thermocouple. 

All Hall voltages were measured using a conventional 
two-probe potentiometric method and a constant 
sample current of the order of 50 ma. After the sample 
had been oriented in such a position as to show the 
greatest Hall voltage, readings were taken with the 
magnetic field in both the direct and reversed directions 
and the values averaged to cancel any JR mismatch 
voltage present. Fields used ranged from one to eight 
kilogauss depending upon the purpose for which the 
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data were desired. Conductivity values were obtained 
in the same temperature run with the Hall data. After 
correction for the appreciable resistance of the fine 
copper leads extending from the sample to the sample 
holder, these conductivity values agreed well with those 
of similar samples previously determined in the work of 
Article I. 

The gray tin filaments were cylindrical in shape and 
hence the usual expression for the experimentally 
determined Hall coefficient was modified® to 


R=108rV yd /4HT, 


where R is in cm*/coulomb if Vy is the Hall voltage in 
volts, d the diameter of the sample in centimeters, 7 
the magnetic field in gauss, and J the sample current in 
amperes. Sample diameters were determined using a 
measuring microscope. 


Ill. RESULTS AND DISCUSSION 
A. Pure Sample 


The analysis of conductivity and Hall data is particu- 
larly complex for gray tin because of the overlapping of 
intrinsic and impurity conduction regions owing to the 
small forbidden energy gap. In order to quantitatively 
study the conduction process with the data from only 
these two types of measurement, certain assumptions 
were necessary. A particular set of such assumptions, 
the reasons for making them, and a discussion of the 
results of computations using them are given in detail 
for a typical pure gray tin sample prepared from 
material supplied by Johnson, Matthey, and Company, 
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Fic. 1. Hall coefficient and conductivity vs reciprocal 
temperature for pure gray tin. 


* R. Landauer and J. Swanson, Phys. Rev. 91, 555 (1953). 
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Ltd. Hall and conductivity values are presented graph- 
ically in Fig. 1. 
The common expression for the Hall coefficient 


3a (Mn? — pup’) 
Ro - (1) 
8e (mnt pup)” 


in which all symbols have their usual meaning, is based 
upon the simplifying assumptions of lattice scattering, 
classical statistics, and low magnetic fields. If N n-type 
impurities per cc are present and they are all ionized, as 
seems reasonable for gray tin in the temperature range 
studied, electrical neutrality requires that 


n= p+ N. (2) 
The electrical conductivity is expressed as 
o=e(Nunt pur). (3) 


Combination of these three relations with the assump- 
tions that in the high-temperature range 


Ma=AT-* and yw,=BT, 


in which A, B, a, and 6 are constants yields the working 
equation 


eNAB=oT*B—oT°A — (8/34) Ro®T**?. (4) 


Because the individual terms in this equation are large 
and the differences small, it was not possible to precisely 
determine the pair of temperature dependences which 
gave the best fit to the experimental data. It was found 
that the value of b must be greater than that of a as is 
generally true for other semiconductors. Acceptable 
values of N were restricted to the range determined by 
the low-temperature Hall coefficient together with the 
assumption of pure lattice scattering as one extreme and 
pure impurity scattering as the other. For the sample 
under consideration, these limits were 1.810!” and 
2.9X10"" electrons/cm*, respectively. To carry the 
analysis further, a was fixed at 1.65 corresponding to 
recent results for germanium’ and a value of 5 was 
sought such that the data could be fitted for a tempera- 
ture range extending down approximately 100 degrees 
from the ice point. A very satisfactory fit to the experi- 
mental data of Fig. 1 is given by 


Hn=3.02X 107T--* cm*/volt sec, 

Mp= 2.18X 1087 cm?/volt sec, 

N=2.5X10" cm~. 
It may be noted that, in contrast to most other semi- 
conductors, the electron mobility is less than the hole 
mobility, the ratio becoming unity (by extrapolation) 
just slightly above the transition temperature. Also, 


mobility values calculated from the above expressions 
are generally greater (by factors as large as 3 in one 


7F. J. Morin, Phys. Rev. 93, 62 (1954). 





HALL EFFECT 





-100 °C 
T 


np/T°> (em® degrees) 


€,= 0.094 ev 











Fic. 2. Product of carrier densities divided by cube of tempera- 
ture plotted against reciprocal temperature for pure material. 
The slope shows the energy gap at absolute zero to be 0.094 ev. 


case) than those found by other investigators! using 
powder or compressed powder samples of gray tin. 

Once yu» and uw, were determined, it was possible to 
evaluate and p in the high-temperature range by sub- 
stitution into Eqs. (2) and (3). According to theory® 
based on classical statistics, 


np/T*=2.33X 10"(m,m,/m?*) exp(—e/kT), (5) 


and the slope of the mp/T* vs 1/T curve on a semi- 
logarithmic plot will give the value of ¢0, the intrinsic 
energy gap at absolute zero, if €; is assumed to have the 
linear temperature dependence 


€:= €9—BT. 


The plot of Eq. (5) in Fig. 2 shows € to be 0.094 ev. 
The value of 8 is lumped together with the values of the 
effective masses of the charge carriers in the expression 
for the intercept of this curve. Since no independently 
determined values of these quantities yet exist for gray 
tin, assumptions were made based on the following con- 
siderations. Lark-Horovitz® has tabulated values of 
8B determined by various methods for other semi- 
conductors showing that it is of the order of 10~* ev/deg 
for silicon and germanium, apparently smaller for 
germanium with its smaller forbidden gap. Further- 
more, as the mobility ratio is about unity for gray tin, 

one would expect an effective mass ratio near unity. 
' In consideration of the extremely small forbidden 
energy gap of gray tin, 8 was set equal to 5X10~° ev/ 


8 See, for example, J. S. Blakemore, Elec. Commun. 29, 131 
(1952). 

9 The Present State of Physics (Am. Acad. Arts Sci. Publication, 
Washington, D. C., 1954), p. 93. 
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deg, yielding values of the effective masses: m,=m, 
0.68m. The latter value is quite insensitive to the value 
of 8, varying only from 0.56m to 0.80m as B goes from 
10~* to 10-® ev/deg. Experimental verification of the 
assumed temperature coefficient of change of energy gap 
awaits optical transmission measurements. Using 
B=5X10-* ev/deg, the energy gap at 250°K has the 
same value as that previously determined (Article I) 
from the slope of the conductivity curve, namely 
0.082 ev. 

The above analysis is based entirely on the tem- 
perature range from 0° to —110°C within which the 
data could be fitted by the mobility expressions. At 
lower temperatures one would expect departures from 
this simple mobility behavior due to impurity scattering 
and also that the assumption of classical statistics might 
no longer be valid. To extend the analysis to this tem- 
perature range, the temperature variation of the Fermi 
level was first determined by substituting the values of 
€o, 8, N, and the effective mass ratios as determined 
above into the following expressions® together with 
Eq. (2), and eliminating » and p. 


n=5.54X10"T1(m,,/m)'Fy(n*), (6) 
p=5.54X10"T!(m,/m))F\(—n*—n)). (7) 


In these, n;=€;/kRT and similarly n* is the reduced 
Fermi level. Fy(n*) and Fy\(—n*—n;) are Fermi-Dirac 
functions, values of which have been tabulated by 
McDougall and Stoner.”® Results of this calculation 
shown in Fig. 3 indicate that only slight degeneracy 
occurs and only at the lowest and highest temperatures, 
where the Fermi level comes within 2kT of the conduc- 
tion band. Knowing the Fermi level at each tempera- 
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Fic. 3. Temperature dependence of the Fermi level in pure gray 
tin. Slight degeneracy occurs at the lowest and highest tempera- 
tures where the Fermi level comes within 2k7 of the conduction 
band. 


10 J. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1938). 
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Fic. 4. Electron and hole concentrations in pure material, 
plotted against reciprocal temperature. 


ture, carrier concentrations could be calculated from 
Eqs. (6) and (7) and are shown in Fig. 4. Finally, the 
mobilities plotted in Fig. 5 were determined by using the 
carrier concentrations in Eqs. (1), (2), and (3). The 
decrease of electron mobility below — 170°C is probably 
due to the increased scattering of charge carriers by 
ionized impurities. Such an increase in impurity 
scattering would also explain the rising Hall coefficient 
in the low-temperature range where the number of 
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. 5. Electron and hole mobilities vs reciprocal temperature. 


carriers is constant. Between — 110°C and —135°C the 
electron mobility rises more rapidly than T—-®, This 
may indicate optical mode scattering,” but verification 
of this is made difficult by the uncertainty in the Debye 
6 for gray tin.” 


B. Samples Containing Added n-Type Impurities 


The sample As" (Fig. 6) contained 1.2 10!* added 
arsenic atoms per cubic centimeter. It was found that 
the high temperature Hall and conductivity data 
could be fitted by using 

Mn= 2.48X 10"T—- cm?*/volt sec, 
Mp= 1.81X 1087 cm*/volt sec, 
N=3.5X10" cm. 
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Fic. 6. Hall coefficient and conductivity vs reciprocal tempera- 
ture for an n-type sample containing 1.210" arsenic atoms 


per cc. 


Thus the mobility temperature dependences are the 
same as those for the pure sample but there is a dis- 
crepancy in the coefficients. This can probably be 
attributed in large part to errors in measurement of 
sample dimensions which could not easily be further 
reduced because of the small size. Despite the differences 
in absolute values, the temperature at which the 
mobility ratio becomes unity is the same as for pure 
material. When the value of N for pure material is 
subtracted from the above value and the difference 
compared with the number of added arsenic atoms per 
cc, one finds that only one arsenic atom in twelve is 
effective as a donor. This low effectiveness of arsenic 
as a source of substitutional impurity atoms could be 


uF, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
2 F, Lange, Z. physik Chem. \110, 343 (1924). 
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inferred from the conductivity curves of Article I. The 
indicated energy gap at absolute zero is 0.104 ev. 
Assuming again a value for 8 of 5X10~® ev/deg, the 
energy gap at 250°K is 0.092 ev, the same as previously 
reported on the basis of conductivity measurements 
alone. ‘ 

Hall measurements on samples doped with antimony 
gave results which were similar in nature but showed 
antimony to be much more effective as a source of 
substitutional impurity atoms, again in agreement with 
previous conductivity results. 


C. p-Type Samples 


As yet, p-type samples have not yielded to a similar 
type of analysis. Figure 7 shows the results for a sample 
containing 1.210'* added indium atoms per cubic 
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Fic. 7. Hall coefficient and conductivity vs reciprocal temperature 
for a p-type sample containing 1.2 10!* indium atoms per cc. 


centimeter. The fact that the Hall coefficient changes 
sign from plus to minus with rising temperature is an 
indication that the electron mobility is greater than the 
hole mobility in contradiction to the results of n-type 
sample analysis. Results obtained on other specimens 
doped with zinc showed the same general pattern, and 
the relative magnitudes of the negative and positive 
maxima of the Hall curves were such that any computa- 
tion of the mobility ratio using the analysis developed 
by Breckenridge et al.* for p-type InSb yielded results 
more nearly in line with those found for Ge than 
for InSb. 


18 Breckenridge, Blunt, Hosler, Frederickse, Becker, and 
Oshinsky, Phys. Rev. 96, 571 (1954). 
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Fic. 8. Field dependence of the Hall coefficient for the n-type 
sample containing 1.2 X 10'* arsenic atoms per cc. 


D. Field Dependence of the Hall Coefficient 


Hall data used for computations on n-type samples 
were taken at a magnetic field of 1330 gauss, approxi- 
mately the lowest field it was possible to use with the 
experimental setup to attain reproducible results. The 
trend of R with increasing field was such as to indicate 
that this field strength was low enough so that no 
appreciable improvement could be realized by extra- 
polating values to zero field. At much higher fields the 


-200 °C 
T 


In-49 





oo. i000 =-i50 
T q t 


—coo— 2140 gauss 


ewe 8000 gauss 


HALL COEFFICIENT (cm®/coulomb) 


Variation with H 








oe ee 
004 006 


ae ee ee ey 
008 O10 .012 


ee 
014 


Vr 


Fic. 9. Field dependence of the Hall coefficient for the p-type 
sample containing 1.2 10'* indium atoms per cc. 
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field dependence became significant especially in the 
intermediate temperature range as is shown for sample 
As" in Fig. 8. 

For the p-type sample discussed in the preceding 
section, Fig. 9 gives the results of similar measurements. 
Particularly noteworthy is the shift of the Hall crossover 
(sign change) to higher temperatures with increasing 
field strengths. The direction of this shift is that 
qualitatively predicted by a strong-field, isotropic 
theory treatment such as given by Madelung." Willard- 
son, Harmon, and Beer'® point out that though InSb 


4 OQ. Madelung, Z. Naturforsh. 8a, 791 (1953). 
16 Willardson, Harmon, and Beer, Phys. Rev. 96, 1512 (1954). 
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has a similar shift, the shift observed in germanium is 
in the opposite direction. To explain this fact they 
introduce the concept of “fast holes,” showing that the 
results can be explained by assuming a mixture of 
ordinary and high mobility holes taking part in the 
conduction process. At present, such a model seems 
unnecessary for gray tin. 
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The total magnetic susceptibility of high-purity copper has been measured between 300°K and 1.45°K 
using the Gouy method. It is found that the mass susceptibility can be represented by x= (—0.083+-0.023/T) 
X10~* cgs unit. This temperature dependence is much smaller than that found by previous workers, whose 
data extends only down to 14°K. An anomaly in the susceptibility at low temperatures, previously reported, 
was not found. The nuclear susceptibility of copper is responsible for about one-fifth of the temperature 
dependence found in the present work ; the remainder can be explained by a paramagnetic impurity content 
which is plausible for the particular copper used. It is concluded that the susceptibility of pure copper is 
substantially independent of temperature in the measured range. 


I. INTRODUCTION 


HERE have been reported in the literature two 
measurements of the temperature dependence of 
the magnetic susceptibility of copper between room 
temperature and 14°K.' No measurements at lower 
temperatures have been published.* The two measure- 
ments down to 14°K are in substantial disagreement 
with each other. According to de Haas and van Alphen,} 
the magnitude of the susceptibility of copper increases 
monotonically with decreasing temperature, the value 
at 14°K being 12% higher than at room temperature. 
On the other hand, Bitter ef a/.2 found that the suscepti- 
bility first increases about 3% as the temperature is 
reduced from 300°K to 63°K, but subsequently gets 
rapidly smaller, decreasing by 35% between 63°K and 
14°K. 
Either of these results, if correct, would be difficult 


(1933) J. de Haas and P. M. van Alphen, Leiden Comm. 225b 
? Bitter, Kaufmann, Starr, and Pan, Phys. Rev. 60, 134 (1941). 
* Some indication of the behavior of the susceptibility in the 
liquid helium range can be obtained from experiments by 
L. Mackinnon [Ph.D. thesis, Cambridge University, 1949 (un- 
ublished) ]. His results suggest that the susceptibility decreases 
y about 5% between 4.2°K and 1.4°K. Because of experimental 
difficulties, this result is not well established. 


to understand because one would expect the magnetic 
susceptibility to be substantially independent of 
temperature. Using a free-electron picture, the only 
temperature dependence expected would be due to the 
effect of changes in bulk density on the Fermi level 
and the total effect of this would be less than 2%. 
Most of this change would be concentrated at the 
higher temperatures. Even a theory which takes into 
account the energy band structure of copper does not 
suggest a temperature-dependent susceptibility. A more 
refined model of a metal can, however, lead to a 
temperature-dependent susceptibility at very low 
temperatures, if the density of states is affected by a 
temperature-dependent electron-phonon interaction.‘ 
Anomalies in the magnetic susceptibility of copper 
would be of particular interest inasmuch as the noble 
metals are considered to have a relatively simple 
electronic structure.® 

In the experiments to be described in this paper, the 
magnetic susceptibility of very pure copper has been 


‘M. J. Buckingham, Nature, 168, 281 (1951); M. J. Bucking- 
‘198 hi M. R. Shafroth, Proc. Phys. Soc. (London) A67, 828 
1954). 

5H. M. Krutter, Phys. Rev. 48, 664 (1935); D. J. Howarth, 
Proc. Roy. Soc. (London) A220, 513 (1953). 
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measured between 300°K and 1.45°K. We wished to 
resolve the discrepancies between the earlier measure- 
ments and also extend our knowledge of the suscepti- 
bility into the liquid helium range. (There have been 
no previous total static susceptibility measurements 
made of any of the highly conducting simpler metals in 
the liquid helium range of temperatures.) A technical 
difficulty arising in measurements at low temperatures,® 
due to induction damping of the motion of the specimen 
in the magnetic field, has been overcome. 


II. METHOD 


The susceptibility measurements have been made 
using the Gouy technique, the apparatus being identical 
to that used in previous work on sodium.*® 

The copper used for the specimen was the highest 
purity copper known to be available. This is supplied 
by the American Smelting and Refining Company 
and is quoted as 99.999% copper. In a study of this 
high-purity copper, Smart ef al.” were not able to detect 
any impurity by spectrographic analysis. For our 
experiments, freedom from strongly paramagnetic and 
ferromagnetic impurity is most important. In this class 
of impurity, iron and nickel are the two most likely 
to be found and it is estimated by Smart ef al. that the 
concentration of each of these in the copper is less than 
a part per million. The bulk metal has a residual 
electrical resistance ratio of approximately 1/1000, 
which is a factor 3 lower than that of any other high- 
purity copper available commercially.® 

In order to avoid difficulties due to electromagnetic 
damping, the specimen shown in Fig. 1 was used. It 
consisted of 50 wires of 0.3 mm diameter spaced apart 
from each other by two disks of Teflon. Great care 
was taken to avoid contamination in drawing the wire 
down from the bulk metal. The wire was frequently 
etched to remove surface contamination, especially 
before annealing. A piece of the final annealed wire was 
clamped between two terminals for a residual resistance 
measurement without annealing after the handling and 
clamping. The residual resistance value was found to 
be 1/350 which indicates that very little impurity 
could have entered during the wire-drawing process.° 

The specimen shown in Fig. 1 was made from cleaned 
and annealed wire but after the specimen had been 
constructed, the whole specimen was cleaned and 
reannealed. 

The procedure used for calibrating the balance has 
been described earlier. The correction for the Teflon 
end pieces was 3% at all temperatures. The correction 
which allows for thermal contraction of the specimen 


6 R. Bowers, Phys. Rev. 100, 1141 (1955). 

7Smart, Smith, and Phillips, Am. Inst. Mining Met. Engrs. 
143, 272 (1941). 

8 M. Garfunkel (private communication). 

®The drawing procedure which enabled us to maintain the 
purity of the copper was devised by Dr. J. C. R. Kelly, whose 
important contribution is gratefully acknowledged. 
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Fic. 1. Diagram of 
specimen. 
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below room temperature is only a fraction of a percent 
and has been neglected. 

Previous work with a dilute magnetic salt (ZnS; 
0.1% Mn) has demonstrated that there is temperature 
equilibrium between the specimen and surrounding 
low-temperature bath.* Hence we have determined the 
temperature of the copper specimen from measurements 
of the vapor pressure of the surrounding refrigerant. 
This method is, however, subject to doubt when the 
refrigerant is entirely in the solid phase. One of the 
measurements of the susceptibility of copper has been 
made using solid hydrogen and the temperature of 
this determination will be specified in the table of 
results as 10+1°K. Past experience in the use of solid 
hydrogen suggests that the actual temperature is 
within the limits specified. 


III. RESULTS 


The susceptibility was found to be independent of 
magnetic field between 1500 gauss and 4400 gauss. 
Below 1500 gauss, the susceptibility was found to be 
slightly field dependent at all temperatures. We 
presumed that this was due to ferromagnetic inclusions 
in the specimen which are saturated by external fields 
greater than 1500 gauss. The concentration of ferro- 
magnetic impurity is too small to be observed when 
saturated. The susceptibility data recorded below are 
the field independent values. 

The values obtained for the susceptibility per unit 
mass at various temperatures from 300°K to 1.45°K 
are listed in Table I. The period of the balance ob- 
served at the lowest temperatures indicated that the 
damping was well below the critical value. 

The susceptibility is plotted against 1/7 in Fig. 2. 
The relation 


0.023 
xL>= (-0.08:-+—) x 10-® 


represents the data with a mean scatter of 1%. 
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Fic. 2. The magnetic susceptibility of copper. 


IV. DISCUSSION 


The value we obtain for the susceptibility of copper 
at room temperature is 1.5% lower than the value 
obtained by Bitter et al. It is 3.5% lower than a mean 
value of various previous determinations.’ 

The temperature dependence observed by us does 
not agree with that found in either of the two previous 
determinations. From 300°K to 14°K we find only a 
small change in the diamagnetic susceptibility; it 
decreases by 3.5%. De Haas and van Alphen found an 
increase of 12% in this range while Bitter et al. found 
an increase of 3% between 300°K and 63°K, followed 
by a decrease of 35% between 63°K and 14°K. Our 
data below 14°K, also, shows no sign of the latter 
anomaly. The change in the susceptibility which we 
find on the liquid helium range is somewhat larger than 
that suggested by Mackinnon’s work (see reference 3). 

In any evaluation of the work described above, 
consideration must be given to two important experi- 
mental features. Clearly, the copper must be very pure, 
particularly free of paramagnetic and ferromagnetic 
impurities. No analysis is given of the specimens used 
by de Haas and van Alphen but they say that no 
ferromagnetic impurity was present. The sign of their 
temperature dependence is in any case opposite to that 
one would expect from paramagnetic impurities. The 
copper used by Bitter et al. was the same A.S.R. 
high-purity copper used in our work; it had less than 
0.00007% iron in it, and the anomaly observed by them 
does not appear to be explainable in terms of para- 
magnetic impurities. The second point concerns a 
difficulty arising in the measurement of very pure 
specimens. When one uses a magnetic balance, electro- 
magnetic damping of the specimen in the magnetic 
field can become very troublesome at low temperatures. ® 
De Haas and van Alphen had difficulty with this and 
as a result state that their measurements “are not too 
accurate.” No reference is made to this difficulty in the 
article of Bitter et al. 


10 International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1929), Vol. 6, 354. 


TABLE I. The susceptibility of copper at various temperatures 








Mass susceptibility 
(cgs units) 


300 —0.0830 Xx 10-6 
77 0.0816 
20.2 0.0821 
18.1 0.0816 
16.3 0.0812 
13.8 0.0802 
10+1 0.0795 

4.187 0.0771 
3.003 0.0735 
2.155 0.0706 
1.450 0.0673 


Temperature 
(°K) 











Since de Haas and van Alphen state their results are 
not too accurate because of damping difficulties, there 
is little point in looking for further reasons to explain 
the disparity between their results and those presented 
in this paper. We do not know the origin of the anomaly 
found by Bitter et al.; however, we observe that the 
temperature range in which the anomaly appears is 
just that in which damping problems should become 
serious. 

Our results between room temperature and 1.5°K 
can be expressed as the sum of a constant diamagnetic 
susceptibility and a paramagnetic term proportional] 
to 1/T. About one-fifth of this 1/7 component results 
from the nuclear moment of the copper. It would only 
require 3 parts in 10’ of a strongly paramagnetic ion 
such as Fet*, to explain the remainder of the 1/T 
dependence, and this level of impurity is plausible 
considering the analytical estimates for the para- 
magnetic impurity content. 

Thus it seems likely that the susceptibility of pure 
copper is substantially independent of temperature, 
and that the measured temperature dependence in our 
case is due to impurity. That the temperature de- 
pendence in the helium range should be attributed to 
impurities and not to the copper itself is supported by 
measurements of the electronic specific heat of copper" ; 
in these experiments, y was found to be independent 
of temperature in the helium range. 

In conclusion, we wish to comment on the search 
for small anomalies in the susceptibility at low tem- 
peratures.‘ It is clear from the analysis of our data that 
for such measurements, one really requires specimens 
whose purity is at least an order of magnitude higher 
than those currently available; otherwise existing 
anomalies may be masked by the effect of impurities. 
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Specific Heat of a Magnetite Crystal at Liquid Helium Temperatures* 


J. S. Kovvett 
Division of Applied Science, Harvard University, Cambridge, Massachusetts 
(Received February 10, 1956) 


The heat capacity of a large natural crystal of magnetite was measured between 1.8 and 4.2°K. The 
specific heat, as a function of temperature, is resolved into two parts: a T* term that presumably is the 
lattice heat, and a T! term that may be identified as a spin-wave contribution to the specific heat. 





LOCH’S T* law! for the temperature decrease of the 
magnetization of a ferromagnet has been difficult 
to confirm experimentally because at very low tempera- 
tures (where Bloch’s analysis is most applicable), it 
is necessary to measure extremely small relative changes 
of magnetization. However, directly associated with 
the Bloch magnetization law, there is a specific heat? 
whose entire magnitude varies as T!. The detection of 
this magnetic specific heat should be feasible at very low 
temperatures where it would be comparable in magni- 
tude with the lattice heat whose temperature depend- 
ence is presumably cubic. Unfortunately, in ferromag- 
netic metals, the large electronic heat, varying only 
linearly with temperature, would easily mask any small 
T' term. In the case of the ferrites, however, their electri- 
cal properties suggest that the density of states at the 
Fermi level and, hence, the electronic heat are extremely 
small. Moreover, it has been demonstrated by spin- 
wave arguments that the ferrimagnetism of the ferrites 
also leads to a T? variation of the magnetization* and 
the associated specific heat.‘ 

Calorimetric measurements were made between 1.8 
and 4.2°K on a large natural crystal of magnetite 
(44.9 g or 0.194 mole). The use of sintered ferrite 
specimens was prohibited by their very low thermal 
conductivity, while the use of ferrite powder presented 
serious difficulties due to desorption of helium exchange 
gas inside the calorimeter. A constantan wire heater 
and a carbon resistor thermometer were attached 
directly to the magnetite crystal which was suspended 
by nylon thread inside a vacuum tight container 
within the liquid helium bath. Standard low-tempera- 
ture calorimetric procedure was followed except that 
the extremely small heat capacity of the specimen 
accentuated the effects of thermal lags in our system 
and, hence, compelled us to develop and use a new 
method for computing the specific heat from the 
temperature-time response curves.® 

* This research was supported jointly by the U. S. Navy 
(Office of Naval Research), the Signa! Corps of the U. S. Army, 
and the U. S. Air Force. 

t Present address: Nemcrs Electric Research Laboratory, 
Schenectady, New Yor 

1F, Bloch, Z. Physik “61, 206 (1930). 

*N. F. Mott and H. Jones, Theory of the Properties of Metals and 
Alloys (Oxford University Press, Oxford, 1936), pp. 236-239. 

3H. Kaplan, Phys. Rev. 86, 121 (1952). 

4J. S. Kouvel, Technical Report 210, Cruft Laboratory, 


Harvard University, February 1, 1955 (unpublished). 
5 J. S. Kouvel, J. Appl. Phys. (to be published). 


In Fig. 1, our results are shown as a plot of C/T! 
versus T!, where C is the total heat capacity of the 
specimen. The experimental points fall very close to the 
straight line, obtained by the method of least squares, 
which gives for the molar specific heat, C,,, as a function 
of temperature: 


Cm=1.315T!+-0.047T* millijoules/°K. (1) 


The cubic term is the lattice heat and yields a Debye 
temperature of 660°K which agrees reasonably well 
with the value of 570°K deduced from Millar’s data 
at much higher temperatures.® 

From a spin-wave analysis of the magnetite 
structure, the magnetic contribution to the molar 
specific heat is found to be: 


2(2Sp—Sa)kT 
WJ 4pSaSp—2J aS a°—4J ppS 5° 





C aa ico. 1 1 3R 


(2) 
where S,4 and Sx, are the average electronic spins 
associated with the ionic moments of the tetrahedral 
and octahedral sites, respectively; R is the molar 
gas constant. The J’s are the absolute magnitudes of 
the different negative exchange interactions between 
nearest neighboring spins,’ and are found to be related 
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Fic. 1. C/T! vs T}, where C is the total heat capacity of the 
magnetite crystal specimen (0.194 mole) and 7 is the absolute 
temperature. 


®R. W. Millar, J. Am. Chem. Soc. 51, 215 (1929). 
TL. Néel, Ann. phys. 3, 137 (1948). 
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to the Curie temperature, T., as follows‘: 


kT —~4AV2J 43040 3— (4/3)Jaa04°2—2J pao’, 
on?=Sy(Sn+1). (3) 


As a first approximation, terms in Ja44 and Jgz in 
Eqs. (2) and (3) may be considered negligible compared 
to terms in Jaz.’ Then, setting S4=2.5 and Sg=2.25 
and the 7? term in Eq. (1) equal to the right-hand side 
of Eq. (2), we find that Jase5.15k, and from Eq. (3) 
that kT .<~45.2J4z. The combination of these results 
gives T~235°K, which is far below the directly 
measured value of 848°K. 
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It would be premature to attempt an explanation of 
this quantitative discrepancy in the light of only these 
preliminary results. We propose to extend these 
measurements to higher temperatures and to other 
ferrite crystals, and also study the effects of an external 
magnetic field on the spin-wave component of the 
specific heat.® 

The author is very grateful to Professor H. Brooks 
and Professor N. Bloembergen for their encouragement 
in this work and to Mr. E. Weiss for his assistance 
in the measurements. 


8 J. S. Kouvel and H. Brooks, Technical Report 198, Cruft 
Laboratory, Harvard University, May 20, 1954 (unpublished). 
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Components of the Thermodynamic Functions of Iron 


R. J. Weiss AND K. J. TAUER* 
Ordnance Materials Research Office, Watertown Arsenal, Watertown, Massachusetts 
(Received January 23, 1956) 


The thermodynamic functions enthalpy, entropy, and free energy of alpha and gamma iron are deter- 
mined from existing data. These functions are resolved into their magnetic, lattice, and electronic compo- 
nents on the basis of additivity of the respective specific heat components. The total magnetic entropy at 
the melting point approaches R In(2s+1), where s is the unpaired spin per atom, indicating the validity of 
the method of separating specific heat components. A comparison plot of magnetic entropy versus tempera- 
ture and saturation magnetization versus temperature qualitatively distinguishes the long- and short-range 
magnetic order. It is shown that the magnetic enthalpy at the melting point is of order kT, where 7, is the 
Curie temperature. It is further shown that in the absence of magnetic effects the y lattice at absolute zero 
is more stable than the a lattice by approximately 130 cal/mole. Finally, the components of the free energy 
are appropriately modified for the iron-rich FeMn alloy in order to determine the phase boundaries. 


INTRODUCTION 


HE recent collation of Darken and Smith! prob- 
ably contains the best values of the specific heat 
of a iron and the deduced specific heat of y iron. How- 
ever, the existence of antiferromagnetism in y iron 
with Néel temperature ~80°K and moment ~0.57 
Bohr magnetons,? unknown to Darken and Smith, 
will modify their data. Their deduced specific heat 
curve for y iron which depended on equating the en- 
tropies of the two phases from 0 to 1353°K is thus 
altered by virtue of the magnetic entropy of y iron and 
results in a more realistic Debye temperature of 335°K 
rather than 300°K obtained by Darken and Smith. 
With the established specific heat curves of both the 
body-centered and face-centered iron phases, the en- 
thalpies and entropies can then be determined as a 
function of temperature by graphical integration with 
careful attention to the maintanance of consistency with 
the known enthalpies and entropies at the transition 
* Chemistry Department, Boston College, Chestnut Hill 67, 
Massachusetts. 
man Darken and R. P. Smith, Ind. & Eng. Chem. 43, 1815 


2 Susceptibility and neutron diffraction data unpublished, 
Corliss, Hastings, and Weiss. 


temperatures, 1183°K and 1673°K. Finally, the Gibbs 
free-energy functions as a function of temperature can 
then be established from the calculated enthalpy and 
entropy functions according to the definition G(T) 
=H(T)—TS(T). 

Since the primary objective of these calculations is 
the application of the thermodynamic functions to 
iron-rich alloys, it was necessary in our case to analyze 
the total free energy functions into their component 
parts, i.e., 


G ( T) total >= G ( T) magnetic G ( T )tatticet G ( T \aesneeaie: 


These component parts were then appropriately modi- 
fied in accordance with the known properties of the 
alloys to reconstruct the total free-energy functions for 
the alloy phases. This is an extension and correction of 
calculations previously reported by Zener.’ 


COMPONENTS OF a IRON 


The heat capacity data at low temperatures fit 
a Debye @ of 420°K. The lattice specific heat at con- 
stant pressure was then calculated from the relation 


3C. Zener, J. Metals 7, 619 (1955). 
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C,=C,t+a,2VT/B8 by the Nernst-Gruneisen relation 
Cy,=C,(1+va,T), where y=a,V/C,8 was assumed in- 
dependent of temperature. The coefficient of volume 
expansion a, was taken as triple the coefficient of 
linear expansion and the latter is obtained as a function 
of temperature from x-ray lattice parameter determina- 
tions of Basinski ef al.‘ Finally, the total nonmagnetic 
specific heat at constant pressure was completed by 
adding the electronic specific heat term ye17' where 
Yei= 11.5X10~. This yielded a calculated nonmagnetic 
specific heat equal to the measured value at the melting 
point and gave a 7-1 value in good agreement with the 
low temperature value of y.1=1210-*.5 Manning’s® 
calculations show that the density of states of body- 
centered iron at the Fermi surface does not vary ap- 
preciably with Fermi energy, so that qualitatively it is 
expected that y.1 does not vary appreciably with tem- 
perature. This conclusion is qualitative, since below the 
Curie temperature the electronic specific heat for each 
direction of spin is different and should be determined 
separately. The various specific heats are shown in 
Fig. 1. 

The calculation of a total nonmagnetic specific heat 
allowed for the determination of the magnetic specific 
heat by difference between the measured C, and the 
calculated lattice-plus-electronic C,. Graphical integra- 
tion of the C,(7) curves then resulted in the enthalpy 
functions Aota(T), HF magnetic(T), Miattice(T), and 
Hetectronic(T). Since no additional information was 
gained by separation of the latter two, they were com- 
bined into a single function Hponmag(T). Graphical 
integration of the C,(T)/T curves yielded the entropy 
functions Stota(T), Smag(T), and Snonmag(T). The mag- 
netic and nonmagnetic functions, H(7) and S(T), are 
tabulated in Table I. Several relations are worthy of 
emphasis. 

(a) The limiting value of Hinag(T) is of order NRT,’ 
where T, is the Curie temperature, i.e., the average 
thermal energy of Avogadro’s number of particles at 
the Curie temperature. This may be considered the 
average energy required to uncouple the spin moments. 

(b) The limiting value of Smag(Z) approaches 
Rin(2s+1), in which s is the number of unpaired 
spins; thus the measured entropy value approaches the 
statistical mechanical value for the disordering of 
Navogadro Moments of strength 2s. (This suggests a 
method of approximating the moment from specific 
heat data, as well as supporting the separation of 
magnetic and nonmagnetic components.) 

(c) At the Curie temperature, T.=1043°K, a sig- 
nificant fraction (~35%) of the magnetic entropy 


as % S. Basinski ef al. Proc. Roy. Soc. (London) A229, 459 

5 R. Stoner, Acta Metallurgica 2, 265 (1954). 

6M. F. Manning, Phys. Rev. 63, 190 (1943); J. B. Greene and 
M. F. Manning, Phys. Rev. 63, 203 (1943). 

7 Hoffmann, Paskin, and Weiss, Bull. Am. Phys. Soc. Ser. II, 1, 
418 (1959). 
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Fic. 1. Specific heat of a (b.c.c.) Fe. Curve A is the calculated 
lattice specific heat for a Debye 6=420°K. Curve B includes the 
electronic specific heat. 


remains. Since the magnetization drops sharply to zero 
at T., the entropy remaining at 7, must be associated 
with short-range magnetic order. This is discussed more 
completely in a later paragraph. 


COMPONENTS OF vy IRON 


The specific heat curve of y Fe constructed by 
Darken and Smith was partly based on widely scattered 
measured data in the stable region of y Fe but for the 
most part was adjusted to maintain thermodynamic 
consistency. We, however, have reconstructed the 
specific heat of y iron in the following manner: 

A Debye function with 6=335°K was corrected for 
lattice expansion to C,, again using x-ray lattice expan- 
sion data of Basinski et al. The electronic specific heat 
was taken approximately from Manning and Greene® 
which indicated a density of states at the Fermi level 
of 2 that of a iron. This gave a ye of 8X10~. The 
resulting specific heat curve agreed to within 2% of 
that chosen by Darken and Smith, except for low tem- 
peratures where the specific heat anomaly due to the 


TABLE I. Magnetic and nonmagnetic enthalpy and entropy in 
cal/mole as a function of temperature for a iron. The subscript 
zero refers to the values of the functions at absolute zero. (Ho)mag 
> — 2086, (Ho) nonmag=0, (So)mag= 0, (So) nonmeg= 0. 
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Fic. 2. The calculated specific heat components of + (f.c.c.) Fe. 
antiferromagnetic Néel point® gave an appreciable 


magnetic enthalpy and entropy. It is precisely for this 
reason that our specific heat curve was fitted by a 
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Fic. 3. The total free energy difference of a and y iron as a 
function of temperature together with its magnetic and non- 
magnetic components. 











8 Analysis of several magnetic lambda points (to be published) 
has substantiated the fact that the entropy/mole is essentially 
R \In(2s+1) and the enthalpy/mole is of order RT.. A similar 
analysis for 8 brass revealed the entropy, as determined from 
specific heat, and long range order as measured from x-ray 
super lattice intensity to be similarly related. Here too, an ap- 
preciable fraction of short-range order entropy persists above 
the critical temperature. 
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characteristic temperature of 335°K rather than the 
anomalously low value (compare neighboring f.c.c. 
elements) of 300°K indicated by the Darken and 
Smith curve. Thermodynamic consistency from the 
Third Law required the entropy difference (S*—.S7) 
from 0°K to 1353°K to be zero. With the magnetic 
entropy of y iron added to the y lattice entropy, such 
consistency was maintained. The several other condi- 
tions of thermodynamic consistency were also satisfield 
(see Darken and Smith’). Figure 2 is a plot of the 
calculated specific heat of y iron with the magnetic 
anomaly included. 

The total free-energy differences were then de- 
termined graphically from 


(G*—Go*)(T)— (G@"—Gy") (T) 


-f 


TABLE IT. Magnetic and nonmagnetic enthalpy and entropy in 
cal/mole as a function of temperature for y iron. The subscript 
zero refers to the value of the function at absolute zero. (Ho)mag 
= — 160, (Ho) nonmag= ad 130, (So)mag=0, (So) nonmag= 90. 
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where the subscript zero refers to the zero-point free 
energies and can be represented by 


(Go) total (Go) nonmagt (Go*) magnetic (2) 


(Go*)nonmag is taken as zero for all calculations (refer- 
ence level) and 


(Go*)mag= —RT.= — 2086 cal/mole, (3) 


where the unmagnetized state at absolute zero is taken 
as zero. (Go’) ‘can similarly be factored and we then 
obtain 


(Go*—Go") totaa= (— 2086) — [— 160+ (Go) nonmag ] 
= — 1926 cal/mole— (Go) nonmag: (4) 


The unknown quantity, (Go”)nonmag, Was determined 
by matching free energies at the transition points 
1183°K and 1673°K. This gave a value of (Go”) equal 
to —130 cal/mole, i.e., neglecting magnetic effects, 
the y lattice (f.c.c.) at O°K is stable by 130 cal/mole 





COMPONENTS OF 


with respect to the a lattice (b.c.c.). The magnetic and 
nonmagnetic functions H(7) and S(T) are tabulated in 
Table II. 

Figure 3 is a plot of (G*—G7). These values are also 
tabulated in Table III and compared to those of 
Darken and Smith. Included in Fig. 3 are the lattice 
(including electronic) and magnetic free energy com- 
ponents. It is apparent that the magnetic free energy, 
as pointed out by Zener, plays a decisive role in de- 
termining the relative stability of the two phases. 

It can be seen from Table I that an appreciable frac- 
tion of the magnetic entropy remains above the Curie 
temperature. The Curie temperature, as indicated by 
a curve of magnetization versus temperature, marks the 
disappearance of long-range magnetic order and one is 
therefore left with some measure of the short-range 
magnetic order. Figure 4 shows a comparison of the 
experimental magnetization curve and the magnetic 


TABLE III. Total free energy difference in calories per mole as a 
function of temperature of a and y¥ iron. 
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entropy change both normalized to unity. This clearly 
shows that at least up to temperatures close to the 
Curie point the major entropy change is qualitatively 
associated with the decrease in long-range order.? Ex- 
perimental evidence of short range order above the 
Curie temperature has been collected by Shull!® from 
neutron diffraction experiments and indicates presence 
of short-range order at least up to the transition tem- 
perature of 1183°K. However, a direct comparison of 
short-range order from neutron diffraction experiments 
with the remaining magnetic entropy of Fig. 4 requires 
a specific model and no attempt has been made to 
effect such a comparison. 


H(S) CURVES 


In order to extend these thermodynamic relations to 
iron-rich alloys with known Curie or Néel temperatures 


9 Note added in proof—At temperatures up to 7./3 it can be 
shown from spin wave theory that both functions plotted in 
Fig. 4 can be given as 1— AT! where A is a constant. 

10 C, G. Shull (to be published). 
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Fic. 4. The reduced saturation magnetization of @ iron as a 
function of temperature together with the reduced magnetic 
entropy change of @ iron indicating the close relation between 
entropy and long-range order at temperatures below the Curie 
temperature. 


and Bohr magneton numbers, but unknown specific 
heat data, a study was made of many magnetic lambda 
points. In each of these cases the measured specific heat 
data were analyzed similar to that of a iron and the 
anomalous specific heat determined. From this the 
magnetic H(T) and S(7) functions were obtained, and 
most conveniently plotted as H versus S curves. The a 
iron curve, Fig. 5, was found to be typical. These curves 
have the following general features: 


(a) The tangent at any point, dH/dS, is the tem- 
perature. 

(b) The intercept with the H-axis of any tangent to 
the curve is the magnetic free energy for that tem- 
perature. 

The specific similar features noted were as follows: 


(1) Approximately 70-85% of the available mag- 
netic entropy and about 60-75% of the available 
magnetic enthalpy are liberated up to the Curie or 
Néel temperature. 

(2) The terminus of the curve is at the point HRT, 
and S=R1n(2s+1), consistent with our finding for a 
iron. 
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Fic. 5. The magnetic enthalpy versus entropy curve of a iron. 
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Fic. 6. The magnetic free energy of a and y iron and a 
10% Mn a and 7 alloy. 


(3) In the case of transition metals and alloys with 
similar crystal structure, a simple technique of deducing 
the magnetic H versus S curve involved a contraction 
of the H scale by the ratio of the Curie temperatures 
and the S scale by the ratio of the logarithms (2s+1), 
since the Curie temperatures were found to be propor- 
tional to the In(2s+1). This relationship is illustrated 
in Table IV for many alloys, where the ratio of the 
observed and calculated Curie temperatures to In(2s+ 1) 
are plotted. This ratio for f.c.c. alloys was 1.5 times the 
ratio for b.c.c. alloys which is merely the ratio of the 
number of nearest neighbors. 

These relations enable one to construct a good ap- 
proximation to the magnetic H versus S curve for any 
transition metal with known Curie or Néel temperature 
and Bohr magneton number. From this, the magnetic 
free energy versus temperature and the anomalous 
specific heat versus temperature can be obtained. 


EXTENSION TO IRON-RICH ALLOYS 


An extension of the above thermodynamic considera- 
tion was made to the iron rich region of the iron man- 
ganese system. This system was chosen for several 
reasons: 
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Fic. 7. The free energy versus concentration of Mn of a and y 
alloy at 893°K. The common tangents denote the concentrations 
of equal chemical potentials. 
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TABLE IV. The ratio of Curie temperature in degrees Kelvin to 
In(2s+1), where 2s is the spin for ferromagnetic elements and 
alloys of the first transition group.* 








Ratio Ratio 
Te Body- Te 


ee centered a 
In (2s+1) cubic Substance In(2s+1) 
1400 FeCr 304 Fe 
1410 50 
70 
100 
FeCo 85 


1420 
FeAl 70% 
FeMn 84% 


Substance 





Av =905 +20 


Av =1360+50 








* All data taken from R. Bozorth, Ferromagnetism (D. Van Nostrand 
Company, New York, 1951). 


(a) Data are available giving the effect of Mn on 
both Curie temperature and Bohr magneton number for 
both a phase" and y phase.” Table V lists these effects. 

(b) The Debye temperatures of iron and manganese 
are sufficiently similar so that the change in lattice free 
energy is expected to be small compared to magnetic 
free energy and can be neglected. 

(c) There is no evidence for atomic ordering in the 
alloys so that the thermodynamics of ideal solutions 
are sufficient. 

Since equilibrium in a heterogeneous system is 
governed by equal chemical potentials of the various 
components of all phases in equilibrium, the determina- 
tion of phase diagrams reduces to the problem of the 
determination of chemical potentials. This is most 
conveniently done here, by graphically determining the 
common tangent to the free energy versus concentration 
curves for the a and y phases.” In the iron-manganese 
system these curves were determined in the following 
manner: 


(a) The lattice free energies for both a and y phases 
were assumed independent of manganese concentra- 
tions and therefore the pure iron functions were cor- 
rected only for the entropy of mixing. This is equivalent 
to the assumption that over the concentration range of 
interest (0-30% Mn) the lattice characteristic tem- 


TABLE V. Change of Curie temperature and Bohr magneton 
number of a and y iron with addition of Mn. 











AT. (degrees) 
AC(Mn)% 


— 10.6 
+6.4 


As (Bohr magnetons) 
AC(Mn)% 


—0.03 
+0.02 











a alloy 
¥ alloy 








1 R. Bozarth, Ferromagnetism (D. Van Nostrand Company, 
New York, 1951), p. 235. 

12 Corliss, Hastings, and Weiss (to be published). 

31, S. Darken and R. W. Gurry, Physical Chemistry of Metals 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 240. 
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Fic. 8. The free energy versus concentration of Mn of 
a and y alloy at 733°K. 


peratures do not change appreciably, nor do the lattice 
zero point energies change significantly. 

(b) The magnetic free energy of the a phase was de- 
termined by a reduction in scale of the magnetic H 
versus S curve of pure a iron. The reduction was in the 
ratio of Curie temperatures for the H scale and of 
In(2s+1) for the s scale. This is illustrated for 10% Mn 
in Fig. 6. 

(c) The magnetic free energy of the y phase is simply 
[—RT In(2s+1)] since the phase boundaries were cal- 
culated only in the temperature region well above the 
Néel temperatures so that the spins are completely 
uncoupled. This also is illustrated for 10% Mn in 
Fig. 6. 

These considerations enabled the calculation of the 
free energies as a function of concentration of Mn for 
the two phases and are shown in Figs. 7 and 8 for the 
temperatures 893°K and 733°K respectively. The 
common tangents shown, determined the phase bound- 
aries. Figure 9 shows the experimental and calculated 
phase boundaries. 


EXTENSION TO OTHER ALLOYS 


Since no data are available on the effect of other 
alloy elements on the magnetic properties of the y 
phase, it was not feasible to extend this analysis to other 
systems. However, the following general remarks are 
appropriate for future calculations when such data are 
available. 


(a) In addition to the magnetic effects of the alloying 
elements one must know the change in Debye tempera- 
ture as well as the change in the electronic specific 
heat term" and zero-point lattice free energy as a func- 
tion of concentration. As the alloying and parent ele- 


14 R, Smoluchowski and J. Koehler, Ann. Rev. Phys. Chem. 2, 
187 (1941). 
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Fic. 9. The calculated and observed iron-rich Fe-Mn phase 
diagram. (Solid line calculated.) 


ments become more removed in the periodic table, these 
factors will become more important and necessary. For 
example, the zero-point energies of elements below 
iron favor the a phase (b.c.c.) while the elements above 
iron favor the y phase (f.c.c.). It is estimated that for 
chromium this difference is of the order of 3500 cal/mole 
(a stable) as compared to 130 cal/mole (y stable) for 
iron. 

(b) Any effects of atomic ordering will clearly vitiate 
the ideal entropy of mixing terms included in the 
analysis of Fe-Mn presented here. 

(c) If the masses of the two elements in the alloy 
are very dissimilar, the optical branch of the frequency 
spectrum may add additional Einstein terms. 


COMPARISON TO PREVIOUS WORK 


While Zener® has correctly realized the importance of 
the magnetic free energy, we wish to make the following 
comments concerning his work. (1) The assumption 
that the nonmagnetic free energy difference of a and y 
iron is linear with temperature, assumes that the non- 
magnetic specific heats are equal. This would only be 
correct if the coefficients of linear expansion and the 
electronic ye: terms were identical. (They are not.) 
(2) No attempt is made to calculate chemical poten- 
tials which are the thermodynamically determining 
property. (3) Zener neglects entropy of mixing in his 
calculations as well as ordering effects. This is particu- 
larly serious for Fe-Al. (4) The effect of alloying ele- 
ments is not merely to shift the magnetic free energy 
curve parallel to the temperature axis, but to change its 
shape since the change in Bohr magneton numbers 
alters its final slope. (5) The effect of alloying elements 
is not merely to shift the nonmagnetic free energy 
normal to the temperature axis, but rather involves all 
of the considerations discussed in the section “Extension 
to Other Alloys.” (6) The use of the Ms (Martensite 
start) temperature is not thermodynamically acceptable 
as an equilibrium property. 
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The conductivity, Hall coefficient, and low-field magnetoresistance are calculated for a semiconductor 
with conduction in two sets of spheroids, one set oriented along [100] directions, the other along [111] 
directions in reciprocal lattice space. These calculations are used in an analysis of experimental data on 
alloys of twelve to seventeen percent silicon in germanium. A good fit to the data is obtained assuming 
such a conduction band, with the shape of the [111] spheroids similar to that found in germanium and 
the shape of the [100] spheroids like those in silicon. Some interband scattering is introduced to give the 
observed mobility variation with composition. The calculated energy separations of the [111] and the 
[100] minima depend strongly on the scattering assumed. 





I. INTRODUCTION 


PHENOMENOLOGICAL theory of the galva- 

nomagnetic effects in semiconductors having 
spheroidal energy surfaces has been discussed by a 
number of authors.~* The treatments have been 
applied in particular to the two cases: (a) six spheroids 
with axes along the [100] directions in reciprocal lattice 
space, (b) four or eight spheroids with major axes along 
the [111] directions in reciprocal lattice space. Case 
(a) describes the conduction band in silicon®.* and case 
(b) describes the germanium conduction band.®:* It is 
of interest to consider a semiconductor with a conduc- 
tion band made up (considering possible occupied 
states) of a set of type (a) and a set of type (b), with 
minima separated in energy by 


AE= y00°— 811)". (1) 


The alloy system germanium-silicon contains possible 
examples of a semiconductor with conduction occurring 
in these two sets.*:’ Figure 1 is a plot of the optical 
band gap of the germanium-silicon alloys as a function 
of composition, taken from Johnson and Christian’s 
letter.” These data can be fitted by one line from 0 to 
15 percent silicon content and another line of different 
slope from 15 to 100 percent silicon. To explain® these 
results, it is first assumed that in germanium the [100] 
states are about 0.18 ev above the [111] states. As 
silicon is added to form the alloys, both sets of states 
move away from the valence band, but the [100] move 
less rapidly than the [111]. At about 15 percent silicon 
content, the two sets are at the same energy. For alloys 
with greater than 15 percent silicon, conduction is 
mainly in the [100] states. The break in slope in the 
optical band gap curve is caused by a transition from 
a semiconductor with conduction in the [111] minima 
to one in which conduction occurs in [100] minima. 
An alloy of about 15 percent silicon would then be an 


1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

2M. Shibuya, Phys. Rev. 95, 1385 (1954). 

3 C. Herring, Bell System Tech. J. 34, 237 (1955). 

4C. Herring and E. Vogt (to be published). 

5 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

¢ F, Herman, Phys. Rev. 95, 847 (1954). 

7 E. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954) 


example of a semiconductor with conduction occurring 
in two different states or bands. 

We shall calculate the galvanomagnetic effects of 
such a semiconductor and then apply these results to 
measurements made on germanium-silicon alloys of 
12-16 percent silicon content. 


II. CALCULATIONS 


In treating the transport processes, the following 
assumptions are made. 

(a) The conduction band consists of six [100]- 
oriented spheroids and four [111 ]-oriented spheroids, 
each of which is represented by an equation of the form 

P?+P? P# 
6= 6+ nfomons, (2) 
2m' 2m! 





&° is the energy difference between the bottom of the 
spheroid and the top of the valence band, and the 
coordinates are taken along and perpendicular to the 
spheroid axis. There are two sets of effective masses, 
one (m') along the axis and one (m‘) perpendicular to 
it, for each class of spheroid. 
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(b) The scattering of the carriers in each spheroid 
may be represented by a relaxation time 7, and this 
relaxation time is a function of the energy only. Scat- 
tering by longitudinal acoustical waves is of this form.® 
Intervalley lattice scattering and neutral impurity 
scattering also should yield such a relaxation time. 
Scattering by ionized impurities and by some of the 
acoustical modes may be poorly described by such a 
relaxation time. For these cases, Herring and Vogt* 
have introduced three relaxation times for the principal 
ellipsoidal directions. The result of such a treatment 
for the galvanomagnetic effects is to weight the re- 
ciprocal effective mass by the relaxation time for that 
direction. An analysis which assumes one 7(&) may 
then incorporate such a relaxation time anisotropy 
into the calculated energy surface anisotropy. 

(c) The conductivity is the sum of the contributions 
from each spheroid. The two sets differ in their contri- 
butions because of different shapes and orientation, 
different relaxation times, and because of different 
distances from the Fermi energy. 

(d) The calculations are carried out in the limit of 
“weak” magnetic fields, i.e., terms in H* and higher in 
the series expansion of the distribution function are 
neglected. 

Use is made of the treatment given by Abeles and 
Meiboom! for the simpler cases of [111] and of [100] 
spheroids alone. Where the treatment is identical, 
their results are referred to. 

The electric current density in the presence of 
electric and magnetic fields is 


é dfo 
1-—_ [ grad,é—-dV, (3) 
Anh 06 


where ¢ is a function’ of the electric field E, magnetic 
field H, the energy & and the shape of the energy 
surfaces, and the scattering relaxation time 7. Here 
fo is the electron distribution function in the absence 
of fields. 

The current contribution from each spheroid is 


tj=onE toni Hit¢ikimExH Hn, (4) 


where the o’s are integrals over momentum space. The 
summation convention is used throughout. When 
r=7(&), and the momentum coordinates are chosen 
along and perpendicular to the principal axis of the 
energy spheroid, the o’s are 


on=on=UKFy, FR 
(5a) 
o33= ub ly 
123= —O213= — UvK*F, 
5 (5b) 
0231=0312= —O132= — O32 = WKF, 
8 J. M. Radcliffe, Proc. Phys. Soc. (London) A68, 675 (1955). 


9H. Jones and C. Zener, Proc. Roy. Soc. (London) A145, 268 
(1934). : 


IN SEMICONDUCTOR 


01122=O2011= — WKF 5, 
71133= 02233= — uv’ KF, 
a (5c) 
03311= 0 3322= — uv" K F 3, 
Cijij= uv’K Fs. 
The other components of the o tensor are zero. Here” 
4ne 


“= (kT)-*2, 
3mm! 


e 
v=-(m')—, 
c 
K=m'/m', 


Fax foros exp(— &/kT)d6, (9) 


and m is the density of carriers in this spheroid: 


2rkT \3 
n=2(—~) m'(m')§ exp(— Sr/RT). (10) 


The contributions from each of the six [100] sphe- 
roids and the four [111] spheroids are summed to give 
the total current in the i-direction. 


T=Die Eet Diet LA t+>d ittim ExHi n, 
Dd in= { (4/3) ein (2Kin+1) Pi 
+2y00(2Ky00+1) FO dix, 
Dd intr= {— (4/3) earirK (Kin +2) Fo 
— 2,000100K 100(K 100+2) F 2 } e x2, 
D iktm= — (8/9) eyr9119?K ana (Kin — 1)2F 3 


(11) 
(12a) 
(12b) 


i=k=l=m 
= — (4/9) enn Kin(2Kvr+5Ki+2) Fy 
— 2110001007 100(K 100?-+ K 1900-+:1) F 3° 
i=k#~l=m 
= (4/9) e011? Kin(Kiur+7Kint1) Fs 
+614, 000100°K 100° 3° i=l~k=m 
= (4/9) yi? Kain (Kin— 1)?F 3! 
i=mA#k=I1. (12c) 


To calculate the Hall constant Ry and the magneto- 
resistance coefficients, Eq. (11) is inverted to give the 
electric field as a function of the current and the 
magnetic field. For cubic crystals the magnetoresistance 


If r=A8?, Fa=A%(kT)2?*920 (ap +-5/2). 
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can be represented by the expression" 


Ap (1-H)? JfH?%+12H?+1?H? 
=b+ce +d, ; 
PH 





pH? PH 


(13) 


Substituting into Eqs. (12) the expressions for the 
functions « and », and taking the reciprocal resistivity 
tensor, we have the relations 


16v2re* 


oo= s exp(— Sr™/kT), (14a 
0 3PRT xp pr“ /kT) ) 


3WkT t 
Ro= —exp(Sr"/kT), 
16v2rec 
Reo’ (s/P)[(4/9) (miun')4 
X (2Kir?+5Kint2)F 3° 
+2(moo")—*(K 100° +-K 10 +1) DF3™ ]— 1}, 
c= Reo ?{1—(s/P)((4/9) mi) 4 
X (2Kur?+5Kint+2)F 3° 
+6(my00")*K 100F 3° D J}, 
d= Reae(s/F)L (8/9) (min!) *(Kin—1)°F 
—2(myoo')—*(K 100— 1)*F 3° D], 


(14b) 


(14¢c) 


where 


2K i00+1 
Fy +2 (myoo")* -F 0D, 


o= —(my11! i 2 
3 111 100 


t= (4/3) (mi) (Kinr+2)F 20 
+2(mroo") 
E111°)/kT ]. 


The magnetoresistance is then a function of the Hall 
mobility Rooo, the scattering, the longitudinal, and 
transverse effective masses of each set of valleys, and 
the energy separation of the two sets. All of these 
cannot be determined from the measured values of 
Ro, o0,; b, ¢, and d. 

In the cases where there are six [100] valleys or four 
[111] valleys alone, the following symmetry conditions 
hold: 


(K100+2)F 29D, 
D=exp[- (8100°— 


(15) 


gaan 


[111 ]-oriented, 


b+c+d=0 
d<0 


[100 ]-oriented. (16) 


When the two sets contribute to conduction, neither 
of these relations holds. Instead there are relations 
among the constants 6, c, and d which involve the 


1G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
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shape of the valleys, their energy separation and the 
relaxation times. 
A and B are defined by the equations 


b+c=A(b+c+d), 
b+ (Rooo)?= B(b+c+d), 


(17) 
(18) 


where 
mi'\ ? (Kyo0— 1)? Fs 
=m (Kiy—1)? Fy 
- 2Kurt+SKint2 9 Kyoe?+Kioot1 
Ken IP....4: unt? 
mu! 4 Fs 
x(“ =) > exp(— A&/kT). 


Myo0! F,0) 


(19) 





exp(—A6&/kT), 





(20) 


If the shape of the valleys, i.e., the effective masses, 
and the ratio of relaxation time integrals are known, 
Eqs. (19) and (20) may be used to give independent 
estimates of the energy separation. A comparison of 
the results should serve as a check on the theory. 

The energy, longitudinal effective masses and scat- 
tering may be eliminated from Eqs. (19) and (20): 


2Kurt+5Kint2 | Kio'+Kio0t1 
2(Kin—1)* (K1o0— 1)? 





(21) 


A is a quantity which is zero for [111] conduction alone 
and becomes very large for predominant [100] conduc- 
tion. B has the same behavior, with a finite value for 
[111] conduction, which increases as the [100] states 
begin to contribute. This Eq. (21) is analogous to the 
symmetry conditions (15) and (16). It provides a 
condition which is satisfied if there are two sets of 
valleys of [100] and [111] orientation contributing to 
the conduction. It does not depend on the number of 
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Fic. 2. Ratio Ki of longitudinal to transverse effective masses 
for [111] spheroids as function of Kio for [100] spheroids. 
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valleys, nor on the form of energy dependence of the 
scattering. However, this condition depends quantita- 
tively on the shape of the valleys. If this condition 
holds or is assumed to hold, some information on the 
shape of the valleys may be deduced. Equation (21) 
may be written in the form: 


B=C,(Kin)+AC2(K100). 


Both C,; and C, are positive and greater than or equal 
to unity for all values of K. The measured quantities 
A and B may be used to calculate Ky as a function 
of Kio0 from Eq. (21). Such a curve has vertical and 
horizontal asymptotes, so that the possible values of 
Ki and Kyoo are limited in range (see Fig. 2). Since 
C, and C, have the same values for 1/K as for K, the 
prolate and oblate spheroids cannot be distinguished. 


III. COMPARISON WITH EXPERIMENT 


We apply this treatment to measurements” on n-type 
germanium-silicon alloys. Table I lists the pertinent 
data. Observations were made at 290°K. 

Crystal 1067, with some six to seven percent silicon 
dissolved at random in the lattice, has a magneto- 
resistance effect which fits the [111 ]-spheroid model 
very well. This is also true for other crystals with less 
than eight percent silicon, reported in reference 12. The 
measured data for crystals in the range ten to seventeen 
percent silicon deviate from what is expected from a 
one-band model. This is shown in the last two columns 
of Table I, where the values of A and B are listed. 
A differs appreciably from zero for the crystals with 
more than ten percent silicon. 

We first explore the question of whether the data are 
fitted by the model assumed. If Eq. (21) is applied to 
the above data, a plot of Ki: as a function of Kyoo is 
obtained for each crystal. These curves are shown in 
Fig. 2. There is an experimental error which is not 
shown, large enough so that the curves may be con- 
sidered to overlap considerably. These curves should 
contain a set of K’s which correspond to the physical 
situation in the alloys, if the symmetry condition (21) 
is valid. The ratio Ki; appears to vary little from its 
value of about 12 in going from germanium to an eight 
percent alloy.!? As well, the effective masses in the 


TABLE I. Galvanomagnetic measurements on Ge-Si alloys. 











po Rooo 
Percent (ohm- (cm?/v- 
Crystal Si cm) sec) 


Ge 5-7 4250 8.6 
15 233% 2. 

840 0. 

580 0. 


c d 
(108 cm‘/v?-sec?) A 


-—8.0 180 0.03 
3 ~—23 5.4 0.01 
55 —0.46 0.70 0.14 
29 —0.18 0.25 0.31 
2 
2 





0 -—0.11 0.13 0.39 
1 —O.11 0.12 0.45 
17 —0.09 0.10 0.45 


495 
‘ 540 
~17 F 510 


NNN Ree 
WNHONUE P| WD 
NE Ba ase 


1067 








12 M. Glicksman, Phys. Rev. 100, 1146 (1955). The compositions 
listed are based on recent spectrographic analyses. 
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TABLE II. Functions of the energy separation of the valleys.* 


F600) F (10) F (100) 

ya?), = (raw?), (Fa), 
0.016 1.42 0.028 0.022 
0.231 1.57 0.163 0.197 
0.511 1.77 0.345 0.428 
0.643 2.07 0.618 0.631 
0.742 2.27 0.799 0.771 
0.742 2.31 0,835 0.789 








Sample A 


106T (6-7% Si) 0.01 
106H (12-13%) 0.14 
106G (~14%) 0.31 
1067 (~14%) 0.39 
106D (~16%) 0.45 
106F (~17%) 0.45 








® D =exp(—A6&/kT). 





[100] minima are probably changed only a small 
amount in going from silicon to germanium, since it is 
expected that the interacting states do not change their 
relative positions appreciably. Some recent observa- 
tions® on an alloy of twenty-five percent silicon obey 
the [100] symmetry conditions, with Kyo0~5.5. All 
the curves of Fig. 2 are consistent with the set of values 
Kin= 13.5, Kioo=5.5. Thus the symmetry condition 
(21) is satisfied for these crystals by effective mass 
ratios in good agreement with those given by the 
magnetoresistance data” in germanium and silicon and 
expected to apply in this alloy region. 

The application of Eqs. (19) and (20) to the data 
should yield the energy separation of the valleys, 
provided we know the effective masses and the relaxa- 
tion times. The symmetry condition is satisfied by 
Kin=13.5 and Kyoo=5.5. If in addition the longitudinal 
effective masses are assumed to have the cyclotron 
resonance values,® i.e., (#11:'/my0o0')= 1.63, the scat- 
tering integrals and the energy separation are left 
as unknown quantities. Table II lists the products 
[F3°/F3%'] exp(—A6&/kT) calculated from A and 
B, and the average value for each crystal. 

In order to estimate the energy separation, some 
assumptions about the scattering need to be introduced. 
As a first simple trial, the relaxation times are assumed 
to have the form r=A6&”, where A and p may be 
different for each type of valley and may vary with 
composition. We examine the behavior of 7 as a function 
of composition outside the competition region (approxi- 
mately ten to twenty percent), and extend this depend- 
ence into this region. In silicon and germanium, the 
magnetoresistance data may be used to give values of 
F;F,/F? which, under the above assumptions, is a 
function of p alone. This function is 1.17 in germanium 
and 1.16 in silicon, for the resistivities noted in reference 
12. These values correspond to p= —0.42 or —0.43. 
The alloys of low composition have data consistent 
with a decreased value for p, in the range —0.36 to 
—0.39, depending on impurity content. Crystal 1067, 
with about the same impurity concentration as ‘he 
other 106 crystals, yields p= —0.39, and this was used 
in fitting the data. 

The Hall mobility is proportional to F,/F; and this 
may be used to calculate A. If Ayoo and Ai1: are assumed 


18S. M. Christian and M. Glicksman (unpublished). 
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TABLE III. Energy separation of the valleys. 








With no interband Interband 
scattering scattering 


Rooo Rooo (Ro)obs 
(cm?/v- (em?/v- (cm?/v- 
A&/kT sec) A&/kT sec) sec) 


2100 2330 
1120 t 785 840 
: 580 


870 640 
800 570 495 
540 


515 
490 510 


Sample 


106T (6-7% Si) 2 

106H (12-13% Si) —0.6 
106G (~14% Si) —1.4 
1067 (~14% Si) —1.7 
106D (~16% Si) -19 715 
106F (~17% Si) —2.0 685 











independent of the separation of the two sets of minima, 
the strong decrease in mobility in the twelve to seven- 
teen percent silicon composition region is not in accord 
with that deduced from the magnetoresistance obser- 
vations. The magnetoresistance data in the competition 
region are a combination of [111] and [100] contri- 
butions. However, the mobility has about the value 
expected for [100] conduction alone, estimated from 
the observations in the range up to ten percent and at 
twenty-five percent silicon content.” If a scattering 
mechanism is introduced which appreciably lowers 
the mobilities of the valleys, these conditions can be 
simultaneously satisfied. Such a mechanism may be the 
enhanced scattering (and reduced mobility) of electrons 
in the [111] valleys into the [100] valleys, and the 
reverse, i.e., a type of intervalley scattering* which is 
interband scattering. Since this should introduce no 
appreciable asymmetry into 7, the magnetoresistance 
conditions will not be strongly affected. However, the 
expected mobility would be reduced with respect to 
that found outside the competition region. 

A proper choice for the energy dependence of the 
scattering under such conditions should involve a good 
number of parameters (in a phenomenological ap- 
proach) as has been discussed by Herring.’ The utility 
of a detailed analysis is limited, since there are insuffi- 
cient types of data to determine these parameters. 
We choose arbitrarily to represent the scattering 
relaxation times by the expression 


Tt=A(A &) &?, 
where 


(22) 


1 
=—+a expl[—8(48/kT)*]. 
A’ 


Such a choice is made for simplicity, and the analysis 
is carried out to show the possibility of fitting both the 
magnetoresistance and mobility data by introducing a 
scattering time which has a minimum when the two 
bands are close together. 

A’ is fitted to the data at low alloy compositions, 
where the interband scattering should be small. It 
depends quite strongly on alloy composition, since the 
Hall mobility decreases rapidly with increasing silicon 


4H. Brooks and W. Paul, Bull. Am. Phys. Soc. Ser. II, 1, 48 
(1956). 


content. The scattering of charge carriers by the ran- 
domly positioned atomic potentials in the disordered 
alloy has been treated by Nordheim" for the case of a 
metal, and his approach may be simply extended to a 
semiconductor. Brooks'* has considered the semicon- 
ductor problem, but treated the random array in terms 
of energy band fluctuations. He has calculated a 
scattering time and mobility for this mechanism for an 
alloy of silicon in germanium. In either case, it is found 
that the appropriate scattering time is proportional to 
{x(1—x)}—, where x is the fraction of silicon atoms 
present. The alloy scattering relaxation time has the 
same energy dependence as the thermal scattering time. 
Brooks predicted that this contribution to the scattering 
would equal that due to the thermal vibrations for an 
alloy of about eight percent silicon in germanium. Some 
preliminary measurements on the temperature depend- 
ende of the mobility made by the author give approxi- 
mately the expected temperature dependence for this 
mechanism and equality with the thermal scattering at 
about nine percent silicon in germanium. In accordance 
with these observations, Aj1;’ is taken as 


0.082 
= — A, 
0.082+-x(1—x) 


, 
Aan i’, 


where Aj1:° is the value at «=0. Arbitrarily Ajoo’ is 
assumed to have the same functional behavior." The 
values of the A’s for x=0 are chosen to fit the Hall 
mobilities in germanium and silicon, with a small 
adjustment in value to account for the impurity 
concentration in crystals 106. This fit requires Ajo0°/Ai11° 
= 0.48. 

The interband term in A has two adjustable param- 
eters, a and 8, which give the strength of the scattering 
and the sharpness of its dependence on the energy 
separation. Since the current flow from the [111] 
minima into the [100] minima should equal the reverse 
current, 8 will be the same for the [111] and [100] 
valleys, and the ratio a111/a190 is determined. 

In Table III are listed the results of this analysis. 
The second and third columns give values for A&/kT 
and Rog» calculated with a=0; the next two columns 
give similar calculations with a1:Ai1)°=0.6, 8=0.7. In 
the last column are listed the experimental values of 
Rooo. The calculated values for no interband scattering 
are about fifty percent larger than the observed values 
in the competition region. However, the introduction 
of considerable interband scattering gives good agree- 
ment. 

The calculated energy separation A6 is very sensitive 
to the amount of interband scattering present, in this 
simple approximation of the scattering. The values 
quoted in the table may be considered only as repre- 
sentative of the small separation in the above crystals. 
The mobility calculated for interband scattering shows 


151. Nordheim, Ann. Physik 9, 607 and 641 (1931). 
16H. Brooks (private communication). 
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a shallow minimum in its variation with A& (or compo- 
sition) in the competition region. 


IV. CONCLUSIONS 


The room temperature magnetoresistance data for 
the germanium-silicon alloys can be explained by a 
conduction band of [111] spheroids for alloys with 
less than ten percent silicon in germanium. However, 
the data for alloys of ten to seventeen percent silicon 
show a different anisotropy, not in accord with the 
assumption of one set of spheroids. These data are 
fitted satisfactorily by a conduction band made up of 
two sets of spheroids, with an energy separation varying 
with composition—one set having four [111 ]-oriented 
spheroids, the other having six [100]-oriented sphe- 
roids. This is in agreement with the alloy band structure 
suggested by Herman® to explain the variation with 
composition of the optical band gap.’ 

This analysis does not yield unique values for the 
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effective masses of the spheroids. However, the effective 
masses which fit the data for germanium and silicon 
satisfy the magnetoresistance symmetry condition for 
the ten to seventeen percent silicon alloys. 

An analysis of the data to yield the energy separation 
of the two bands as a function of composition depends 
sensitively on the scattering behavior in the alloys. If 
the scattering in each band is assumed independent of 
the other, the observed Hall mobility in the competition 
region is only about two-thirds that expected from an 
analysis of the magnetoresistance. The mobilities can 
be correlated with the magnetoresistance if some inter- 
band scattering is assumed. Such scattering lowers the 
band mobilities but leaves the magnetoresistance 
symmetry conditions unchanged. 

The author is indebted to Professor H. Brooks, Dr. 
F. Herman, and Dr. R. H. Parmenter forjinformative 
discussions on the problems of energy band structure 
and scattering processes. 
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Electron and Nuclear Spin Resonance and Magnetic Susceptibility Experiments 
on Dilute Alloys of Mn in Cu* 


J. Owen,t M. Browne,t W. D. Knicut, anp C. Kittrer 
Department of Physics, University of California, Berkeley, California 
(Received March 12, 1956) 


Dilute alloys of Mn in Cu are expected to show marked effects of the exchange interaction between the 
3d5 ion core electrons of the Mn atoms and the 4s conduction electrons of the crystal. The simple model leads 
to the prediction of indirect exchange ferromagnetism; electronic Knight shift of the electron spin resonance 
line; nuclear Knight shift of the copper nuclear resonance; electron spin relaxation by the coupling with 
the conduction electrons; and a contribution to the electrical resistivity by the Elliott-Schmitt mechanism. 
The observed width of the electron spin resonance line suggests that the sd exchange interaction may be 
of the order of 0.2 of the interaction in the free ion. The dilute alloys appear to be antiferromagnetic, but 
with a ferromagnetic interaction also present which is rather stronger than calculated on the indirect ex- 
change model. An unexpected experimental result is that the nuclear Knight shift is unaffected by the 
presence of Mn, suggesting that the conduction electron magnetization by the sd coupling is less than 1/50 


of what might be expected. 


T occurred to us that it might be profitable to study 
by electron spin resonance methods the electronic 
properties of metallic alloys. We were particularly 
interested in observing the effect on the conduction 
electrons of the host metal when a low concentration of 
a second component is added. For several reasons it was 
decided to emphasize at the beginning the study of 
dilute solutions of manganese in copper: (a) The con- 
duction band of copper is believed to have a simple 
structure, containing 4s electrons with an approximately 
isotropic effective mass nearly equal to the free electron 
mass. (b) The presence of paramagnetic solute ions 


* Supported in part by the Office of Naval Research and the 
U. S. Signal Corp. 

+ Foreign Operations Administration Fellow; now at Clarendon 
Laboratory, Oxford, England. 

t Now at Lockheed Aircraft Corporation, Van Nuys, California. 


permits the application to the problem of powerful 
magnetic methods, including susceptibility determina- 
tion; line width, intensity, and position in electron and 
nuclear spin resonance; and neutron diffraction.! (c) It 
was anticipated that a ferromagnetic coupling between 
Mn ions might result from an indirect exchange cou- 
pling? via the conduction electrons. (d) There was some 


1 Neutron diffraction studies of the Cu—Mn system are being 
carried out at the Argonne National Laboratory under the direc- 
tion of Dr. S. Sidhu, to whom we are indebted for interest and 
cooperation. 

? The idea is based on the observed exchange energy difference 
5§—7§ = 9473 cm of the 3d54s configuration of free Mn*. A Mn** 
ion is viewed as magnetizing the 4s conduction electrons, which in 
turn magnetize other Mn** ions by the same interaction. Similar 
mechanisms have been proposed by H. Fréhlich and F. R. N. 
Nabarro, Proc. Roy. Soc. (London) A175, 382 (1940); C. Zener, 
Phys. Rev. 81, 440 (1951) ; see also M. A. Ruderman and C. Kittel, 
Phys. Rev. 96, 99 (1954). The application to the Cu— Mn problem 
was suggested independently by J. Fisher (unpublished). 
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evidence® from susceptibility measurements that at 
sufficiently low concentrations the Mn dissolves in the 
copper in the simple configuration 3d° with the ground 
state *§ appropriate to the Mn** ion. That is, the 
manganese has a half-filled 3d shell with five parallel 
electron spins. It was presumed that the two 4s electrons 
of the Mn join the common 4s conduction band of the 
alloy. 

al features of the results are these: (1) The 
magnitude of the ferromagnetic part of the coupling is 
reasonable when one uses the free-atom exchange 
energy. (2) The dilute alloys are antiferromagnetic at 
low temperature. (3) The expected large electronic 
Knight shift in the electron spin resonance of the Mn 
ions is absent. (4) The expected large change in the 
nuclear Knight shift of the copper nuclei does not 
occur. (5) The electron resonance line width is con- 
siderably narrower than expected on the Heitler- 
Teller-Korringa‘ mechanism translated to the present 
interaction using a coupling constant deduced from the 
known spectroscopic energy level scheme of free 
Mnt ions. 

A possible conclusion is that the conduction electrons 
are not magnetized substantially by interaction with the 
Mn ions. It might be as if the Mn dissolved as a neu- 
tral atom, or a negative ion. This result is unexpected 
to us, but it is not out of line with metallurgical exper- 
ience of the phase diagrams of manganese alloys. It is 
also possible that the actual magnitude of the sd inter- 
action is not too far from expectation on the Mn++ 
model, but the spin order of the s electrons may be de- 
stroyed to produce local equilibrium. 

In the present paper we shall summarize the inter- 
pretation of the experiments which have been performed. 
A detailed discussion of the electron resonance and 
static magnetic susceptibility measurements will be 
given in a subsequent publication by Owen, Browne, 
Arp, and Kip.® 


I, ELEMENTARY CONSEQUENCES OF A 4s-3d 
EXCHANGE INTERACTION IN A METAL 


We first consider what would happen if the magnetic 
behavior of the solid were dominated by an s—d 
exchange interaction 


=AS:s, (1) 


where § refers to a manganous ion in the state °S and s 
refers to an electron in the 4s conduction band. All the 
numerical estimates in this section will be made using 
the value of A deduced from the spectral terms of the 
free ion. 

It is a reasonable deduction from previous susceptibil- 
ity cohen determinations that the greater part of the man- 


9B. Kron Kronqvist, Arkiv Mat. Astron. Fysik 34B, No. 7 (1947); 
L. Néel, J. phys. 3, 160 (1932). 

‘Ww. Heit er and E. Teller, Proc. Roy. Soc. (London) A155, 637 
(1936) ; J. — Physica 16, 601 1950). 

5 Owen, B rowne, Arp, and Kip (to be ublished) see also Owen, 
Browne, and Kip, Phys. Rev. 100, 965(A) (1955). 
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ganese in the alloys is in the electronic state °S. This 
state is known to have g=2.0 in many salts, in agree- 
ment with the spin assignment S=5/2. In the alloy 
with Cu we must picture the Mn as bathed in the sea 
of conduction electrons of the 4s band, the normal 
conduction band of pure copper. Spectroscopic meas- 
urements on the free ion Mn* give, for the configuration 
3d°4s, the separation 


5S,—75;=9473 cm, (2) 


It seemed not at all unlikely that there would persist 
in the solid solution a splitting of the same order of 
magnitude. The splitting (2) corresponds to a frequency 
of the order of 


Av=—3 X10" sec, (3) 
and 


A/h=Av/(S+}3)=—1X10" sec; 
=—7X10-™ erg. 


These values will be referred to below as the free-atom 
values of the exchange interaction, although they really 
refer to the Mnt ion. 

We must consider the possibility that there may exist 
a crystal field splitting of the Mn ion in the cubic 
environment of the surrounding copper atoms. The 
state °S through mixing of higher states can split in a 
cubic field into two levels, one fourfold and the other 
twofold degenerate. The splitting was too small to be 
observed® for Mn** ions in solid solution in cubic ZnS 
crystals. In metallic copper the conduction electrons 
help screen the crystal field. It is not surprising that one 
can neglect the crystal field splitting of Mn in Cu in our 
electron spin resonance results. 


(4) 


Ferromagnetism 


The exchange interaction between a 3d° core and the 
4s conduction electrons will tend to magnetize the 4s 
band parallel to the spin of the ion core. In turn, the 
magnetization of the 4s band thus induced will tend to 
magnetize the other Mn** ions parallel to the spin 
of the original Mnt** ion. There is therefore a coopera- 
tive effect which will lead to ferromagnetic ordering of 
the spin system at a sufficiently low temperature. 

The ferromagnetic interaction discussed here was 
first introduced by Fréhlich and Nabarro’ in their 
consideration of the possibility of nuclear ferromagnet- 
ism in metals. The I-s hyperfine coupling of the nuclear 
magnetic moment to the conduction electrons leads to 
estimated Curie temperatures in the range 10-* to 10-* 
°K, according to the particular nucleus. Zener’ has used 
the present model in his discussion of the magnetic 
properties of the transition metals. 


®°W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
(1952); K. A. Miiller, Helv. Phys. Acta 28, 450 (1955). 

7H. Frohlich and F. R. N. Nabarro, Proc. Roy. Soc. (London) 
A175, 382 (1940). 

Cc Zener, Phys. Rev. 81, 440 (1951). 
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Molecular Field Derivation of Curie Point 


Let M4 be the magnetization of the solute atoms 
and M, the magnetization of the conduction electrons. 
The effective magnetic field acting on the conduction 
electrons and arising from the exchange interaction 
with the solvent atoms will be written as 


H.=AMa, (5) 
and, similarly, 


Hy, = \M e (6) 


These expressions are consistent, as the interaction 
energy density may be written as —AM,-M., as 
—H,-M., or as —H.-M,4. We may evaluate \ by 
comparison of the first expression for the energy density 
with Eq. (1) written for a single elementary interaction. 
As M4=2y,N,8 and M.=2u,N 8, we have for the 
energy density 
—4)\N4N us’S-:s=AN,S:s, (7) 
so 
\=—A/4up?N.. (8) 
Now from the Pauli paramagnetic susceptibility 
M .=3N up ./2kT r, (9) 
while from the Curie law 
Ma=Nap us’ 4/3kT, (10) 


where p?= g’S(S+1), and Ty is the Fermi temperature. 
Substituting (5) and (6) in (9) and (10), we have 


(2kT r)M.—3N werAM 4=0; 
\Nap'us’M .—3kTM 4=0. 


(11) 


These equations have a nontrivial solution at a tempera- 
ture T, such that 


2kT pr 


3N eb BA 
=(0 
3kT. 


Nap us? 
3N. Napus'®? 

geen 8 
S(S+1)A? Nu 
ae 
1S(S+1) (Av)? f 


8 (S+4 Ep 100 


kT, 


(12) 


where f is the concentration of Mn in atomic percent. 
This agrees with the Fréhlich-Nabarro result obtained 
in another way. Here Er is the Fermi energy of the 
conduction electrons. For copper we calculate Er=1.1 
X10- ergs, using m*=m. With the free-ion value of A 
given in Eq. (4), we have 
T.=3.5f°K, 


for f atomic percent Mn in Cu. 


(13) 


Conduction Electron Magnetization 
From Eqs. (5) and (9), we have 
M = (3N us’/2kT r)(H+AM 4). 
Now, from Eq. (8), for Mn in Cu, we estimate 
h=7X10-4/ (4X 10-X 10%) ~ 20 000. 
For T>T, and usH/kT<1, we have 
M.~ (1.0X10-)[1+ (1.2 10?/T) JH; 


thus for concentrations above one percent at tempera- 
tures below 100°K the magnetization of the conduction 
electrons would be expected to be dominated by the 
s—d exchange interaction. 

The usual nuclear Knight shift of the copper nuclei is 
proportional to M,, the magnetization of the conduction 
electrons. According to Eq. (16) an alloy containing 
0.1 atomic percent of Mn should have at 2°K a Knight 
shift six times larger than the shift in pure copper. The 
nuclear Knight shift should be a very sensitive indicator 
of the s-band magnetization. 


(14) 
(15) 


(16) 


Electronic g-Shift 


One would expect, as discussed by Kittel and Mitchell® 
in connection with ferromagnetic relaxation, that the 
interaction AS-s will contribute to the electron spin 
resonance line width and lead also to a shift in the posi- 
tion of the electron resonance line. The effects are well 
known in nuclear resonance in metals where the hyper- 
fine interaction aI-s plays the role of our exchange 
interaction AS-s. 

The effective internal field acting on the Mn ions from 
the s—d interaction at T>T, is 


Ha=dM .~2X10(1+4+ (1.2fX10°/T) JH, (17) 
using the results of Eqs. (15) and (16). For a 5% alloy, 
H,a~12H/T; (18) 
thus one expects an electronic Knight shift or g-shift 
AH/H=Ag/g~12/T (19) 
for this alloy; here T is in deg K. 


Electron Spin Relaxation 


Among the mechanisms leading to a line width or 
relaxation in nuclear spin resonance is the Heitler- 
Teller-Korringa mechanism” in which a simultaneous 
flip of nuclear and conduction electron spins occurs 
through the hyperfine al-s interaction. A similar 


°C. Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956). It 
is well known that an electron exchange interaction is not supposed 
to contribute to a line width or a shift; however, if the conduction 
electrons relax rapidly against the lattice the injunction does not 
apply and we observe in effect the resonance of the Mn ions alone. 

In the present problem we believe the 4s electrons may be re- 
laxed rapidly in comparison with other relevant quantities. 

10 See reference 4; for an elementary derivation see D. Pines and 
C. P. Slichter, Phys. Rev. 100, 1014 (1955). 
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process will occur for the Mn ion cores through the s—d 
interaction AS:s. 

The result for the relaxation time of the Mn ions due 
to the conduction electron interaction is 


1/T,=92kT A?/16hEP’. (20) 
We have for Mn in Cu, using the free-ion value of A, 
1/T;=T X10 sec, (21) 
where T is in deg K. 
Electrical Resistivity 


It is known that dilute alloys of Mn in Cu show an 
increase in the electrical resistivity with increasing 
temperature at low temperature. The extra resistivity 
mechanism has been associated by Korringa and 
Gerritsen,” Elliott,” and Schmitt® with collisions be- 
tween conduction electrons and Mn ions; in these 
collisions spin flips occur under the influence of the inter- 
action AS-s. For this mechanism every conduction 
electron collision relaxation event is accompanied by 
relaxation of the Mn ion spin direction according to 
Eq. (20) above. This mechanism does give a resistivity 
maximum (or minimum) at low temperatures; such 
effects are still essentially unexplained. 

By the principle of detailed balance the conductivity 
relaxation time r is given by 


Nets/t=Na/T,, (22) 


where Nes is the effective number of conduction 
elections and N, the number of Mn atoms, both per 
unit volume. Now in terms of the conduction electron 
concentration N,, 


Netr™ 8(kT/Er)N., (23) 
as only electrons within a range of the order of kT of the 
Fermi surface participate in collisions. The factor 8 is 


found in an unpublished calculation by S. Rodriguez. 
Using the results (20) through (23), we have 


1 9A? (—) 

r 16hEr\8N,) 
With our previous choice of numerical values for Mn 
in Cu, 


(24) 


1/r~1X10"f sec, 


where f is in atomic percent. 
The associated resistivity from this mechanism 
would be 


(25) 


(26) 


We note in passing that the exchange coupling 
mechanism is a new mechanism for conduction electron 


os ‘isa, example, A. N. Gerritsen and J. O. Linde, Physica 18, 
8 1952). 

12 J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 

3 R. J. Elliott, Phys. Rev. 94, 564 (1954) ; R. W. Schmitt, Phys. 
Rev. (to be published). 


p=m/N er ~0.005 pohm-cm/atomic percent. 
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spin relaxation in metals, and that if the mechanism 
were fully effective for a particular impurity species it 
would be necessary to exercise extreme precautions to 
purify the metal with respect to that species. One 
impurity atom in 10° could give a conduction electron 
line width of the order of a hundred oersteds. 


II. EXPERIMENTAL RESULTS 
Magnetic Susceptibility 


Previous determinations of the magnetic susceptibil- 
ity of dilute Cu—Mn alloys were carried out largely 
at room temperature and above. The susceptibility had 
been observed to obey a Curie-Weiss law, 


which led to the expectation that the alloys would be 
ferromagnetic at T<6. We observe instead that the 
dilute alloys become dominantly antiferromagnetic near 
a transition temperature Ty>6. Below Ty the sus- 
ceptibility decreases. Results are summarized in Table 
I. A slight remanent magnetization is observed below 
below the Néel temperature; this is not uncommon in 
other antiferromagnetics and is discussed in a separate 
publication of Owen, Browne, Arp, and Kip.® 

The occurrence of a positive Ty and positive 0 
suggests that nearest neighbor Mn—Mn interactions 
are antiferromagnetic and next nearest neighbor 
Mn—Mn interactions are ferromagnetic. The strength 
of the ferromagnetic interaction is not incompatible 
with Eq. (13) for the indirect exchange-conduction 
electron mechanism; in fact the ferromagnetic term is 
rather stronger than calculated. The presence of anti- 
ferromagnetism clearly suggests that direct overlap or 
superexchange interactions are very important. It is 
rather surprising that a dilute alloy such as the 1.4% 
Mn alloy should have a well defined antiferromagnetic 
transition. This suggests that a certain degree of spatial 
order may perhaps occur among the Mn ions. It is 
possible that direct exchange may be the responsible 
antiferromagnetic interaction. Friedel has suggested 
privately that the range of overlap may be greater in the 
metal than for free ions. 

The fact that our observed values of the Curie con- 
stant C are smaller than calculated from the chemical 
analyses and the assumed S=5/2 state causes us some 
concern; the deficiency may be due to incomplete 
solution of the Mn, or the ion may have S=2. This 


TaBLE I. Summary of susceptibility determinations [Cp is cal- 
culated for Mn** ions using chemical analyses of Mn content]. 








Relative 
Atomic Curie 
percent of constant 
Mn in Cu C/Ce 


0.62 100 
0.77 37 
0.73 
0.70 


Transition 
region 
~Tw °K 


80 to 120 

40 to 60 
7 10 to 13 

0+0.5 <4 


Curie 
temperature a 
6°K kilo-oersteds 
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state would give g=2 provided the doubly degenerate 
levels were lowest and the crystal field splitting large. 
The exchange interaction is large. 


Electron Spin Resonance 


Electron spin resonance has been observed in connec- 
tion with this research in alloys of Mn with Cu, Ag, and 
Mg. We discuss here the results for the Mn—Cu 
alloys. A typical resonance line is shown in Fig. 1. 

We may ask whether the ferromagnetic part of the 
exchange interaction pattern revealed by the suscepti- 
bility studies may not be caused by indirect exchange 
via the conduction electrons. If this were true we would 
expect the g-shift above the Curie temperature to be at 
least as large as that deduced from Eq. (17), as the 
ferromagnetic Curie temperature @ is larger than that 
predicted by Eq. (13); thus the appropriate molecular 
field constant \ would be larger than the value 20 000 
used in all of our estimates above. However, in all 
alloys the g-value is quite close to the free spin value 
2.00 at all temperatures above the Néel temperatures 
Ty. In the 5.6% alloy Eq. (19) would predict a g-shift 
of more than 15% at 77°K, while any observed 
shift is less than 1 or 2%, the uncertainty being caused 
by the shape and width of the absorption line. The 
calculated shift goes essentially as \” or A?; thus we may 
infer the actual value of \ or A is not more than perhaps 
4 of the assumed value which was based on the free 
atom value. 

When 7<Ty, the resonance field JZ satisfies 
H’=H,;—H, where H, is a parameter whose value 
slowly increases as T is lowered. Here Ho is the reso- 
nance field for a free spin with g=2. Values of H, in 
Table II give shifts Ho—H about three times larger at 
3 cm than at 1-cm wavelength. Such a resonance con- 
dition is expected for an antiferromagnet with critical 
field H, less than the applied field H. The susceptibility 
data are consistent with the Mn ions being distributed 
approximately equally over two sublattices A and B 
with antiferromagnetic coupling A—A and B—B. This 
model gives an antiferromagnetic transition regardless 
of the relative strengths of the couplings. The appropri- 
ate antiferromagnetic resonance condition for a single 
crystal at T=0 is 


W=H?—H2, (28) 





Fic. 1. Derivative of absorption versus magnetic field for single 
crystal of Cu+5.6% Mn at 4°K, \=3.28 cm. The free spin 
resonance field is H)=3.26 kilo-oersteds. 


TABLE II. Summary of electron spin resonance 
results on polycrystals. 








Line shift* 
(Ho —H) Line width 
oersteds AH? oersteds 


Ho oersteds 4°K z= 77°K 4 and 2°K 


8170 ° 1290 1600 210 
3250 no resonance 160 
observed 


8250 395 490 170 220, 300 
3250 1170 1370 180 450 


8240 75 +100 see 100 
3240 185 240 360 130 


3250 0 0 eee 100 





650 








® Above the transition point (T >Ty), Ho—H ~0. 
> AH =peak to peak separation of derivative of absorption line. 


where the critical field H,=(2H2H,)', as given by 
Nagamiya and Kittel. The exchange field Hz relates 
here only to the A—B interaction. We estimate 
anisotropy field H, to be ~60 oersteds. In polycrystal- 
line specimens the resonance line was observed to be 
broader than in single crystals, in agreement with 
expectation. For random orientation of polycrystals the 
position of maximum absorption is still given approxi- 
mately by Eq. (28). No resonance is seen in the 
10 Mn—90 Cu alloy at 3 cm and 4°K because here 
Ho<H,, as determined at 1 cm. We see then that the 
remarkable behavior of the resonance line below the 
Néel temperature is consistent with the theory of anti- 
ferromagnetic resonance; other explanations, however, 
may be possible. 

The observed line width at temperatures T>Ty is 
not incompatible with a relation 1/7, «7, where 7; is 
the spin-lattice relaxation time and T is the absolute 
temperature, as suggested by Eq. (20) for relaxation by 
interaction with conduction electrons. At 77°K the 
widths correspond to times 7; close to 2X 10-" sec. IL. 
we assume 7,= 7», the relation (21) leads us to expect 
T2~10-" sec at this temperature. This suggests that 
the interaction constants \ and A may be of the order of 
+ of the values calculated for the free ion. We have in 
this section tried to use experimental data which may 
be free from hyperfine broadening and exchange narrow- 
ing, but our selection may not be entirely successful. 

The line width at low temperatures shows signs of 
antiferromagnetic effects and also signs of the motional 
and exchange narrowing of the hyperfine S- I interaction 
of the Mn. 


Nuclear Spin Resonance 


The position and width of the electron spin resonance 
line led to the conclusion that the s—d exchange 
interaction was rather smaller in the metal than in the 
free atom. A study of the Knight shift of the copper 
nuclear spin resonance in these alloys was undertaken as 
an independent check on the magnitude of the conduc- 
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TABLE III. Properties of the Cu® nuclear resonance line. 
Frequencies in kc/sec. 








Temperature 
(°K) Afo j J Error 
+0.1 
+0.3 
10.5 +0.5 
27.8 +0.5 
49 +1 
55.1 +1 


Sample 





Pure Cu ’ tee ‘ : 8.0 
Cu—Mn . s . 9.3 

—0.5 ; J 
—0.5 
—0.7 


Cu—Mn 
Cu—Mn 
Cu—Mn 
Cu—Mn 








tion electron magnetization. According to Eq. (16), the 
Knight shift of the Cu nuclear resonance in an 0.03% 
alloy at 1.2°K should be larger by a factor of four than 
the usual Knight shift of about 10 kc/sec at 5980 kc/sec 
in pure copper. The observed results show, however, 
that under these conditions the line is not shifted by 
more than 10% of the normal Knight shift, and the 
10% can be accounted for approximately as a de- 
magnetization correction. The sign of the shift is op- 
posite to that expected for the s—d interaction, but 
agrees with that expected from demagnetization. 

The extra shift as calculated from Eq. (14) is linear in 
the exchange coupling constant, suggesting in this 
example that \ and A are not greater than 1/50 of the 
free-atom value. The line is slightly asymmetric, so the 
limit may be somewhat larger, possibly 1/20. 

The nuclear magnetic resonance of Cu® was observed 
in an unannealed alloy of 0.029 atomic percent man- 
ganese in copper. The results are compared in Table III 
with those for pure copper, at several temperatures. 
The magnetic field was 5200 oersteds and the corre- 
sponding resonance frequency 5980 kc/sec. 

The data were taken with a recording spectrometer. 
Each resonance line is a plot of dy’’/df, where x” is the 
absorptive part of the rf susceptibility, and f is the 
radiofrequency. We let Af be the center frequency of 
a line relative to the center of the pure copper line at 
the same temperature; /; is the frequency at the peak 
of the derivative relative to the center; fe is the fre- 
quency deviation at the point where the line has fallen 
to an amplitude one-half as great as for f1; fs is the 
frequency deviation from the center for the point at 
one-fifth maximum amplitude. Values for these quan- 
tities are displayed in Table III. 

It may be seen that the resonance frequency in the 
alloy is not significantly different from the value for 
pure copper. At all temperatures the center of the line 
in the alloy appears to be slightly lower in frequency. 
However, the variation is within the error of measure- 
ment. At the high temperatures the errors arise because 
the signal-to-noise ratio is poor. At the lower tempera- 
tures, the signal-to-noise is very good, but the lines are 
so broad that it is hard to determine the exact center. 
At all temperatures the lines in the alloy are slightly 
asymmetric, which contributes to the error. The pure 
copper line was symmetrical. There was no evidence for 
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appreciable rf saturation or for effects attributable 
to particle size. 

The line widths in the alloy indicate the existence of a 
magnetic interaction between the copper and the dis- 
solved manganese. At the low temperatures, the line 
changes from the nearly Gaussian shape of pure copper 
to one closely approximating a Lorentz shape. If we take 
fs as a measure of the interaction, we find the following 
temperature dependence between 1.2 and 4.2°K: 
fs(kc/sec)=17+46/T. This indicates the existance of 
two broadening mechanisms, only one of which depends 
on temperature. In the range of higher temperatures, 
the temperature coefficient is apparently higher, and the 
residual width agrees well with that of pure copper. 
Further measurements at a different magnetic field 
suggest that the line width is a function of H/T, as 
would be expected if the width is related to the net 
Mn ion magnetization. 

We note that the rapid relaxation of the spin of the 
manganese atom will cause copper nuclear widths to be 
motionally narrowed for all mechanisms coupled to the 
spin direction of the manganese atom. This applies as 
long as the net magnetization of the Mn is negligible 
but at low temperatures and high fields the Mn is 
appreciably magnetized and there is a significant con- 
tribution to the width. According to unpublished cal- 
culations by Robert Behringer, the dipolar interaction 
is not large enough to account for more than about 20% 
of the observed broadening. We infer that it is necessary 
to invoke a local perturbation of the s electron spin 
distribution, a pertubration tied to the direction of the 
spin of the Mn ion. We would expect the exchange 
interaction to lead toa local magnetization perturbation, 
similar to the mechanism proposed by Ruderman and 
Kittel? for nuclear interactions in metals. 


Electrical Resistivity 


The electrical resistivity of dilute alloys of Mn in Cu 
has been studied by Gerritsen and Linde,“ among 
others. The presence of the Mn causes a temperature- 
independent resistivity increase of about 3 yohm-cm/ 
atomic percent. There are two further features at low 
temperatures: there is a gradual increase of about 
0.2 wohm-cm/atomic percent as the temperature is 
increased, and a peak in the resistivity of about the 
same magnitude. It is tempting to ascribe the gradual 
increase to the spin relaxation mechanism, but Eq. 
(26) calculated for the free atom value of the sd inter- 
action is only 1/40 as large as the observed gradual 
increase. We have no explanation of this discrepancy, 
but suggest that it may be connected with the phenom- 
ena of the resistivity minimum. The temperature- 
independent resistivity of 3 wohm-cm/atomic percent is 
probably caused by ordinary alloy potential scattering. 


4 A. N. Gerritsen and J. O. Linde, Physica 18, 877 (1952). 





ELECTRON AND NUCLEAR SPIN RESONANCE 


Ill. INTERPRETATION 


The width and temperature dependence of the 
electron spin resonance line suggest that the actual 
strength of the s—d interaction may be of the order of 
$ the free-atom value. Such a factor might easily 
appear on going from the free atom to the metal; in 
particular, the other conduction electrons will screen 
the sd interaction. We estimate that screening alone 
will reduce the interaction by a factor 4 to }. We 
probably cannot have A(exp)/A(calc)>3} without 
causing a perceptible g-shift, although it may also be 
that the Kittel-Mitchell argument? does not apply here. 
We must probably look to other interactions for the 
source of the strong ferromagnetic coupling evident in 
the susceptibility data. We consider now only the 
problem of the nuclear Knight shift, which suggests 
A (exp)/A (calc) < 1/50. 

Is this small value real or apparent? If it is real we 
need another temperature-dependent mechanism to 
account for the width of the electron spin reasonance 
line. Granted this, how would we account for A (exp) 
<0.02A (calc)? When a Mn atom enters the copper 
lattice it might lose (on simple models) 2, 1, or 0 of its 
4s electrons to the conduction band, retaining 0, 1, or 2, 
respectively ; it might also become a negative ion. We 
can probably account for the observed weakness of the 
3d—4s interaction if the Mn retains both 4s electrons, 
entering the lattice as neutral manganese. In this event 
the conduction electrons of the copper would suffer an 
exchange repulsion at the manganese atom, thereby 
reducing the overlap with the 3d° core of the manganese. 
Further, a neutral manganese atom will act effectively 
as a charge — |e| relative to the Cut ions of the periodic 
lattice; thus the conduction electrons experience also 
an ordinary Coulomb repulsion. A negative ion would 
also have the same effect, but probably would not be 
consistent with the properties of electron reasonance 
line. 

We can also argue on other grounds against the possi- 
bility that manganese enters the lattice as Mn*, 
contributing two electrons to the 4s conduction band of 
the alloy. If this occurred, then Mn in Cu would be 
expected to behave like Zn in Cu with respect to the 
dependence of the crystal structure on Zn or Mn con- 
centration. Actually the phase diagram of the Cu— Mn 
system is entirely unlike that of the Cu—Zn system. 
The Cu—Mn phase diagram is very simple and shows 
no signs of the orderly elaborate sequence of phases as 
a function of electron concentrations as discussed by 
Hume-Rothery and Jones, in particular for alloys of 
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copper with the elements just beyond it in the periodic 
table. 

We then have an argument for Mn° and another 
argument against Mn*-. It seems a little unlikely that 
Mn* would help us. This can be looked at as a 3d5 
core screened by one bound 4s electron. On this model 
there would still be a strong exchange interaction 
(although of opposite sign) with the conduction elec- 
trons; in fact, the state of parallel spin requires approxi- 
mate promotion of a conduction electron to the 4p band 
because of the exclusion principle. 

There is also a possibility that the theory of the 
Fréhlich-Nabarro-Zener effect is not entirely applicable 
to dilute alloys. There is something uncomfortable about 
the thought that according to the simple first-order 
theory a single manganese atom will cause in principle 
a uniform magnetization to exist throughout the metal, 
for a perfect lattice. Second-order perturbation theory 
will cause the uniformity to be disturbed in the neigh- 
borhood of the manganese atom, but it is not evident 
that the uniform magnetization at large distances will 
be reduced greatly. We have considered several other 
mechanisms, such as spin flip on collision with phonons 
or impurities, but we have not been able to show 
positively that a mechanism exists which will reduce 
by an order of magnitude the uniform magnetization 
calculated from the first-order energy perturbation. 

We would like to emphasize that the explanation 
suggested by Kittel and Mitchell’ for the apparent low 
value (~0.01 ev) of the s—d interaction in ferromag- 
netic alloys such as the Fe— Ni system is not applicable 
here. They were able to invoke d electron screening 
because in the Fe— Ni system there is a high concentra- 
tion of holes in the d band. The present problem is 
quite different, and we have had to propose different 
explanations. 
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It is pointed out that an exponential specific heat law in a superconductor leads to a uniquely specified 
form of two-fluid model. The properties of this model are derived, and compared with the corresponding 


properties of the usual Gorter-Casimir model. 





I. INTRODUCTION 


ECENTLY evidence! has begun to appear that, 

in some superconductors, the specific heat law 
does not conform at sufficiently low temperatures to 
that predicted by the two-fluid model of Gorter and 
Casimir.’ Specifically, it appears that one can represent 
the specific heat law, to remarkable accuracy, by an 
expression of the form 


C(T)/yT.=A expl—aT./T], (1) 


where C is the specific heat, T, the critical temperature, 
and 7, the specific heat of the normal metal at a tem- 
perature T equal to 7,. a is a constant of order unity, 
that seems to vary from metal to metal. It is the pur- 
pose of this work to point out that the most general 
two-fluid model that will yield (1), and which preserves 
the zero entropy characteristic of the superfluid elec- 
tron, is completely determined by (1). In the remainder 
of this paper we will exhibit its form explicitly, and 
develop its consequences. A specific example of a two- 
fluid model that is different from the Gorter-Casimir 
model has been developed by Koppe* and discussed by 
Bender and Gorter.‘ The specific heat to which it leads 
is, at sufficiently low temperatures, intermediate be- 
tween (1) and that given by the Gorter-Casimir model. 


II. TWO-FLUID MODEL IN GENERAL 


One can describe a two-fluid model completely by 
prescribing an order parameter w, the so-called fraction 
of superfluid, and by expressing the Helmholtz free 
energy F per unit volume as a function of w and 7, 
the absolute temperature. Thus, for our case, 


F=—Aw—>K(w)yT”, (2) 


where A is a constant, K(w) is an arbitrary function, 
and + is the electronic specific heat parameter. If 
K(0)=1, the free-energy expression reduces to the 
correct form for a normal electron gas. The linear form 
of the first term in (2) is determined by the requirement 
that no entropy be carried by the superfluid component. 


1B. B. Goodman and W. S. Corak, and Goodman, Satterthwaite, 
and Wexler, Proceedings of the Paris Low Temperature Con- 
ference, 1955, papers 64 and 75. Older references are listed in 
these papers. 

2. J. Gorter and H. B. G. Casimir, Physik. Z. 35, 963 (1934) ; 
Z. Physik 15, 539 (1934). 

3H. Koppe, Ann. Physik 1, 405 (1947). 

4P. L. Bender and C. J. Gorter, Physica 18, 597 (1952). 


At absolute zero, where w=1, the free energy of the 
superconductor is known to be equal to —H,?/8r, 
where Hp is the critical field at absolute zero. This 
determines A, which is equal to Ho?/8r. Thus 


F=—wH,?/8r—K (w)yT?/2 (3) 


and the condition for equilibrium at a temperature T is 
given by 


OF 
(-) =0=—H,?/8x—K'(w.)yT?/2, (4) 
Ow w=WwWe 


whence we obtain 
— K' (we) = Ho?/4ryT®, (S) 


which determines w, as a function of temperature. 
Since we want this to describe a second-order phase 
transition at the critical temperature T,, we have 


—K'(0)=Hy"/4eyT2?. (6) 


For the Gorter-Casimir model, K(w)=(1—w)!, so that 

— K’(0)=}4. Equation (6) is then a well-known relation. 

In the more general case — K’(0) will not be equal to $. 
In view of (6), we can write (3) as follows: 


84F/He?= —wt+?K (w)/K’'(0), (7) 


where =7/T, is the reduced temperature. We can 
also write (5) in the form 


K'(0)=#K’ (w), (8) 


which determines the function w,(?). 
The entropy of our system (again, per unit volume) 
is given by S= —0F/0T, so that 
S= 7TK (w). (9) 
The specific heat is C(T)= TdS/dT, so that 
C(T)/yTo= tK (we) + 0K’ (we) (dre/dt) 
or, using (8) 
C(T)/yT.= tK (we) + K’ (0) (dw./dt). (11) 
It follows from (10) or (11) that K(w,) is determined, 
as a function of ¢, by the specific heat. By combining 
this with (8), therefore, K(w) is itself determined 


parametrically, using ¢ as a parameter. Then all the 
other details of the model are determined. 


(10) 
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The quantity w,(#) is, of course, given by (8). If we 
suppose, as usual, that the penetration depth \ varies 
with temperature, as [w.(#) }-#, then 


A(T)/A(0)=[we() P+. 


If necessary, this relationship, which is based upon an 
interpretation of the London electrodynamics of a 
superconductor, can be changed. It is not very firmly 
based in the theory. 

The critical field H, at a temperature T is given by 
the difference in free energy between the normal and 
superconducting phases. 


H2/8n=F,—F,; 


(12) 


(13) 
so that the reduced critical field h=H,/Hp is given by 
h?(t)=we+?[1—K (w) /K’ (0). (14) 


The surface energy can be calculated, in the frame- 
work of the new phenomenological theories,’ by using 
the free-energy form (3) instead of that given by the 
Gorter-Casimir model. The explicit consequences of the 
change will be postponed to a separate paper on the 
surface energy problem. 

It is of some interest to note explicitly that the ratio 
of electronic specific heats just above and just below 
the transition is 


CH.) 


[K’(0) ? 
ani [ ~ Foretiaseeen 
C(T.) 


i 15 
es (15) 


For the Gorter-Casimir model, this ratio is 3. 
We should also note the relation between H)/T, and 
(dH)/dT)r=7,. We obtain, from (14) and (8) 


dH, ae 
ra ( aT 7 TLK’(0) | 


Ss 


(16) 
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Fic. 1. Ratio of the “fraction of superfluid” w(#) in the “energy- 
gap” model, to that in the Gorter-Casimir model. For the latter, 
w(t) =1-—#. 


5\V. L. Ginzberg and L. D. Landau, J. Exptl. Theoret. Phys. 
(Japan) 20, 1064 (1950) ; J. Bardeen, Phys. Rev. 94, 554 (1954). 
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Fic. 2. Ratio of the function K(w) for the “energy-gap” 
model to that in the Gorter-Casimir model. For the latter, 
K(w) = (1—w)}. 
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For the Gorter-Casimir model, the expression in square 
brackets on the right side of (16) is equal to 4. 

This summarizes the most important properties of 
the model. In the next section we will derive the 
specific results for the model determined by (1). 


III. “ENERGY-GAP” MODEL, AND ITS 
CONSEQUENCES 
For the particular form of the specific heat law given 
by (1), namely 


c(t)=C(T)/yT.=A expl—a/t], (17) 


we want to find K(w). To this end we first calculate the 
entropy 


o(=s(T)/rTe= f c(r)dr/r, (18) 


0 


where we have taken into account the third law of 
thermodynamics in choosing the lower limit for the 
integral. Thus 


‘dr 
a(t)=A f — exp[—a/7r ]=AE(a/2), (19) 


where we have used the terminology E(x) for the 
standard exponential integral /2*e~’dr/r. This is the 
integral many mathematics books call —Ei(—x). We 
prefer to dispense with the two minus signs. 

Since we want a second-order phase transition at 
t=1, A is determined by 


AE(a)=1, 


so that only one of the parameters in (1) is really in- 
dependent. It is gratifying to note that the parameters 
obtained by curve-fitting to the observed specific heats! 


(20) 
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Fic. 3. Ratio of the critical field in the “energy-gap” model to 
that in the Gorter-Casimir model, normalized to the same value 
of Ho. For the latter, 4()= H.(T)/Ho=1—2. 


























do indeed closely satisfy (20). This is as it must be. 
It follows, therefore, that the ratio of specific heats 
just above and just below the transition is 


C(T.-)/C(T.+)=exp[—a]/E(a). (21) 


For the cases observed in practice, this is normally less 
than the value of 3 given by the Gorter-Casimir model. 
We have then 


E(a)o(t)= E(a/t). (22) 


Combining this with (9), we find 
E(a/t) 


o(t)=tK (w,) = ’ 
E(a) 


(23) 


which determines K(w,) as a function of ¢. Using (8), 
we obtain 


dire dw. d 
K' (0) —=?K' (w.)—=?—LK (w.) ], (24) 
dt dt dt 


so that 


dE(a/t) 
— E(a/t) 


=exp[—a/t]—E(a/1). 


dw. 
K'(0)E(a)—=1 

dt 
(25) 
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Fic. 4. Ratio of the penetration depth in the “energy-gap” 
model to that in the Gorter-Casimir model, both referred to the 
penetration depth at absolute zero. For the Gorter-Casimir model, 
this is A(7)/A(0) = (1—#)-+. 


Integrating this differential equation for w,, we find 


K’ (0) E(@)[1—w.(t) ]= (2a+4)E(a/t) 
—2texp[—a/t#], (26) 


where we have had to specify K’(0) in order to have 
the change in w,(#) from ‘=0 to ‘=1 come out equal 
to unity. The necessary value for K’(0) is 


K' (0)=1+2a—2e-*/E(a). (27) 


Equations (23), (26), and (27) now determine K(w) 
parametrically, with ¢ as a parameter. Then the rest 
of the properties of the model follow from the appro- 
priate equations in Sec. IT, and it is unnecessary to do 
more than to list them, leaving out the simple and 
straightforward derivations. 

The properties of the most general model of the 
form (3) that will lead to a specific heat of the form (1) 
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Fic. 5. Ratio of the critical field in the “energy-gap” model to 
that in the Gorter-Casimir model, normalized to the same slope 
at T=T,. 


or (17), are, then, as follows: 
K'(0)=1+2a—2e-*/E(a), 
K[we(t)]= E(a/t)/tE(@), 
(2a+1)E(a/t)—2t exp(—a/t) 
K'(0)E(a) 





1—w,(t)= 


The last two equations determine K (w). 


t 
(31) 


(32) 


W=w,(t)+ [1—K[w.(é) ]], 
0) 


K'( 
(Ho/T.)’= —4xyK' (0), 


-G),.G) 
x exp(—a)—E(q) | 


2 exp(—a)— (1+2a)E(a) 
C(T-)/C(T.+) =e-*/E(a). 
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The corresponding expressions in the Gorter-Casimir 
two-fluid model are as follows: 


K'(0)=—3, 
K[o.(t)J=?, 
1—we(d) =H, 
h?= (1-19), 
(Ho/T.)*=2ey, 


(—) Hy 
= =2—, 
dl /r=r, T, 


C(T-)/C(Te*) =3. 


(28GC) 
(29GC) 
(30GC) 
(31GC) 
(32GC) 


(33GC) 


(34GC) 


As mentioned before, the variation of the surface 
energy with temperature is also changed from that 
given by the Gorter-Casimir model, but this will be 
discussed separately. 

We exhibit in Figs. 1-4 for the “energy-gap” model 
with a= 1.25 and a= 1.5, w,(#), K(w), A(t) and A(#)/A(0) 
=([w(#) }-4, respectively. In each case we have plotted 
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the ratio to the corresponding expression for the Gorter- 
Casimir model, so that that model is represented by the 
horizontal line at unity. We show in Fig. 5 the ratio of 
the critical field in this model to that in the Gorter- 
Casimir model, when they are normalized to the same 
slope at T= T,. 


IV. DISCUSSION OF THE RESULTS 


As one might expect, the main difference between 
the “energy-gap” model and the Gorter-Casimir model 
is that, in the former, all the physical quantities tend 
to their values at absolute zero more rapidly than in 
the latter. Thus, C(T) goes to zero more rapidly, w,(#) 
goes to unity more rapidly, and H, goes to Ho more 
rapidly. 

The jump in specific heat is changed, and for the 
chosen values of a, is reduced. This is given by (24). 

The relation between Ho/T, and the slope of the 
critical field curve at the transition temperature is 
changed to (33), so that parabolic extrapolation to find 
H, is no longer valid. 

All these changes are quantitative rather than quali- 
tative, and are subject to experimental check. 
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Investigation of the Superconductivity of Hafnium 


Rosert A. HEIN, 
United States Naval Research Laboratory, Washington, D. C. and The Catholic University of America, Washington, D. C. 
(Received December 28, 1955) 


The magnetic susceptibility of two polycrystalline rods of hafnium (Hf I and Hf II) was observed from 
4.22°K down to 0.08°K. The electrical resistance of these specimens was also observed from room tempera- 
tures down to 0.08°K. While the magnetic measurements indicated unambiguously that no superconducting 
transition occurred, the electrical resistance did, however, exhibit a decrease at approximately 0.19°K for 
Hf I and 0.28°K for Hf II. The resistance did not fall to zero but remained finite down to the lowest tem- 
peratures obtained. The temperature at which this decrease occurred was found to be sensitive to an ex- 
ternally applied magnetic field. Critical field data were obtained for Hf I which indicated a (dH /dt)r =r, of 
450 gauss/degree. Magnetic and electrical measurements obtained for one of the specimens, subsequent to 
an anneal, indicated no marked change in these measured quantities. Both these specimens had a stated 
purity of 98.92%. 

The magnetic susceptibility of a third specimen of hafnium was observed and a superconducting transition 
was noted at 0.173°K. This specimen was in the form of lathe turnings and was approximately 96% pure. A 
few critical field points were obtained which yield a value for (dH /dT)r=r, of 130 gauss/degree. 

From a consideration of all the available data concerning the superconductivity of hafnium, it is felt that 
pure hafnium is probably not a superconductor down to a temperature of 0.08°K. 


I. INTRODUCTION 


| Ste and Simon! observed the magnetic behavior 
of hafnium below 1.0°K and reported it to be a 
superconductor with a transition temperature (7,) of 
0.35+-0.05°K. Roberts and Dabbs? investigated the 
magnetic susceptibility of several specimens of hafnium 
and detected no superconducting transitions down to 

1N. Kurti and F. Simon, Proc. Roy. Soc. (London) A151, 610 
(1935). 

2. D. Roberts and J. W. T. Dabbs, Phys. Rev. 86, 622 (1952) ; 
and private communications. 


0.03°K. The specimens were then annealed after which 
one of the specimens exhibited a transition at 0.29°K. 
The specimen which showed superconductivity was in 
the form of lathe turnings and possessed a purity of 
96%, the major impurity being zirconium (~4%). 
Smith and Daunt? failed to observe, magnetically, any 
superconductivity in a relatively pure hafnium sample 
(98.92%) down to a temperature of 0.15°K. The speci- 
men was then annealed and a superconducting transi- 


*T. S. Smith and J. G. Daunt, Phys. Rev. 88, 1172 (1952). 
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tion was detected at 0.37°K. The observed diamagne- 
tism was small and it was estimated that less than 
100% of the material became superconducting. Critical 
field data were obtained which yielded a value of 230 
gauss/degree for the initial slope of the critical field 
curve. 

In light of the paucity of Kurti and Simon’s data and 
the results of Roberts and Dabbs, it was felt that addi- 
tional information on the superconductivity of hafnium 
would be of interest. The work of Smith and Daunt, 
which was not published at the time the present work 
was initiated adds further interest to the problem in that 
although their sample was considerably purer than that 
of Roberts and Dabbs, the observed diamagnetism was 
much smaller. 


II. SPECIMENS 


The hafnium specimens used in the major part of 
this work were supplied by the Materials Section of the 
Wright Air Development Center at Dayton, Ohio. 
Specimen I, obtained March, 1952, was in the form of a 
cylindrical rod 16 mm in length and 3.4 mm in diameter. 
The hafnium was originally prepared‘ in the form of a 
polycrystalline rod formed by the thermal deposition 
from the iodide in which a tungsten wire, 0.004 in. in 
diameter, served as the core. The hafnium was then 
swaged to form a bar 3.4 mm in diameter. This bar was 
then annealed under an inert atmosphere and is 
referred to by Litton as bar No. 783. A second specimen 
of hafnium was obtained August, 1954 from the same 
source, and was also a section of bar No. 783. It was of 
the same physical dimensions as the first one and had 
also been annealed subsequent to the cold swaging. 
Both of these specimens had a stated purity of 98.92%. 
The major known impurity was zirconium which was 
present to the extent of 0.9%. 

A third specimen of hafnium was most kindly sup- 
plied by Dr. L. D. Roberts and Dr. J. W. T. Dabbs of 
the Oak Ridge National Laboratory and was the haf- 
nium chips, still imbedded in the salt pill, with which 
they had observed the reported superconductivity. 


Ill. EXPERIMENTAL METHODS 


A. Production and Measurement of the 
Temperatures 


Temperatures below 1°K were produced by the mag- 
netic method, using potassium chrome alum as the 
cooling agent. The exchange-gas technique was utilized 
and a Bitter-type solenoid provided the large mag- 
netizing fields. Thermal contact between the salt and 
the specimen was achieved either by imbedding the 
specimens directly in the salt pill or by cementing the 
specimen, with the use of General Electric adhesive 
No. 7031, inside a copper sleeve, see insert Fig. 3, which 
in turn was in thermal contact with a copper fin im- 
bedded in the salt pill. This latter technique had 


*B. Litton, J. Electrochem. Soc. 98, 488 (1951). 
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previously been shown to produce adequate thermal 
contact down to temperatures of the order of 0.2°K.® 
Temperatures below 1.0°K were determined from the 
magnetic susceptibility of the salt pill as measured by 
the ballistic mutual inductance technique.® In order to 
express these extrapolated temperatures 7*, in terms of 
the Curie scale (T,*) for spherically shaped salt speci- 
mens, it is necessary to correct the observed 7* for the 
shape and density of the salt pill used. Details of the 
method employed in making this correction are given 
elsewhere.’ The magnitude of this correction varied 
from 0.017°K to 0.022°K depending on the salt pill used. 


B. Detection of Superconductivity 


1. The ballistic mutual induction technique was also 
utilized to detect the occurrence of superconductivity 
in the hafnium samples. Details of this procedure have 
already been given.''* When the metal specimen is 
imbedded in the salt pill it is customary to employ a 
secondary coil system consisting of two coils, having an 
equal number of turns, connected in series opposition. 
since, in the present investigation, the metal was 
separated from the salt, a three-coil secondary was 
employed. By means of an external switch, the ap- 
propriate pairs of secondary coils could be placed in 
series opposition. With this arrangement, Fig. 1, the 
differential magnetic susceptibility of the salt pill and 
of the metal could be independently observed. This 
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Fic. 1. Schematic diagram of the lower Dewar assembly. 


5 J. R. Clement eé al., Rev. Sci. Instr. 24, 545 (1953). 

(sass; Kurti and F. Simon, Proc. Roy. Soc. (London) A149, 152 
™N. Kurti and F. Simon, Phil. Mag. 26, 849 (1938). 
8 J. G. Daunt and C. V. Heer, Phys. Rev. 76, 1324 (1949). 
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provides greater sensitivity in the detection of super- 
conductivity as the effect of the metal does not have to 
be separated from that of the salt, as is the case when a 
two-coil secondary is employed. This system has a 
further advantage in that it permits the calculation of 
the temperature, at any time, from the salt’s suscepti- 
bility even if the metal exhibits a strong diamagnetism.® 

2. In light of the results obtained with the ballistic 
method and the smallness of the effect observed by 
Smith and Daunt, it was decided to try to detect a 
superconducting transition in the hafnium by means of 
direct electrical resistance measurements. Such meas- 
urements would be pronouncedly effected if a small 
percent of the specimens volume went superconducting. 
The electrical resistance data for Hf I were obtained 
by utilizing a dc amplifier and recorder as a recording 
microvoltmeter. The data for the other specimens were 
obtained with a null circuit where the voltage drop 
across the specimen, for fixed values of current, was 
bucked against the voltage across a standard resistor. 
The voltage drop across the standard resistor was 
monitored by adjusting the current passing through it. 
With this arrangement the dc amplifier and recorder 
served as the null indicator. The sensitivity was such 
that an unbalance of 10-7 volt caused a full-scale 
deflection (50 divisions) of the recorder. The noise level 
was between two and three scale divisions. 

Electrical contact to the specimen, for Hf I, was 
achieved by means of pointed brass screws. This 
technique was later discarded in favor of spot-welded 
contacts. The electrical leads in the vacuum chamber 
consisted of four Pb wires (0.010 in. in diameter) wound 
in the form of a helix in order to increase the thermal 
resistance of these leads. The necessary electrical leads 
were brought into the vacuum chamber (brass can) by 
either running them down the vacuum line and anchor- 
ing them to the bath temperature by means of a brass 
post and collodion, or by means of glass to metal seals 
soldered in the lid of the can, in which case the leads 
passed directly through the helium bath. This latter 
technique was somewhat troublesome because the seals 
were susceptible to low-temperature leaks and were not 
reliable upon cycling between room temperature and 
liquid helium temperatures. 


IV. EXPERIMENTAL PROCEDURE 


The salt pill was centered in coil A, and the specimen 
holder was of appropriate length so that the hafnium 
specimen was centered in coil B (Fig. 1). The ballistic 
galvanometer was always in series with coil C. With 
coils A and C in series opposition, the galvanometer 
deflection, caused by initiating a current in the primary 
coil, was proportional to the differential susceptibility 
of the salt pill. Similarly, with coils B and C in series 
opposition, the galvanometer deflection was propor- 
tional to the differential susceptibility of the hafnium 
sample. With exchange gas present and the system at 


9M. C. Steele and R. A. Hein, Phys. Rev. 92, 243 (1953). 
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Fic. 2. Galvanometer deflections obtained for hafnium I and for 
the salt pill as a function of the time after demagnetization. 


4.22°K the deflections were adjusted, by means of an 
external mutual inductance, to give a convenient value 
(usually 15 or 20 mm). The deflections for the salt and 
for the hafnium, as well as the electrical resistance of 
the hafnium, were then observed as a function of the 
temperature as the temperature of the helium bath was 
lowered to 1.3°K, from which point the magnetization 
cycle was initiated. Since it was not possible to work 
isothermally below 1.3°K, the above three quantities 
were observed as a function of time after demagnetiza- 
tion. A plot of these quantities as a function of the time 
after demagnetization will indicate (a) the occurrence of 
any superconducting transition (b) the time at which 
the transition occurred and (c) the galvanometer de- 
flection due to the salt corresponding to this time, from 
which the temperature may be readily calculated. 


V. RESULTS 


The results obtained for all the specimens are sum- 
marized in Table II and are presented here in detail. 


A. Hafnium Rods 


Figure 2 shows a portion of a warmup curve where the 
galvanometer deflections obtained for the salt and for 
hafnium I are plotted as a function of the time after 
demagnetization. For this particular run the time 
required for the system to warm up to the temperature 
of the helium bath was five and a half hours. From the 
constancy of the differential magnetic susceptibility of 
the hafnium sample as evidenced by the galvanometer 
deflection, which remained constant at its 4.22°K value, 
one can conclude that (a) the sample did not go super- 
conducting or (b) even though the salt cooled to ap- 
proximately 0.06°K the hafnium sample did not cool to 
such temperatures. In an attempt to check this second 
possibility, two previously calibrated carbon resistors 
were employed as shown in Fig. 3. The lower resistor 
was cemented to the hafnium:sample, so that any 
cooling experienced by this resistor must arise from the 
cooling of the hafnium by the salt pill. The two plots 
included in Fig. 3 show that both resistors cooled to 
temperatures of the order of 0.08°K. The two curves ob- 
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Fic. 3. Resistance of the carbon resistors as a function of 
the time after demagnetization. 


tained for the carbon resistors result from the fact that 
the carbon resistors were of slightly different values and 
hence, have different calibration curves. The fact that 
no appreciable time lag was observed in the cooling 
down or the warming up of the two resistors, indicates 
the presence of intimate thermal contact between the 
salt and the hafnium. 

The electrical resistance measurements conducted 
with Hf I were carried out in the hope of detecting a 
gross effect (i.e., R-+0) and were not intended to be used 
in determining the precise values for the superconduc- 
ing properties of the specimen. Measurements of this 
type being highly sensitive to impurities often yield 
erroneous values for T, and dH /dT for slightly impure 
specimens. The results obtained by observing the resist- 
ance of the specimen as it warmed up after a demag- 
netization are plotted in Fig. 4. It is seen that immedi- 
ately after demagnetization, the resistance had a con- 
siderably smaller value than it had at 1.3°K. As the 
specimen warmed up, the resistance increased and after 
approximately twenty minutes, corresponding to a tem- 
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Fic. 4. Resistance of hafnium I as a function of the time 
after demagnetization. 


perature of 0.20°K, it had reached the value it had at 
1.3°K. The resistance remained constant at this value 
throughout the remainder of the warmup. In the present 
work the transition temperature (7.) is defined as that 
temperature at which the resistance first returns to its 
full normal value. This behavior is presented dif- 
ferently in Fig. 5, where it is noted that R/Rj.3*x had 
a value of 0.61 at its lowest limit. Measuring currents 
of 147 and 232 microamperes were employed in making 
each resistance measurement and no dependence on 
current was noted. Critical-field data were obtained by 
observing several warmups in the presence of small 
magnetic fields. These fields were supplied by an auxili- 
ary solenoid wound upon the casing of the Bitter 
magnet. A superconducting transition in a field of 25 
gauss in also included in Fig. 4. The critical-field data 
are plotted in Fig. 6 and may be represented by a 
straight line with a slope of 450 gauss/degree. 
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Fic. 5. Resistance of the hafnium I and hafnium II as a function 
of the absolute temperature for temperatures below 1°K. 


The specimen, hafnium I, was then annealed by 
Mr. E. Chapin of the Metallurgy Division of the Naval 
Research Laboratory, by subjecting it to a temperature 
of 800°C in a vacuum of 2X10-* mm Hg. This tem- 
perature was maintained for a period of thirty minutes, 
after which the oven was allowed to cool overnight. The 
susceptibility measurements were repeated and again 
failed to show any signs of superconductivity in the 
hafnium down to a temperature of 0.08°K (see Fig. 7). 
Since an effect had been observed in the electrical 
resistance of the unannealed sample, it was decided to 
use a null technique to measure the resistance of the 
annealed sample. The resistance of this sample as a 
function of the absolute temperature from room tem- 
perature down to 1.3°K is plotted in Fig. 8. In measuring 
the resistance below 1.3°K, currents of 2.5 and 5.0 ma 
were employed and these measurements indicated that 
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the resistance started to decrease at temperatures 
ranging from 0.12 to 0.19°K. The data yield a value of 
0.71 for the ratio of R/R,.s°x at the lowest temperature 
attained (~0.08°K). In these particular measurements 
rather fast warmup times were encountered. Because of 
the uncertainties in temperature introduced by such 
rapid warmups (~20 minutes) the data are not included 
in Fig. 5. 

In order to ascertain if this decrease in resistance was 
perhaps peculiar to the specimen (hafnium I), a second 
hafnium sample (hafnium II) was obtained and the 
measurements repeated. The magnetic measurements 
again failed to reveal any superconduction transition. 
The electrical resistance, however, did show an abrupt 
decrease at 0.28°K. The ratio of R/R:,3°x was 0.42 at 
its lowest value, see Fig. 5. Measuring currents of 5.0 
and 10.0 milliamperes were used and no dependence of 
the resistance on the currents used was noted. The 
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Fic. 6. Critical field curve for hafnium I. 


electrical properties of Hf II were very similar to those 
of Hf IA with the exception of T,. 


B. Specimens Imbedded in the Pill 


In an attempt to duplicate the experimental arrange- 
ment used by the other workers,'~ to facilitate the com- 
parison of results, both hafnium samples were imbedded 
in a pill. A specimen of cadmium, the volume of which 
was one-half that of the hafnium’s, was also imbedded 
in this pill to serve as a check on (a) the quality of the 
thermal contact and (b) the sensitivity of this arrange- 
ment. The results of observing the effective suscepti- 
bility of the pill by means of a two-coil secondary are 
plotted in Fig. 9. The only transition which is apparent 
occurred at a temperature of 0.555°K and is therefore 
attributed to the cadmium. If 100% of the hafnium had 
gone superconducting, it should have given rise to an 
effect, approximately twice as large as that due to the 
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Fic. 7. Galvanometer deflections obtained for hafnium IA and 
the salt as a function of the time after demagnetization. 


cadmium. The lowest temperature attained in this 
demagnetization was of the order of 0.06°K. 


C. Hafnium Chips 


Data obtained in zero applied magnetic field for the 
chips still imbedded in the pill used by Roberts and 
Dabbs, revealed a very strong diamagnetic component in 
the effective susceptibility of the pill below temperatures 
ranging from 0.22 to 0.29°K, see Fig. 10. This non- 
reproducibility of the zero-field transition temperature 
indicated a lack of thermal contact between the chips 
and the salt. Owing to the lack of thermal contact, no 
accurate-field data could be obtained. This apparent 
deterioration of the thermal contact between the haf- 
nium chips and the salt is not surprising since the pill 
was about three years old. In light of this, the pill was 
dissolved in water and the chips were recovered. A new 
salt pill was fabricated into which two-thirds of the 
recovered hafnium was imbedded. With this pill, a 
zero-field transition was observed at 0.175°K and is 
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Fic. 9. Galvanometer deflections obtained as a function of the 
time after demagnetization for a salt pill containing hafnium IA, 
hafnium II, and cadmium. 


depicted in Fig. 11. Additional critical-field data are 
given in Table I. While the critical-field data are not 
very conclusive, an estimate of 130 gauss/degree for the 
initial slope of the critical-field curve may be obtained. 


VI. DISCUSSION OF RESULTS 


The failure of the bulk specimens to exhibit the strong 
diamagnetism characteristic of the superconducting 
state is in disagreement with the results of other 
workers.'* In the case of Kurti and Simon! no detailed 
comparison can be made as they presented no experi- 
mental data concerning the superconductivity of haf- 
nium. Since the specimen used by Smith and Daunt? 
was a section of Litton’s Bar No. 783, as were the bulk 
specimens used in the present work, the disagreement 
in the results is not readily explicable. While they 
attributed the smallness of the observed diamagnetism 
to the fact that less than 100% of their specimen be- 
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Fic. 10. Galvanometer deflections obtained for the “Oak 
Ridge” pill as a function of the time after demagnetization. 


came superconducting, in the present investigation if as 
little as 10% of the specimen had become superconduct- 
ing it would have given rise to a detectable magnetic 
effect. This lower limit was arrived at by calibrating the 
coil system with a cadmium sample of known volume. 
The results of the electrical resistance measurements 
showed that the bulk specimens exhibited an “incipient 
superconductivity.” Because of experimental difficulties 
the measurements obtained for Hf I were taken with 
only two contacts (0-80 brass screws) attached to the 
specimen. Therefore, the measured resistance includes 
the resistance of the contacts as well as any contact 
resistance which might have been present. The mag- 
nitude of the measured resistance as well as the mag- 
nitude of the observed decrease, Fig. 4, is too large to 
be attributed to the hafnium alone (compared with 
hafnium IA and hafnium II). In light of this, the 
observed decrease in resistance is interpreted as being 
due to a decrease in the contact resistance between the 
brass screws and the hafnium sample as the latter starts 
to go superconducting.” The data for hafnium IA and 
hafnium II were obtained with four contacts to the 
specimens. Since a null technique was employed, the 


TaBLeE I. Critical-field data for the hafnium chips. 
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above considerations do not enter. It is of interest to 
note that (1) the decrease in resistance was not sharp 
with respect to the temperature and (2) the resistance 
remained measureable down to 0.08°K. In other words, 
at a reduced temperature (7/T.) of 0.28, the value of 
(R/Roormai) was only 0.41 indicating a relatively large 
transition interval. Spread-out transitions of this nature 
are not characteristic of “good” superconductors. This 
behavior and the failure of the specimens to exhibit the 
Meissner effect is suggestive of superconducting alloy. 
The measured hardness of these bulk specimens was 
reported by Litton to be Rockwell B78; Smith and 
Daunt measured the hardness of their sample to be 
Rockwell C47 before and Rockwell B100 after they had 
annealed it. Mr. Alton R. Donaldson of the Metallurgy 
Division of the Naval Research Laboratory measured 
the hardness of Hf I as supplied, with a Wilson Tukon 
Tester, and observed that the indentations were most 
regular when taken from the center of the specimen out 
to approximately one-half its radius. The indentations 
from that point out to the periphery were irregular. 
This irregularity of the indentations may be interpreted 
as due to an inhomogeniety of the specimen. A micro- 
graph of the specimen (Fig. 12) supports this conclusion. 


1 F, Bedard and H. Meissner, Phys. Rev. 98, 1539 (1955). 
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However, for the sake of comparison, a value for the 
hardness was calculated by using the indentations 
which were regular, to be 201.9 DPHN. While the con- 
version from this scale to the Rockwell scale is some- 
what doubtful," a value of 201.9 DPHN corresponds 
to approximately Rockwell B92, which is somewhat 
softer than Smith and Daunt’s value, but harder than 
Litton’s value. 

The large diamagnetism observed with the hafnium 
chips substantiates, in effect, the findings of Roberts 
and Dabbs. In apparent contradiction with the results 
of Smith and Daunt, the diamagnetism observed with 
these chips was larger, by a factor of four or five, than 
what was expected on the basis of 100% of the specimen 
going superconducting. The excess diamagnetism is 
attributed to the formation of superconducting rings 
inside the pill. Since the specimens were in the form of 
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Fic. 11, Galvanometer deflections obtained for the hafnium chips 
as a function of time after demagnetization. 


lathe turnings, such an assumption seems plausible. In 
light of this, it is not possible to calculate what percent- 
age of the specimen became superconducting. The 
transitions were not very sharp and therefore introduce 
uncertainties in the calculation of the transition tem- 
peratures. Due to this, the critical-field data should be 
viewed with some reservations. 

The warm-up curves obtained with the new salt pill 
are of somewhat unusual character. The constancy in 
the galvanometer deflections, observed in the early 
stages of the warmup, indicates that the diamagnetism 
caused by the hafnium chips must have been decreasing 
by the same order of magnitude as was the paramagnet- 
ism of the salt. This means that the hafnium never 


Metals Handbook (American Society of Metals, Cleveland, 
1948), p. 103. 


Fic. 12. A micrograph (12.5X) of the hafnium bar. 


exhibited a constant diamagnetism of the sort demon- 
strated by the cadmium sample in Fig. 9. The results 
obtained with the pill supplied by Roberts and Dabbs 
(Fig. 10) also indicated that the diamagnetism was still 
increasing at the lowest temperatures attained. 

The low transition temperature observed with the 
new pill, would indicate that the additional cold- 
working experienced by the chips in the fabricating of 
the pill, had the effect of lowering the transition tem- 
perature. This conclusion is based on the assumption of 
intimate thermal contact.° 


VII. CONCLUSIONS 


The results reported here serve to emphasize the 
nebulous nature of the superconducting state in haf- 
nium. The magnetic susceptibility measurements con- 
ducted with the purer specimens indicate that hafnium 
is not a superconductor. The electrical resistance meas- 
urements, however, revealed an “incipient supercon- 
ductivity.” In drawing a conclusion from these results, 
the magnetic measurements are weighted more heavily 
because they are believed to be more characteristic of 
the specimen as a whole. With this in mind, it is felt 
that a tentative “no” must be rendered to the question 
of superconductivity in hafnium down to a temperature 
of 0.08°K. 

No pertinent conclusions may be drawn from the 
work with the impure specimens because zirconium, 
the major impurity, is known to be a superconductor 
with a transition temperature as low as 0.56°K.! 

While its position in the periodic table would make 
the superconductivity of hafnium not too surprising, a 
consideration of all the data in Table II reveals that the 
experimental evidence to date does not warrant such a 
conclusion. In light of the apparent contradictory re- 
sults and the fact that the purest specimens used to 
date may not be representative of ‘“‘pure” hafnium, it is 


‘ felt that further work with purer samples, both physi- 


cally and chemically, is necessary before the question 
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Taste II. Summary of properties of hafnium specimens. 








Specimens 


Workers Characteristics Prepared by 


Transition temperature 


Treatment Resistance Magnetic Comments 





. Kurti and 
Simon* 


. Smith and 
Daunt* 


Polycrystalline bar (2 mm 
X25 mm), “very pure” 


Polycrystalline bar (3.4 
mene, mm), 98.92% 
pure. Major impurity 
0.9% zirconium 

. Same specimen as above 


deBoer and 
Fast 


A. Litton? 


. Irregularly sha +P se% chips, 
approximately 
pure; major aky 
4% zirconium 

. Same specimen as above 


. Present work . Hf I. Polycrystalline bar Litton> 
(3.4 mmX16mm), 
98.92% pure; major im- 

urity 0.9% zirconium. 

B. Hf IA. Same specimen as 
above 

. Hf II. Polycrystalline bar 
(3.4X16 mm), 98.92% 
pure; major impurity 
0.9% zirconium 

. Irregularly shaped chips; 
same specimen as used 
by Roberts and Dabbs 


Litton 


See III above 


. Same as D above; new 
salt pill 


0.35°K 


Cold-swaged 
and annealed 


None down to 
T,* = —0.15°K 


Re-annealed 0.37°K Less than 100% 
of the specimen 
became super- 


conducting 


None down to 
=0.03°K 


Lathe turnings 


Annealed in a 0.29°K 


Apparent diamag- 
high vacuum 


netism in ex- 
cess of 100% 
superconduc- 
tivity 
0.19°K None down to 


0.08°K 


Cold-swaged 
and annealed 


0.12 to 
0.19°K 
0.28°K 


None down to 
T,* =0.08°K 
None down to 
T,.* =0.08°K 


Re-annealed 


Same as Hf I 


See IIT. B 0.22 to 0.29°K Apparent diamag- 
netism in ex- 
cess of 100% 
superconduc- 
tivity 

Apparent diamag- 
netism in ex- 
cess of 100% 
superconduc- 
tivity 








® See pretence 1 
> J. H. deBoer and J. D. 
¢ See reference 3 
4 See reference 4 
* See reference 2. 


Fast, Z. anorg. Chem. 187, 193 (1930). 


of superconductivity in hafnium can be incontestably 
answered. 
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Optical Absorption of Pure Silver Halides* 
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The absorption spectra of pure silver bromide and silver chloride crystals grown from the melt have been 
measured in and near the so-called “absorption edge,” where the absorption coefficient increases very 
rapidly with frequency. The temperature-dependence of the absorption edge has also been investigated. 
More limited data have been collected on the absorption spectra of mixed AgBr—AgCl and AgBr—Agl 


crystals, 


The requirements for an accurate measurement of the absorption edge in pure materials are discussed 
briefly, and it is estimated that the room-temperature data reported here are accurate to somewhat better 
than 10%. These new data are combined with some published measurements in an effort to obtain 
absolute absorption spectra for silver chloride and silver bromide over a large range of absorption coefficients. 





I. INTRODUCTION 


NLY limited data have been reported in the 

literature on the spectral absorption of silver 
bromide and silver chloride, both in the edge region 
and at higher absorptions. Several factors combine to 
make such measurements somewhat difficult. 

The steepness of the absorption edges necessitates 
much care in the photometric measurements. In 
addition, it requires the preparation of a series of 
crystals covering a wide range of thicknesses, and 
having little volume and surface scattering. Finally, 
as will be seen in this paper, even slight traces of 
impurities may seriously modify the positions and 
shapes of the absorption edge, and hence crystals of 
very high purity must be used. 

For silver bromide at room temperature in the 
spectral range 200-350 my, Hilsch and Pohl' and 
Fesefeldt and Gyulai® have published some data, but 
the absorption coefficients are given in relative values 
only, and some questionable assumptions are required 
in order to obtain the absolute values of the coefficients. 


Biltz’ analyzed the Hilsch and Pohl data and also made * 


some independent measurements of the absorption 
coefficient of silver bromide in the range 200-360 mu. 
Although these measurements of Biltz are subject 
to all the difficulties inherent in measuring very thin 
and inhomogeneous films, Biltz estimated that his 
values were within a factor of two of the true values of 
the absorption coefficient of pure silver bromide crystals. 
In the spectral region 360-450 my, Slade and Toy‘ have 
published data which appear quite reliable. They are 
in good agreement with our own measurements in the 
range 400-450 my at room temperature. Some measure- 
ments at lower temperatures have also been reported by 


*Communication No. 1779 from the Kodak Research 
Laboratories. 

1R. Hilsch and R. W. Pohl, Z. Physik 64, 606-622 (1930). 

2H. Fesefeldt and Z. Gyulai, Nachr. Ges. Wiss. Géttingen 
No. 3, 226 (1929). 

3M. Biltz (private communication). 

4R. E. Slade and F. C. Toy, Proc. Roy. Soc. (London) A97, 


181-190 (1920). ° 


Toy and Harrison.® In these Laboratories, a study has 
been made of the shape and temperature-dependence 
of the silver bromide absorption edge. The results 
published® showed that for silver bromide the plot of 
the log absorption coefficient versus energy is approxi- 
mately linear and that the numerical value of the 
slope in this plot approaches 1/kT (k= Boltzmann’s 
constant, T=absolute temperature). This paper 
presents more accurate data taken at room temperature. 
For the case of silver chloride, Hilsch and Pohl! and 
Fesefeldt and Gyulai*? have published some data, and 
more recently, Gilleo’ has published some measurements 
on the temperature-dependence of the absorption 
edge. A rather complete spectrum of silver chloride at 
room temperature in the range 220-400 my has been 
measured by Milliman. Our own data cover the 
spectral range 380-435 my at room temperature. 
There is excellent agreement with Milliman in the 
wavelength range in which the data overlap. 


II. MATERIALS 


All our measurements were made on crystals prepared 
from the purest available AgCl and AgBr precipitates. 
The crystals were grown either as polycrystalline disks 
solidified slowly from the melt, as thin sheets crystallized 
between Vycor plates, or as large, cylindrical crystals 
grown by the modified Bridgman technique described 
elsewhere.’ The thinnest samples were made by pressing 
the crystals, followed by annealing. By using these 
techniques, crystals ranging in thickness from several 
microns to several centimeters were obtained, enabling 
us to cover a large range of absorption coefficients. 


Ill. EXPERIMENTAL REQUIREMENTS 
AND PROCEDURE 


An accurate determination of the absorption coeffi- 
cient of silver bromide and silver chloride in the edge 


5F. C. Toy and G. R. Harrison, Proc. Roy. Soc. (London) 
A127, 613-637 (1930). 

°F. Urbach, Phys. Rev. 92, 1324 (1953). 

™M. A. Gilleo, Phys. Rev. 91, 534 (1953). 

’P. D. Milliman, Cornell University, Ithaca, New York, 
master’s thesis, 1954 (unpublished). 

® Nail, Moser, Goddard, and Urbach (to be published). 
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Fic. 1. Absorption spectra of AgBr crystals with various 
impurities. Impurity concentrations are nominal additions in 
mole percent. All samples are approximately 3 mm thick. Measure- 
ments made at 25°C. 


region requires careful control of several factors because 
of the extreme steepness of the edge. In the edge region, 
a change of 1 A in wavelength causes about a 2% 
change in the absorption coefficient, k. Hence, a 
measurement of k, accurate to a few percent,requires 
an accuracy of wavelength measurement to 1 A. The 
steepness of the absorption edge also imposes a severe 
restriction on the band width that may be used in 
measuring the transmission of a sample. In general, 
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Fic. 2. Absorption spectrum of a AgCl crystal containing 
approximately 10 parts per million of copper impurity. Measure- 
ments made at 25°C. 
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measurement of an absorption edge with a finite band 
width gives incorrect values of the transmission, and 
hence of the quantities derived from it. In order to 
estimate the influence of the measuring band width, 
the error in k was calculated as a function of the 
steepness of the edge, the density being measured and 
the band width being used (Appendix 1). The calcula- 
tion indicates that for silver chloride and silver bromide, 
in the steepest region of the edge, a band width of 
about 1 my or less must be used if an accuracy of a 
few percent is desired over a reasonable density range. 
Measurements made with varying band widths and 
with a monochromatic line source confirmed this 
conclusion. 

The position and shape of the absorption edge of 
silver chloride and silver bromide are temperature 
sensitive (see Figs. 5 and 7). The edge shifts to longer 
wavelengths and flattens with increasing temperature. 
In the neighborhood of 25°C, the shift is about 2 A 
per degree Centigrade, or in terms of the absorp- 
tion coefficient, k, about a 4% change in k per degree 
Centigrade. Therefore, strict control and measurement 
of temperature are necessary. At higher temperatures, 
this requirement becomes less stringent, since the 
edge flattens. 

Certain cationic impurities appreciably alter the 
absorption spectrum of silver chloride and _ silver 
bromide if they are present in as small a concentration 
as several parts per million. Generally, this impurity 
absorption manifests itself as a long-wavelength absorp- 
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Fic. 3. Optical density as a function of wavelength for a 4.16 
mm-thick AgBr crystal at 26°C. Curve (a) is the measured 
density; curve (b) represents the theoretical reflection losses; 
and curve (c) is the density attributed to nonabsorption losses. 
The absorption density is calculated by subtracting curve (c) 
from curve (a). 
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tion tail added to the main absorption edge. Figure1 
shows the effect of several metallic impurities added in 
comparatively large concentrations to a silver bromide 
melt before crystallization. Probably only a fraction of 
the nominal impurity content is effectively built into 
the crystals obtained from these melts, but the data 
may be regarded as indications of the strong effect 
of small concentrations of impurity on the long-wave- 
length absorption. More detailed data have been 
obtained on the absorption produced by copper in 
silver chloride. Figure 2 shows the absorption of a 
silver chloride crystal prepared by the Bridgman tech- 
nique,’ with 10 parts per million of cuprous chloride 
added to the starting precipitate. These results indicate 
that 1 part per million of copper added in this manner 
would probably produce a measurable long-wavelength 
absorption. If the crystal is prepared in a manner 
favoring the formation of cupric ions, for example, 
annealing in a chlorine atmosphere, the long-wavelength 
absorption is still larger, and extends to longer wave- 
lengths. (Detailed data on the effects will be reported 
in later publications.) 

Extreme care is therefore taken to avoid any con- 
tamination of the precipitate and of the final crystal. 
The excellent reproducibility of the absorption spectra 
of carefully prepared samples grown from different 
precipitates and by different methods indicates that 
these spectra are not affected by the absorption of 
residual impurities. 

The samples used in these measurements generally 
exhibit strain patterns when viewed between crossed 
Polaroid filters. However, similar measurements were 
made on carefully annealed samples, and on samples 
subjected to stresses resulting in a deformation of 
several percent, and in no case was a significant change 
in the optical absorption detected. The crystals received 
no exposure other than that used in the actual measure- 
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Fic. 4. Absorption spectrum of AgBr crystals at 29°C. 
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Fic. 5. Absorption spectra of AgBr crystals as a function of 
temperature in the range — 157°C to 350°C. 


ment. This measuring exposure was shown not to cause 
a detectable change in the absorption spectrum. Hence, 
the absorption spectra reported here are believed to 
represent those of unexposed crystals of a high degree 
of purity and perfection. 

In determining absorption coefficients from our 
transmission measurements, it is necessary to take into 
account the light losses due to scattering at the surface 
and in the volume of the crystals, as well as the specular 
reflection losses at the surfaces. The manner in which 
this was done is shown for a typical measurement in 
Fig. 3. Curve (a) is the measured transmission density 
as a function of wavelength, (b) is the theoretical 
reflection loss calculated from a knowledge of the index 
of refraction, and (c) represents the density that was 
subtracted from the measured density to give the true 
absorption. Curve (c) is drawn as an extension of (a) 
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Fic. 6. Absorption spectrum of AgCl crystals at 26°C. 
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Fic. 7. Absorption spectra of AgCl crystals as a function of 
temperature in the range 26°C to 425°C. 


and approximately parallel to (6). The short wavelength 
range over which the extrapolated curve (c) is used 
makes any large error unlikely. Confidence in this 
method of analysis is justified by the good agreement 
obtained in calculating & from crystals of different 
thicknesses and of widely varying optical qualities. 
Depending on the sample, the scatter correction varied 
greatly, but in the most favorable cases it was negligibly 
small. The absorption values derived from these 
samples agree well with those obtained on highly 
scattering samples. It should be emphasized that this 
method of analysis is practical only if a wide range 
of sample thicknesses, varying by small amounts, is 
readily available. The measurements reported here have 
been made with either a double-beam spectrophotom- 
eter designed and built in these Laboratories, or a Cary 
Recording Spectrophotometer. No absorption coeffi- 
cients were calculated from densities greater than about 
2.5, since at higher densities, wide slits, possible stray 
light, and the steep absorption edge of silver chloride 
and silver bromide combine to make such data 
unreliable. 

For absorption measurements at elevated tempera- 
tures, the sample was mounted in an all-glass cell, 
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Fic. 9. Absorption spectra of AgCl and AgBr crystals at a 
temperature of about 25°C. The broken curves represent data 
compiled from other sources referred to in this publication. 


which, in turn, was placed in a furnace having quartz 
windows through which the incident and the trans- 
mitted beams pass. The temperature was determined by 
a thermocouple embedded in the sample. For low- 
temperature measurements, the sample was held in a 
Dewar flask just above the surface of an acetone—dry 
ice mixture, or of liquid nitrogen. In all cases, careful 
insulation allowed completion of the experiment with- 
out objectionable temperature drift. 

Figure 4 is the absorption spectrum of pure silver 
bromide crystals at a temperature of 29°C in the 
spectral range 410-500 muy. It is estimated that the 
values are accurate for our materials to +10%, and 
probably somewhat better. Figure 5 shows the tem- 
perature-dependence of the absorption edge of silver 
bromide from —157°C to 350°C. These data are not 
as reliable as the room-temperature values reported 
in Fig. 4. 

The absorption spectrum of pure silver chloride 
crystals from 380-435 my at 26°C is shown in Fig. 6. 


TABLE I. Absorption coefficient, k (cm™), 
of pure AgBr and AgCl crystals. 











AgBr+3 mole % Ag! 
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Fic. 8. Absorption spectra of mixed silver halide crystals at 25°C. 
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For silver chloride, values in the absorption edge only 
have been measured, and, again, are accurate to +10 
percent. The temperature dependence of the absorption 
edge of silver chloride from 26°C to 425°C is given in 
Fig. 7. The room-temperature data on silver chloride 
and silver bromide are listed in Table I. 

Some limited data have been obtained on the 
absorption spectra of mixed silver halide crystals, and 
Fig. 8 shows the spectrum of a mixed AgCl—AgBr 
crystal (58 mole percent AgCl—42 mole percent 
AgBr) and of a mixed AgBr—AglI crystal (97 mole 
percent AgBr—3 mole percent Agl). Both measure- 
ments were made at approximately 26°C. 

In Fig. 9, an attempt has been made to summarize 
the available information on the absorption spectra, 
at room temperature, of pure silver chloride and silver 
bromide. In joining the various sets of data, considera-’ 
tion has been given to the authors’ estimates of accuracy, 
and to the type of samples on which the measurements 
were made. Apart from our own data, however, it is 
difficult to estimate the accuracy of the values reported. 
The measurements of Slade and Toy‘ appear to be 
quite reliable. The short-wavelength data of Biltz’ 
do not agree with those reported by Hilsch and Pohl.! 
Milliman® has made his measurements on carefully 
pressed and annealed sheets of silver chloride and has 
used a wide range of thicknesses. The internal consist- 
ency of his data implies that they are quite reliable. 
Our own results on pressed samples suggest that this 
treatment does not modify the observed optical 
absorption. 
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APPENDIX 1 


It is desired to estimate the error introduced into a 
determination of the absorption coefficient, k, as a 
result of using a finite band width in the measurement 
of the transmission. 

The transmission, 7, of a sample of thickness /, at 
a wavelength J is given by 


T= e7k™ /f 


(1) 


where k(A) is the absorption coefficient at wavelength A. 
From (1), one gets for the fractional change in , 
expressed as a function of 7, 


Ak/k=AT/T InT. (2) 


In a small neighborhood of wavelength do, the 
transmission at wavelength \ is approximately rep- 
resented by 


T (A) = Tot+-a(A—do) +B(A—Ao)?, (3) 


OF PURE Ag HALIDES 1523 
where a and @ are constants determining the first and 
second derivatives of T with respect to X. 

If one now measures the transmission at \o by use of 
a band width of Ad wavelength units centered at A» and 
equal weight is given to all wavelengths, the value 
obtained will not be 7, but rather 7o’, where 


1 Ao+FAA 
Tif eames f [To+a(A—do)+8(A—Ao)* ]ddr._, (4) 
AX yn 9-440 


This assumes, for a first approximation, that the 
incident energy is uniformly distributed over the 
region AX. The difference between the true transmission 
To at Xo, and the measured transmission 7’, denoted 


by AT, is 
Tp’ — Tyo= AT=8(AdA)?/12, (S) 


evaluating To’ from (4). From (3), @T/d\?=28 and 
therefore, 
Ak (d?T/dd*) (AX)? 


k 24T InT 


(6) 


Formula (6) is a general expression for the fractional 
error in k. By assuming a specific form for the trans- 
mission curve, Ak/k may be calculated. 

In the case of silver bromide and silver chloride, 
the absorption coefficient in the edge region is fairly 
well represented by 

k= ke, (7) 


where kp and c are constants. 

Writing T=exp(— ole“), and evaluating d@7/d? 
and In7, one may substitute directly in the general 
expression (6) and obtain, for the case of silver bromide 
and silver chloride, 


Ak (AX)? 
mrmmnevvanend eit) 
k 24 


(8) 


Equation (8) expresses the fractional error in k as a 
function of the band width, Ad, the slope of the exponen- 
tial edge, c, and the density being measured, kt. For 
silver bromide and silver chloride, ¢ is found experi- 
mentally to be about 2.1 10° cm™. 

Equation (8) shows that for k/>1, Ak is negative, 
implying too low a measured value of k, and that for 
kt<1, Ak/k approaches a positive limiting value of 
c?(Ad)?/24. The error in k is proportional to the square 
of the measuring band width. 

If one requires, for silver bromide and silver chloride, 
the error in k to be less than, say, 3% for densities 
up to 3.0, the band width, AX, as calculated from (8) 
must not exceed 1.7 my. A precision of 1% would 
require a band width of not more than 1 my. A band 
width of 5 mu, however, would cause an error of 25 
percent in k at the higher densities. Equation (8) is 
useful in estimating the errors in k due to use of a 
finite band width Ad, when & is approximately known. 
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Charge Analysis and Differential Cross-Section Measurements for Large-Angle Argon 
Ion—Argon Atom Collisions with Energies between 25 and 138 kev* 
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The charge states and differential cross sections of the scattered 
particles at each angle have been measured for individual collisions 
between argon ions and argon atoms at large angles. The angular 
interval ranged from 4 to 20 degrees with a resolution of one degree. 
Data are presented for several energies between 25 and 138 kev 
inclusive. 

The ion beam traversed a collision chamber which contained 
the target gas argon. The pressure was maintained low enough to 
insure that the collision products resulted from two-body inter- 
actions, i.e., from single collisions. The scattered particles at 
each angle passed through a pair of collimating holes and then 


through an electrostatic analyzer. Percentages in various charge 
states, ranging from neutral to seven times ionized, were measured. 
The extent of ionization is found to be a function of the distance 
of closest approach during the collision in question and not 
primarily a function of the energy. 

The data are also used to determine the absolute differential 
cross section for scattering of particles. These cross sections are 
lower than those predicted for simple Coulomb scattering because 
of the screening effect of the atomic electrons. Agreement is good 
between the measured cross sections and those calculated from 
an exponentially screened Coulomb potential. 





I. INTRODUCTION 


TUDIES of large-angle single collisions between 

atoms at kev energies are of interest because of 
the violence of such collisions on an atomic (not 
nuclear) scale. During the collision the centers of the 
two atoms may pass within a distance less than the 
radius of some of the inner electron shells. Under these 
conditions the collision products are expected to be 
highly ionized. In this energy range, the velocity of the 
incident ion is comparable with the orbital velocity 
of the electrons in the target atom. This condition has 
been suggested as a criterion for maximum ionization 
probability.’ 

The large-angle collisions described here are those 
in which argon atoms, singly ionized, at several energies 
in the range of 25 to 138 kev, collide with stationary 
argon atoms. A charge analysis is made of the scattered 
particles and the differential cross sections measured 
for angles from 4 to 20 degrees with a resolution of 
+0.5 degree. An earlier paper by two of the present 
authors® has described similar measurements of argon- 
argon collisions in this energy range and constitutes 
an introduction to the apparatus and measurements 
of this paper. However, this earlier work did not 
include an analysis of the scattered particles. 

In addition to the other references cited in our 
earlier paper,’ there are two papers by Berry* which 
discuss polar scattering coefficients for collision using 
argon and neon atomic beams with energies to 7 kev. 
His experimental data for scattering coefficients are 
given out to angles as large as 70 degrees, but no charge 
analysis was attempted. 


* This work was sponsored by the Office of Ordnance Research, 
U. S. Army, through the Watertown Arsenal Laboratories and 
the Springfield Ordnance District. 

1H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952), 
Chap. VIII. 

2 Everhart, Carbone, and Stone, Phys. Rev. 98, 1945 (1955). 


3H. W. Berry, Phys. Rev. 99, 553 (1955), and 75, 913 (1949). 


Single collisions of positive ions with atoms in the 
energy range of 5 to 30 kev were studied by Fedorenko* 
with an apparatus similar in principle to that used in 
our experiment. Differential cross sections for various 
processes are plotted out to 15 degrees for incident ions 
Het, N+, Ne*, At, Kr*, and others against several 
noble gas targets. He analyzed the scattered particles 
for singly, doubly, and triply ionized components, but 
he did not measure the higher charged components or 
the neutral component. Fedorenko notes that the 
scattered particles are generally more highly ionized 
at the larger scattering angles where the impact 
parameter is smallest. This reasonable observation is 
amply illustrated by our data as well. 

In the following section the charge analysis of the 
scattered argon particles is described in detail, and the 
functional dependence of ionization on various quanti- 
ties, such as energy, velocity, and distance of closest 
approach, is studied. The concluding section of this 
paper discusses the differential cross sections, which 
are found by using the charge analysis and the absolute 
scattered currents at each angle. These measured 
cross sections are compared with those calculated for 
scattering from an exponentially screened Coulomb 
potential. 

II. CHARGE ANALYSIS 


a. Apparatus 


The incident beam of singly charged argon ions was 
furnished by the University of Connecticut heavy ion 
accelerator. The ions were steered through a small 
hole into the target gas chamber shown in Fig. 1. 
This chamber contained the argon target gas at a 
pressure of about one micron of mercury. No foils 
were in the path of the beam, and the pressure gradient 
across the open holes, a and c, was maintained by 
differential pumping. Details of this and the target gas 
handling system have been given in our earlier paper.’ 


4N. V. Fedorenko, Zhur. Tekh. Fiz. 24, 784 (1954). 
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Along the beam path there are a few particles 
scattered at large angles. A very small fraction of these 
particles pass into the solid angle defined by the 
resolution holes ¢ and d and are then detected. 

The entire scattering apparatus was mounted in a 
large evacuated box. The left side of the target gas 
chamber, containing the entrance hole a and the 
connections to the target gas pumps, was held rigid. 
A flexible bellows allowed the right side, which included 
the collimating holes and the detecting apparatus, to 
rotate about an axis through bd to any chosen scattering 
angle 0. 

After passing through holes ¢ and d back into the 
vacuum, the collimated beam of scattered particles 
passed between the plates of an electrostatic analyzer. 
The plane lower plate of this analyzer was connected 
to a positive deflection potential, variable from 0 to 20 
kilovolts. The curved upper plate was kept at ground 
potential. As shown in Fig. 1, the scattered beam is 
separated by the electric field into its various com- 
ponents. A simple analyzer of this kind will resolve the 
charge states because all the scattered particles at a 
given angle have nearly the same mechanical kinetic 
energy. The energy lost by ionization in the collision is 
nearly negligible compared to the energy of the par- 
ticles, which have a large fraction of the energy of the 
original beam. 

There was no focusing of the scattered particles and 
so the holes in the detectors were made large enough to 
receive the entire beam despite its spreading. The 
alignment of the holes in the scattering apparatus to 
within one-thousandth of an inch was carried out using 
accurately machined mechanical jigs. 

In addition to the primary rotation about the axis 
through 5, the detectors and their associated elec- 
trometers could be further rotated about a virtual 
axis through the point f. This permitted any of the 
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Fic. 1, The scattering apparatus. 
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detectors to examine an individual component of the 
scattered beam in any position. 

The Faraday cage, which measured the currents of 
each charged component, was connected to an elec- 
trometer which measured currents between 5X 10~7 and 
5X 10~-'* ampere on several scales. Figure 2 shows the 
resolved peaks obtained at a scattering angle of 8 
degrees and 125-kev incident energy. In this case the 
Faraday cage was held fixed, and the several charge 
states were deflected into it by varying the potential 
on the analyzer. 

Additional data were obtained using a secondary 
electron multiplier. This was the Dumont photo- 
multiplier No. 6365 except that the photosensitive 
cathode and the glass envelope were removed. The 
particles to be detected created secondary electrons 
by colliding directly with the surface of the first dynode. 
Although this was not an absolute current detector, 
it was useful for estimating the neutral component as 
discussed more fully below. In every data set, the 
analysis made with the Faraday cage was repeated 
with the secondary electron multiplier. 

The thermal detector shown in Fig. 1 was useful at 
zero angle, but was not sensitive enough to measure 
the low currents at other angles. The entire apparatus 
was immersed in a 12-gauss field created by Helmholtz 
coils; and a small 500-gauss permanent magnet was 
placed in front of the Faraday cage. The incident and 
scattered ions had sufficient momentum so that they 
were not deviated appreciably by these magnetic fields. 
The fields were for the purpose of preventing extraneous 
electron currents of the order of 10~ ampere from 
entering the electrometers. 


b. Data 


It was necessary to demonstrate that the measured 
currents were a linear function of the target gas pressure 
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Fic. 2. The current of each charge state as measured with the 
Faraday cage is plotted versus the potential on the electrostatic 
analyzer. The data were taken at 138 kev and 8 degrees, and show 
each one state of the scattered argon between 2 and 7 times 
ionized. 





CARBONE, FULS, 





BEAM ENERGY 50 kv 
SCATTERING ANGLE 6° 
ATONA 


TOTAL CURRENT 


RELATIVE CURRENT 











i 

0.50 
TARGET GAS PRESSURE MICRONS Hg 

Fic. 3. The ratio of the scattered current of each charge state 
to the total incident beam current is plotted versus the target 
gas pressure. The data were taken at a scattering angle of 6 
degrees and 50-kev incident beam energy. The linear portion of 
the curves below one micron established the proper pressure 
region to use for the measurement of single collisions. 


to insure that the pressure in the target chamber was 
low enough to prevent multiple collisions. Figure 3 
shows currents obtained at 6 degrees and 50-kev 
incident energy as a function of pressure. It is seen that 
the curves are linear below pressures of one micron of 
mercury at this energy. All of the data were taken 
between 0.5 and 1.0 micron of mercury. 

At each angle, the scattered beam was analyzed to 
determine the fraction P, of the particles in each charge 
state n. The particle current /,.’, which is the number 
of particles per second for the charge state in question, 
is obtained from the current readings i, on the Faraday 


cage by 
(1) 


with e being the electronic charge. The particle current 
of the neutral component /’ was determined separately 
with the secondary electron multiplier. This instrument 
was calibrated for each data set by comparing its 
output current j, for each charge state with the corre- 
sponding Faraday-cage current. The multiplication 
factor F, defined as the output current per unit incident 
particle current, is given by 


I,'=i,/ne, n=1, 2,3, ---, 


F=néjx/in (2) 
for the charged components. 

This factor was found to be quite independent of n 
for n=1, 2, 3, ---, 7, and it was therefore assumed that 
F had the same value for the neutral components. This 
is supported by the work of Stier, Barnett, and Evans‘ 
who showed by direct measurement that this factor 
had the same value for both charged and neutral 
particles under conditions similar to our experiment. 
The neutral particle current is then given by 


Io’ =j0/F, 
5 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954). 


(3) 
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and the total particle current at a given angle is thus 
=D’, n=0, 1, 2, hare (4) 
from which the fraction in each charge state, 


P,=1,//T', (5) 
is obtained. 

Currents of 5X 10~'* ampere which were encountered 
at large angles were uncertain to possibly one part in 
five, but most of the currents measured were larger and 
could be measured with greater accuracy. The over-all 
accuracy ascribed to the data is +10%. 

Data are given in Figs. 4 and 5 for argon ion-argon 
atom collisions at 25, 35, 50, 70, 100, and 138 kev. The 
ordinate P, is the ratio of particle current of the charge 
component in question to the total particle current at 
the given angle @. Each point on the 25-, 50-, and 100- 
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Fic. 4. The observed ionization is plotted versus the angle of 
scattering in the laboratory coordinates at 25-, 35-, and 50-kev 
incident beam energy. The ordinate P is the ratio of the particle 
current of each charge state to the total particle current at the 
angle in question. The points for each charge state are indicated 
by the appropriate arabic number on the plots. The lines, in this 
case, are empirical curves through the data. 
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kev plots was averaged over several sets of data. The 
remainder of the plots were for single data sets. Points 
are indicated as integers which stand for the particular 
charge state. At the higher energies and larger angles, 
most of the scattered particles were highly ionized. 
Over the entire energy range, the neutral component 
was small and dropped off quickly with increasing 
angle. 

The data were taken at various target gas pressures 
below one micron of mercury. No variations in the 
data were observed due to the magnitude of the target 
gas pressure. 

c. Interpretation 


The currents reaching the detectors are due to the 
scattered incident particles, since the cross sections of 
the recoil particles are negligible in comparison at 
angles less than 45 degrees.! 
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Fic. 5. The observed ionization is plotted versus the angle 
of scattering in the laboratory coordinates at 70, 100, and 138 kev 
incident beam energy. The ordinate P is the ratio of the particle 
current of each charge state to the total particle current at the 
angle in question. The points for each charge state are indicated 
by the appropriate arabic number on the plots. The lines, in this 
case, are empirical curves through the data. 
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Fic. 6. A plot of P, the ratio of the particle current of each 
charge state to the total particle current, versus ro/a. Here ro is 
the distance of closest approach in the particular collision and a 
is the screening radius. The points are for the entire energy range 
of 11.6 to 138 kev with ro being calculated from an exponentially 
screened Coulomb potential energy function. Only the even 
charge states are shown on this plot, and they are indicated by 
their corresponding arabic number. Empirical curves are drawn 
through the data. 


The extent of ionization clearly does not depend on 
energy or velocity alone since it is found to depend so 
markedly on the scattering angle as well. The ionization 
is, however, found to be a function of the distance of 
closest approach between the centers of the two atoms 
during the collisions. This distance depends on the 
potential energy function for the interaction. The 
function chosen, 


V (r) = (Z;Z2¢"/r) exp(—r/a), (6) 


includes the Coulomb potential and an exponential 
factor which takes into account electron screening. 
Here Z,e and Z:¢ are the nuclear charges of the colliding 
particles and a isa screening radius. Bohr® has suggested 
the screening radius given by 


a= ao/(Z;'+Z,')!, (7) 


where ao equal 0.53X 10-8 cm and is the radius of the 
first hydrogen orbit. For argon-argon collisions Z;= Z, 
=18 and a=0.142X10-* cm. 

Everhart, Stone, and Carbone’ have made a detailed 
classical calculation of scattering from this potential 
which includes a tabulation of the distance of closest 
approach ro for several energies and all angles. These 
calculations are in the center-of-mass coordinates and 
must be converted to laboratory coordinates here. 

A number of combinations of energy and angle can 
give rise to the same value of ro. For example, ro is 
0.220 10-* cm for a 125-kev collision which scatters 
at 4 degrees and it also has the same value for a 25-kev 
collision at 21 degrees. 

For each point of the data the corresponding value of 
r,/a has been calculated and the result has been plotted 
on Fig. 6 for charges of 0, +2, +4, and +6, and on Fig. 
7 for charges of +1, +3, +5, and +7. The plotted 


®N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). Paragraphs 1.4, 1.5, 1.6, and 2.1 are particularly 
pertinent to the discussion here. 


7 Everhart, Stone, and Carbone, Phys. Rev. 99, 1287 (1955). 
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Fic. 7. A plot of P, the ratio of the particle current of each 
charge state to the total particle current, versus ro/a. Here ro is 
the distance of closest approach in the particular collision and a 
is the screening radius. The points are for the entire energy range 
of 11.6 to 138 kev with ro being calculated from an exponentially 
screened Coulomb potential energy function. Only the odd 
charge states are shown on this plot, and they are indicated by 
their corresponding arabic number. Empirical curves are drawn 
through the data. 


points are for the entire energy range with many 
overlapping points that result from different sets of 
data. Points are also included for data taken at 11.6-kev 
incident energy. The array of points shows that a 
strong functional dependence exists for ionization versus 
ro. The number of electrons removed evidently depends 
on the depth to which the atoms interpenetrate during 
the collision. It is interesting to note the positions of the 
is K and the 2s L shells of argon on the r/a axis as 
shown in the figure. In the most vigorous collisions, 
the L shell is penetrated but not the K shell. 

Plots were also made showing the ionization versus 
the momentum transferred during the coilision and 
showing the ionization versus the relative velocity of 
the ion when it was at ro. No functional relationship 
was found to exist in either case, and these plots are 
therefore omitted. For small angle Rutherford scattering 
the value of ro is inversely proportional to the product 
of energy U and scattering angle 6. This same relation- 
ship holds, at least approximately, for larger angles 
even with screening taken into account as seen in the 
numerical example given above. Thus the ionization 
data, if it were plotted against U/@ instead of ro, would 
show a fair dependence on this function as well. 


Ill. DIFFERENTIAL CROSS SECTIONS 


The particle differential cross sections are measured 
for argon ion—argon atom collisions at incident energies 
of 25, 50, and 100 kev. This quantity is the area of the 
scattering center for scattering of particles, irrespective 
of charge, into the angle in question per unit solid angle. 


a. Theory of the Measurement 


Equation (4) shows how the actual number /’ of 
particles scattered per second through the collimating 
holes may be determined from the data. This quantity 
is also given by 

I'=nN'Lo(0)AQ, (8) 
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where m is the number of target particles per unit 
volume, N’ is the number of incident particles per 
second, o(6) is the particle differential cross section at 
the angle @ averaged over the effective solid angle of 
acceptance AQ, and L is the length of the target volume 
in the direction of the incident ion beam. 

The particle currents J’ and N’ should not be confused 
with the corresponding electrical currents J and N 
which were used in our earlier paper? to obtain another 
differential cross section, that for scattering of positive 
charge. In particular, the ratio of J’ to J would depend 
on the charge analysis. 

The values of Z and AQ may be found from the 
geometry of the scattering region as shown in Fig. 8(a). 
Here 6 is the diameter of the incident ion beam. The 
two collimating holes have the same diameter s. Their 
distances y; and ye from the scattering center are 
especially chosen so that the relationship 


8/s= (yet91)/(y2— 91) (9) 


is satisfied. Under this condition, the width w of the 

cone of acceptance at the scattering center is equal to 

5 and the calculations of both Z and AQ are simplified. 
From the geometry, L is given by 


L=s csc6(y2+41)/(yve—y1) =6 escb. 


The solid angle for scattering varies from a maximum 
of (x/4)(s/ye2)? over a region near the center of the 
target volume to zero at the extremes. Figure 8(b) 
shows the shaded area intercepted at ye by the solid 
angle for an arbitrary position within the target 


(10) 
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Fic. 8. (a) The scattering region showing the target volume 
defined by the collimating holes. (b) The solid angle subtended 
by the collector for an arbitrary point in the target volume. 
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Fic. 9. Differential cross sections in square centimeters for the 
scattering of particles irrespective of charge for argon ion—argon 
atom collisions at energies of 25, 50, and 100 kev. The solid points 
are new data taken at various pressures below 1 micron, and the 
open points are re-evaluated data computed from a previous 
experiment performed with different geometry. Differential cross 
sections, computed for each energy using a screened Coulomb 
potential energy function, are shown as solid lines, with no 
adjustment to fit them to the data. 


volume. The effective solid angle is found by an inte- 
gration over the target volume and is given by 
AQ= (2/3) (s/y2)*. (11) 


If one uses Eqs. (8), (10), and (11), the differential 
cross section is 


a (0) = (31's?) /(2.N’s? csc) 


for this geometry. 


(12) 


b. Data 


Values of 0, n, I’, and N’ are necessary for obtaining 
the differential cross section. The first two of these are 
obtained from measurements of the angle and target 
gas pressure and temperature as in our earlier paper? 
and J’ is found as explained in the section on charge 
analysis above. 

The incident particle current N’ was found by 
multiplying the particle current reaching the detectors 
set at zero degrees by the ratio of the area of hole a 
to hole c in Fig. 1. This was necessary since only a 
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portion of the incident beam is intercepted by the 
collector at zero angle. This compensation assumes the 
beam to be of uniform density. 

An analysis of the argon beam passing through the 
chamber at zero degrees showed that it was singly 
charged except for a neutral component which never 
exceeded 10%. These neutrals were added to the 
singly ionized particles to obtain the incident particle 
current. They are attributed to charge exchange 
processes within the entire length of the scattering 
chamber. In order to measure single collisions, it would 
be desirable to operate at pressures so low that less 
than one percent of the incident beam was altered or 
scattered inside the chamber. However, if this were 
done there would not be enough particles scattered 
at large angles to measure. Thus, a compromise pressure 
is necessary. When one takes into account the current 
versus pressure data in Fig. 2, this analysis of the 
incident beam, and the accuracy of calibration of the 
instruments used, the error assigned to the relative 
values of the differential cross sections is +20% and 
the error assigned to their absolute values is +50%. 

The data are plotted as solid points on Fig. 9 which 
shows values of o(@) in square centimeters plotted 
against @ for the argon ion-argon atom collisions at the 
energies noted. The angular resolution is +0.5 degree. 

The open points included on the same figure were 
obtained from a re-evaluation of previous measure- 
ments? which were made with a scattering apparatus of 
different geometry. The previous work measured 
differential cross sections for the scattering of positive 
charge as noted above. Using the present analysis of 
the scattered beam under the same conditions, the 
differential cross section for scattering of particles was 
readily obtained. The two sets of data agree within 
the assigned experimental error. 
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Fic. 10. Measured particle differential cross sections in square 
centimeters for the single scattering of helium ions on argon atoms 
at 50 and 100 kev. The Rutherford curves appropriate for each 
energy have been computed and are shown as solid lines. 
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c. Comparison of Data with Theory 


The solid lines on Fig. 9 show the cross sections 
computed classically for each energy assuming the 
screened Coulomb potential given in Eq. (6) with the 
screening radius ¢ computed from Eq. (7). Details of 
this calculation are given in the paper by Everhart, 
Stone, and Carbone’ which tabulates the values of 
o(6)/b? in center-of-mass coordinates with the quantity 
b/a as a parameter. The length 6 is given by 


b=Z,Z2e/U’, (13) 


where Z,e and Zze are the nuclear charges of the 
colliding atoms and U’ is the energy of the collision 
in center-of-mass coordinates. The value of 6/a ap- 
propriate to the energy in question is determined, and 
the tabulated cross section is converted to the laboratory 
coordinate system. The agreement between the 
measured cross sections and the calculated curves is 
excellent at 100 kev and fair at 50 and 25 kev. At these 
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latter energies the calculated curves lie below the 
experimental points by a factor somewhat in excess of 
the assigned error of measurement. 

In order to test whether there was a systematic error 
in the measurement or apparatus such as an incorrectly 
determined solid angle, which would affect the absolute 
values of the experimental cross sections, a second 
experiment was performed. Helium ions, singly ionized 
were scattered from argon gas targets and the particle 
differential cross sections measured as in the argon 
experiments. These data are plotted in Fig. 10 for 
50- and 100-kev incident energy. 

The theory is more certain in this case than for 
argon-argon collisions, since the corresponding value of 
b/a is small, and the cross sections can be calculated as 
for Rutherford scattering with almost no correction 
needed for electron screening. The solid curves on 
Fig. 10 are the Rutherford curves and the excellent 
agreement in this case indicates that there is no excessive 
systematic error. 
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Electron diffraction patterns from gas molecules containing heavy atoms can be satisfactorily interpreted 
in terms of a pseudokinematical theory, in which rigorous atomic scattering amplitudes are used, but the 
Born approximation is retained for expressing the (molecular) interference between the various atomic 
contributions. It is shown that the correction brought by the second approximation of the pseudokinematical 
theory, involving multiple scattering on different atoms, is a smooth function of scattering angle and is 


therefore unimportant in the study of the oscillating interference term. 


I. INTRODUCTION 


WO theories are available for the interpretation of 
electron scattering by gas molecules. In the 
kinematical theory one assumes that in the scatterer 
every infinitesimal element of volume scatters under the 
influence of the incident electron beam only, and that 
the total amplitude of the wave diffracted in a given 
direction is obtained by summing the amplitudes 
scattered by the various elements of volume, including 
phase factors due to their different locations. These 
assumptions are valid as long as the scattered intensity 
is always much weaker than the intensity of the incident 
beam. Mathematically, the summation over elements of 
volume is equivalent to taking the Fourier transform 
of the electrostatic potential distribution within the 
scatterer. This is also equivalent to applying the Born 
approximation to the entire problem. 
* This work was supported by the Office of Naval Research. 
Reproduction in whole or in part is permitted for any purpose of 


the U. S. Government. 
¢ Contribution No. 2055. 


Recently, it has become apparent! that the Born 
approximation is not valid at the voltages currently 
used in electron diffraction studies (10-80 kev), even in 
the case of scattering by a single atom. Let us consider 
the elastic scattering of electrons of velocity v and 
wavelength \ by a central potential V(r) due to an 
atom of atomic number Z. If the amplitude of the 
spherical scattered wave is written as f(6)e**"/r (where 
6 is the scattering angle and k is 27/)), it is found that 
the atomic scattering amplitude /(@) is generally com- 
plex, unlike the value f#(6) given by the Born approxi- 
mation, which takes the real value? 


2ka pf” sinbr 2ka F (6) 
po=— f V()-— r= ——"(1-— ‘ 
Zé Jo br e Z 
Here a=—Ze*/hv, b=2k sin}@, and the x-ray form 
factor F(@) is the Fourier transform of the electronic 


1V. Schomaker and R. Glauber, Nature 170, 290 (1952). 
*Z. G. Pinsker, Electron Diffraction (Butterworths Publications, 
London, 1953), Chap. 7. 


(1) 





MULTIPLE ELASTIC SCATTERING 


density of the atom. On the other hand, the rigorous 
solutions f(@) can be computed by the partial wave 
method! and have been recently tabulated for a number 
of atoms for the case of 40-kev electrons.‘ 

Whereas the kinematical theory assumes that in the 
scatterer every infinitesimal element of volume scatters 
under the influence of the incident beam only, it is 
possible to formulate a pseudokinematical theory in 
which every atom scatters under the influence of the 
incident beam only, the scattering by a single atom 
being given by the rigorous solution /(6). In other words, 
the Born approximation is only retained for the compu- 
tation of the total scattering from the atomic contri- 
butions. This procedure has been discussed theoretically 
by Ekstein® and has been applied in this laboratory to 
the scattering of electrons by molecules containing both 
heavy and light atoms.''* In this way, apparent asym- 
metries in the structure of these molecules were re- 
moved and the variation of the diffraction pattern 
with different accelerating voltages was satisfactorily 
accounted for. 

In the present work, a physical interpretation of the 
pseudokinematical theory is given in terms of the suc- 
cessive collisions undergone in the scatterer by an 
incident electron. The theory will be found to be satis- 
factory in the case of diffraction by molecules. In a 
subsequent paper dealing with the diffraction by crys- 
tals, a comparison of the pseudokinematical theory with 
the dynamical theory will be made. 


Il. THEORY 


The fundamental integral equation for the elastic 
scattering by a potential V(r) is® 


v(t) =Yo(t) — (m/2h?) f G(rx’)V(eW(e)dr’, (2) 


where Wo(r) is the incident wave exp(ik-r) and G is the 
Green function |r—r’|—! exp(ik|r—r’|). If Eq. (2) is 
solved by iteration, the first step consists in replacing 
y by yo in the last term and yields the first Born ap- 
proximation used in the kinematical theory, namely 


a(t) =Wo(1) — (m/2ah?) i! G(ex)V (®)olr)de". (3) 


At large distances from the scatterer the last term of 
(3) can be rewritten as f#(6)e'*"/r, where f¥(6) is given 
by (1). The second Born approximation is obtained by 


3N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, London, 1949), second edi- 
tion, Chaps. II and VII. 

4J. A. Ibers and J. A. Hoerni, Acta Cryst. 7, 405 (1954). 

5H. Ekstein, Phys. Rev. 83, 721 (1951). 

6 J. A. Hoerni and J. A. Ibers, Phys. Rev. 91, 1182 (1953). 


Fic. 1. Electron paths 
for triple scattering 
processes in the third 
Born approximation. 
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replacing y in the last term of (2) by yx: 


Yat) =a(t) + (m/2eh?)? f f G(re")V(e") 


XG(r",r’)V(eol(r’)dr'dr”. (4) 


Similarly, the mth Born approximation is obtained by 
replacing y in the last term of (2) by ¥,-1. 

A physical interpretation of ¥, Yeo, --- in terms of 
successive collisions undergone by the incident electron 
in the atom is as follows: In (3), an incident electron 
is scattered once at point r’ and travels then to the 
point r where the scattering is measured, the total 
amplitude being given by summation over all possible 
paths. In (4) the contribution of all paths where an 
electron has been scattered twice (at points r’ and r’) 
is included, etc. 

In the case of a molecule of Z atoms of coordinate 
vectors a;, the potential can be written as the sum of 
atomic potentials V;, namely, 


L 
V=2 Vi(r—ai), (5) 


provided that valence distortion is neglected. When (5) 
is substituted in the Born approximation of order n, say, 
there arise a number of terms referring to the way in 
which a sequence of » collisions is distributed over the 
L atoms (or, more strictly, over the L atomic poten- 
tials). This number is L” since every collision in the 
sequence can occur on any one of the Z atoms. Figure 1 
shows 4 among the 27 possible paths in the case 
n= L=3. Whereas these four paths are included in the 
third Born approximation, their relative importance 
decreases sharply when the number of interatomic 
jumps along the path increases (zero for path 1, one for 
path 2, two for paths 3 and 4). Therefore it is appro- 
priate to consider in the same approximation of the 
theory all the paths with the same number of inter- 
atomic jumps (and no longer with the same number of 
collisions m as in the Born scheme): in the new first 
approximation, only paths of type 1 (with m ranging 
from one to infinity) are taken into account, in the 





Fic. 2. Double 
scattering processes 
for a diatomic mole- 
cule. 


second approximation paths of type 2 with only one 
interatomic jump are added, etc. When the molecule 
reduces to a single atom, the first approximation in- 
cludes all possible paths and yields the accurate solution 
f(0) exp(ékr)/r. 

For a molecule, the first approximation is identical to 
the pseudokinematical theory defined in the Introduc- 
tion: since all paths with interatomic jumps are 
neglected, it is equivalent to adding the various atomic 
contributions as though every atom scattered under the 
influence of the incident beam only. 

Since the pseudokinematical theory is expressed in 
terms of the rigorous solutions to single atom problems, 
the inclusion of possible improvements to these solu- 
tions, polarization and electron exchange for instance, 
is straightforward. On the other hand, the discussion of 
valence distortion effects (including ionic character of 
the bonds) would be difficult. In what follows, all these 
effects will be neglected. 

It has already been pointed out that the pseudo- 
kinematical theory seems to account satisfactorily for 
the observed diffraction patterns by gas molecules. We 
shall now show that such is the case by evaluating 
approximately the second approximation of the pseudo- 
kinematical theory, when electron paths with one 
interatomic jump are taken into account. Consider a 
molecule with two atoms 1 and 2 in a fixed orientation 
defined by the interatomic vector ro (Fig. 2). Under the 
influence of the incident wave of vector k, atom 1 
scatters a spherical wave, which in turn is incident on 
atom 2. If one assumes’ that 70 is large enough so that 
over atom 2 this spherical wave can be approximated 
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by a plane wave of vector k” parallel to ro and of 
amplitude equal to its actual value at the center 
of atom 2, namely /,(k”’,k)e‘*"*/ro, then the ampli- 
tude of the twice scattered wave is /:(k’’,k)(e*"*/r9) 
X fo(k’,k’”’) (e**"/r)e~**’-*0, Here, k’ is parallel to the 
direction of observation and the phase factor e~**’:t 
arises from the different locations of the two atoms. 
Similarly, the amplitude of the twice scattered wave 
when atom 2 scatters first (Fig. 2) is fo(—k’’, k) (e**"9/r9) 
X fi(k’, —k’’) (e**/r)e**-, The total scattering is ob- 
tained by adding these two terms to the amplitude 
F= f,(k’,k)+ fo(k’,k)e~**’—-© > given by the pseudo- 
kinematical theory. The scattered intensity for this 
particular orientation of the molecule is J/r?, with 


T= |F\?+2 Ref (e*"/10)F*L fuk k”) fuk’ Kye ¥ 
+filk’, —k")fo(—k", Ke*"}}, (6) 


where terms in (1/ro)? are neglected and “Re’’ means 
real part. Since the term in 1/7» is a small correction, 
it is permissible to replace the f values in the last term 
of (6) by the corresponding /® values. This is equiva- 
lent to retaining in our approximation electron paths 
with only two collisions and one interatomic jump. 
Furthermore we compute f® values for the exponen- 
tially screened Coulomb potentials — Ze*e~"/*/r, where 
a=0.468Z—* angstrom. Then (1) yields 


f? (kk) =A (1—B cos(k’,k))~, 


where A = —2kaa*/(2ka?+-1) and B=2k*a?/(2ka?+-1). 

The observed intensity J/r’ is obtained in the usual 
way by averaging (6) over all orientations of the mole- 
cule, namely over all orientations of ro (or k’’”). Averag- 
ing | F|* yields the pseudokinematical expression! 


Tya=| fil?+| fel?+2| fil | f2|cos(m—n2) (sindro)/bro, 
(n=arg/). 


Consider now one of the four terms which arise from 
averaging the last term in (6), for instance 


2 (mers) f®(k k) f dy foP (Wk) fy (k") 
Xcos(kro—k-ro), (7) 


where k” is integrated over the sphere |k’’|=k. We 
evaluate the integral in spherical coordinates with the 
polar axis parallel to k. If @ is the angle between k and 
k’, a the angle between k and k” and ¢ the angular 
difference between the azimuthal projections of k’ and 
k’”’, the integral in (7) reduces to 


sinadad yA 1A 2 coskro(1—cosa) 





29 ° 
2nSu= f f 
0 % (1—B, cosa) (1—B2 cosa cosé— Be sina sind cos¢g) 


coskro(1—-) 





+1 
=2rAsAs f d 
1 


x ‘ 
a (1—B,x) (1—B,? sin*®— 2B2x cos6+ B,?x*)+ 


7 This assumption is justified because the regions of effective atomic scattering (shown by circles in Figs. 1 and 2) do not overlap and 
the interatomic distances, expressed in terms of the wavelength of the incident electrons, are large. 
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The other terms in (6) can be averaged in a similar way. 
There results finally 


T=I.+ (2/10) (Si2f®@+Saufi®)=L ath. (8) 
Il. NUMERICAL EXAMPLE 


We shall apply formula (8) to the case of two uranium 
atoms separated by an arbitrary distance of ro=2 A. 
Table I shows how the corrective term J, compares with 
the atomic term, 2| f/|*, and the molecular term (divided 
by sinbro), 2| f|?/bro, in Ix. The possible importance 
of I, should be judged relative to the molecular term 
and not to the total scattering since it is the oscillating 
molecular term which gives rise to the structure- 
sensitive part of the diffraction pattern. It is found on 
plotting the calculated values of J; that they lie on a 
smooth decreasing curve on which no short range 
oscillatory feature of frequency comparable with that 
of the molecular term can be detected. In other words, 
I, does not affect the positions or the shapes of the 
diffraction rings and it can merely be considered as an 
unimportant smooth correction to the smooth back- 
ground (atomic term and inelastic scattering). The 
smallness of J, relative to the total scattering is easily 
understood in terms of formula (6) or Fig. 2: due to the 
rapid angular decrease of the scattering amplitudes, the 
only instantaneous orientations of the pair of atoms 
contributing significantly to I, are those for which k’”’ 
or —k” is about parallel to the average of k and k’. 

The nature, smooth or oscillatory, of the terms in 
(8) [as well as the neglected terms in (6) ], can be 
discussed on the basis of Figs. 3(a) to 3(f). In each dia- 
gram, atoms 1 and 2 have the same instantaneous 
position and the contribution to the intensity is ob- 
tained by multiplying the amplitudes relative to the 
two paths, together with a phase factor p due to the 
path difference. In cases a (an atomic term), c [the 
term (7) ], and e [a term in 1/r,? neglected in (6) ], p is 
independent of the total scattering angle 6. When these 


TABLE I. Data on scattering of 39.47-kev electrons (k= 103.75 A) 
by two uranium atoms 2 A apart. 








2|f|* 


0 565 
59.2 
9.25 
2.79 
1.13 
0.566 
0.325 
0.128 
0.064 


6 (degrees) 2|f|2/bro 





8.17 
0.638 
0.128 
0.0390 
0.0157 
0.00749 
0.00222 
0.00089 
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Fic. 3. Scattering diagrams for terms in Eqs. (6) and (8). 
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terms are averaged over all orientations of the mole- 
cules, they may therefore be expected to be smooth to 
the same extent as the atomic scattering amplitudes.® 
On the other hand, p depends on @ in case b (the 
molecular term), giving rise after averaging to the 
familiar factor (sinbro)/bro. Case f (term in 1/10?) also 
corresponds to an oscillation, depending here on 
sin[ (4k?—6?)!ro |, but for any reasonable form factor its 
contribution to (6) is negligible, since it always includes 
scattering angles larger than 90°. 

The case of two heavy atoms at close distance has 
been considered, so that Table‘I sets an upper limit to 
the importance of the corrective term for a diatomic 
molecule. For a polyatomic molecule, the correction 
consists of a sum of terms relative to the various pairs 
of atoms and becomes more important since the number . 
of pairs grows more rapidly than the number of atoms. 
It is unlikely, however, to be of any importance in 
practical work because of the absence of any oscillat- 
ing feature comparable with the molecular terms. A 
thorough theoretical treatment should take into ac- 
count other effects of probably greater importance, 
namely valence distortion, multiple incoherent inter- 
molecular scattering, and, finally, the possible failure 
of the Born approximation in the expression for the 
inelastic atomic scattering. 
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In the case of electron diffraction by crystals containing heavy atoms, it is possible to improve the usual 
kinematical theory by formulating a pseudokinematical theory, which is expressed in terms of rigorous 
atomic scattering amplitudes rather than their Born-approximation values. A corresponding improvement 
can be made in the treatment of the problem by the dynamical theory, and consists in taking into account 
the coupling of a given diffracted beam with not only the incident beam (as is usually done in first approxi- 
mation) but also with other diffracted beams. The pseudokinematical and dynamical theories are compared 
for very thin crystals and the conditions under which both give identical results are discussed. In particular, 
both predict a failure of Friedel’s law in the case of acentric crystals. 





I. INTRODUCTION 


N a previous paper,! elastic scattering of electrons 
by gas molecules has been described in terms of a 
pseudokinematical theory? (PKT), in which it is as- 
sumed that each atom in the molecule scatters under 
the influence of the incident beam only, contrary to the 
usual kinematical theory (KT), in which it is assumed 
that each infinitesimal volume element in the molecule 
scatters under the influence of the incident beam only. 
In other words, the Born approximation is made in 
the PKT to evaluate the total scattering from the 
contributions of the various atoms, but rigorous 
solutions to each single-atom scattering problem are 
used. The total scattering can be interpreted in terms 
of various paths taken by the incident electrons in the 
scatterer, every path involving a number of successive 
collisions. Whereas the KT takes into account only 
paths involving a single collision, the PKT also includes 
paths involving multiple collisions, provided that they 
all take place on the same atom. The paths neglected in 
both theories, involving multiple collisions on different 
atoms, are unimportant in the case of molecules or 
very small crystals. For larger crystals, however, they 
become predominant, since the number of such paths 
increases more rapidly than the number of atoms 
present. Use must then be made of the rigorous dynam- 
ical theory** (DT) where the full interaction between 
the various waves traveling in the crystal is taken into 
account. 
It has usually been assumed in the past that the DT 


* This work was supported in part by the Office of Naval 
Research. Reproduction in whole or in part is permitted for any 
purpose of the U. S. Government. 

t Contribution No. 2056. 

ont Hoerni, preceding paper [Phys. Rev. 102, 1530 (1956) ]. 
¢ elimination of the potential from the equations of scatter- 
ing and its replacement by a function which characterizes the 


scattering properties of the individual scatterer is discussed by 
H. Ekstein, Phys. Rev. 83, 721 (1951); 87, 31 (1952) ; 89, 490 
(1953). Other recent discussions of multiple scattering in crystals, 
with special emphasis on neutron scattering problems, have been 
given by M. L. Goldberger and F. Seitz, Phys. Rev. 71, 294 
(1947); M. Lax, Revs. Modern Phys. 23, 287 (1951); Phys. ’Rev. 
85, 621 (1952). See these papers for references to earlier work. 

; H. Bethe, Ann. Physik 87 $7, 55 (1928). 

4Z. G. Pinsker, Electron "Diffraction (Butterworths Publica- 
tions, London, 1953), Chap. 8. 


and KT results become identical for small enough 
crystals.‘ Since it has been recently established, however, 
that the scattering from molecules containing heavy 
atoms must be described in terms of the PKT, it is to 
be expected that the same will be true for very small 
crystals containing heavy atoms. Corresponding to 
the refinement of the KT into the PKT (obtained by 
replacing the Born-approximation values of the atomic 
scattering amplitudes by their rigorous values), an 
equivalent refinement must be made in the DT, so as 
to bring it into agreement with the PKT in the limiting 
case of very small crystals. It will be shown in the 
present paper that this can be done by taking into 
account in the study of a given diffracted beam not only 
the influence of the incident beam, but also interactions 
with other diffracted beams. The reason, however, why 
agreement between the DT and the PKT is not always 
reached will be discussed on the basis of several 
examples. 

A short account of the three theories will first be 
presented. The diffraction from thin crystal plates of 
infinite lateral extent will be considered, as only then 
are calculations straightforward in the DT. Effects 
irrelevant to the comparisons of the various theories, 
namely absorption and thermal vibrations will be 
neglected. 

Il. KINEMATICAL AND PSEUDOKINEMATICAL 
THEORIES 

For simplicity, we consider a crystal where the three 
unit cell vectors a;, a, and a; are orthogonal, and 
assume that the crystal is a parallelepiped of edges 
Ny a;, Noa, and Na;. In the KT the intensity scattered 
at distance r by this crystal under the influence of the 
incident wave exp(ik-r) is 

=1*| F?(b)|*Gi(q1)G2(q2)Gs(qs), (1) 
where b=gib,+q2b2+qsb; is the reciprocal vector 
corresponding to the direction of observation and 
G;(qi)=sin*xN ,q;/sin’rg;; the unit reciprocal vectors 
b;, be, and b; are defined by® 

aj: bi= 205 44(i,k= 1,2,3). 


5 Our reciprocal vectors are 2x times as large as those commonly 
used in crystallography. 
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In (1), F(b) is > 5217 f;? exp(—ib-r;), where the 
summation of the atomic scattering amplitudes f,;*® 
is taken over the J atoms contained in the unit cell. 
The main maxima of (1) occur when the g; take integral 
values h;, namely, when b is a reciprocal lattice vector® 
bp=hyby+-hebo+hsbs. F (b,) is then the structure 
factor: 


J 
F,2= > f;? exp(—ib,-4;). (2) 
j=l 


Equation (1) represents the intensity of a spherical 
wave and cannot be compared directly with the formulas 
of the DT, which refer to plane waves diffracted by a 
crystal of supposedly unlimited lateral extent (1 and 
Nz) and of thickness D= N33. In practice, the 
lateral extent is related to the cross section o of the 
incident beam by Na;N2a2=a/cosy, where y is the 
angle between the direction of incidence and a; (Fig. 1). 
The results of both theories can be compared if the 
integrated intensity or flux J= /JdS’ of an observed 
diffracted spot is computed. In the KT, the spot 
corresponds to the intersection with the Ewald sphere 
of the extension of a reciprocal lattice point, as described 
by the functions G; in (1). To an area dS’ of a spot ona 
photograph, there corresponds on the Ewald sphere 
an area® dS=b,bodqidq2/cosy= (k*/r’)dS’. It follows 
that 


J = (1°bib2/K cosy) f f Idqidqz, (3) 


spot 


where J is given by (1). 
In the neighborhood of a reciprocal lattice point by, 


sin[ x .(qi— =) 
aN (qgi—h;) 7 





Giageve( 


When this approximate expression is substituted in 
(3), the limits of integration can be taken as +, 
so that frpotGi(qi)dq: (i=1,2) reduces to N;. For an 
incident beam of unit intensity and unit cross section 
the flux J, of a diffracted spot of indices hyh2h; is 
therefore 





sin[N 3(qs—hs) ] 2 
aN 3(qs—hs) ) ‘ 4) 


J, = (2x/kr cosy)?| ritsDe( 


where T= 402d; is the unit cell volume. 
For equatorial reciprocal points (h;=0), (4) reduces to 
singb,D\? 
I= (Oe [| Fa® *D*{ -) ’ (5) 

36,D 
where b,=q3b3 is the projection of b along a;. In the 
exact Bragg position, g;=/3 and the last factor in (4) 
or (5) is unity. Formulas (4) and (5) are directly 


6 Since the scattering angle 6 does not exceed a few degrees, 
cos(y+6) can be taken as approximately equal to cosy. 
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Ewold Sphere 


Fic. 1. Ewald construction in the kinematical theory. The in- 
tensity recorded in an area dS’ on the photographic film corre- 
sponds to the area dS on the Ewald sphere in the region of inter- 
section with the extension of the reciprocal lattice point P. The 
angle uw is the angular departure of the incident wave vector ko 
from the Bragg position (for which the Ewald sphere would meet 
the point P). Note that PQ= (q3—/3)bs=bnu/cosy. 


comparable with the intensities of the diffracted plane 
waves in the DT, since the intensity of a plane wave is 
numerically equal to the flux for an incident beam of 
unit cross section. 

In the PKT, multiple scattering within the atoms is 
taken into account by replacing the quantities f;? by 
complex form factors! f;=|f;\e'%. As before, the 
scattering from the whole crystal is obtained by adding 
the contributions of the various atoms. Formulas (4) 
and (5) are therefore unchanged except that F,? has 
to be replaced by the structure factor 


F,=> f; exp(—ib,-1r;) => | f;| e*% exp(—ib,-r,). (6) 


The F; are in general complex even when the corre- 
sponding F;? are real. 


III. DYNAMICAL THEORY 


The DT is usually applied to the case of a semi- 
infinite crystal plate of thickness D limited by two 
parallel faces. We shall consider here the transmission 
or Laue case, in which the incident beam is nearly 
normal to the front face and the diffracted beams emerge 
from the back face (Fig. 2). Solutions of the Schrédinger 
equation inside the crystal are Bloch functions’ : 


u(r)=dompe™"*, (kK, =Ko+by,). (7) 
The u, satisfy the homogeneous equations 
(Ry?— k?)u,— 2k < Wqtp_g=0, (8) 
q#h 


where w= 2aF,3/kr. 


7 According to (7), ko is undetermined to the amount of any 
reciprocal lattice vector. We shall define it as being closest in 
magnitude and direction to the vector k of the incident wave. 














Fic. 2. Relations among wave vectors in the Laue case of the 
dynamical theory: k, Ko, and the K,, are the incident transmitted 
and diffracted wave vectors, respectively. Within the crystal only 
one of the solutions «/, with wave vectors kj, ko, ki, and ks, has 
been drawn. The orientation of k is such that the waves for h=1 
are in the Bragg position. The boundary condition for vector 
tangential components is shown. 


Equations (8) yield the eigenvalues of |ko| (distin- 
guished by an upper index j) and the corresponding 
amplitude ratios a,/=)i/u’. The condition of con- 
tinuity for the incident wave exp(7k-r) and the waves 
in the crystal determine the orientation of the ko’ 
(in the way shown in Fig. 2) and the amplitudes 1’, 


namely 
tuo) = 1/5 | orn? |?. (9) 


A superposition of diffracted plane waves, }-U, 
Xexp(iK,-r), (|K,| =), emerges from the back face 
of the crystal. The intensity of a diffracted beam 
h=hyhohs is 

T= jxtenitun™ expi(S*—f4)D. (10) 
Here ¢/ is the difference between the components of 


k and kp’ in the direction of the normal wv to the back 


face. 
In practice, a small number of amplitudes , are 
retained in (8). When only two amplitudes # and 
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for the incident and a single diffracted beam are 
retained, (10) reduces to the well-known expression 


sin] (25,2u2-+ 2\1D/cosy 
Tit tesa® [3 nh |wn| J (11) 
4D,2u?+ | wn|? 





Tp=1-—Th. 


Here yu is the angle (in a plane containing the vector 
b,) of departure from the Bragg position (the position 
for which |Ko’|=|k,‘|). For a given value of u, the 
diffracted intensity J, varies sinusoidally with the 
thickness D whereas for a given value of D, it is an 
oscillating function of yw. If a convergent beam is 
focused within the crystal,* the intensities corresponding 
to various values of » can be observed simultaneously 
as a set of parallel fringes, the spacing of which permits 
an experimental determination® of D and |wa]|. In 
the past, formula (11) has been applied to a number of 
problems, but, as will be made clear by the results of 
this paper, it cannot always be justified on theoretical 
grounds and might therefore lead to inconsistent results. 


IV. DYNAMICAL vs KINEMATICAL THEORY 


The DT and KT are usually compared on the basis of 
formulas (11) and (4). To use a common notation, 
we rewrite (4) as 

sin?(3b,uD/cosy) 
Ji= | wr | . ’ 
fbn 


(12) 





since 27F,3/kr=w, and g3;—h3=asbyu/2m cosy (see 
Fig. 1). In the case of thin enough crystals, (11) and 
(12) become identical, as the sine functions may be 
replaced by their arguments. Thus it appears that in 
the limit, the DT goes over into the KT. There is also 
another case, not restricted to small values of D, when 
both theories coincide, namely for a large angular 
departure from the Bragg position (}),2u2>>|wa|?). In 
both cases J; is small relative to Jo in (11), so that the 
basic condition of validity of the KT appears to be 
satisfied. As is well known, the comparison can also 
be made on the integrated reflections (obtained by 
integration of (11) over the angle u).4 According to 
whether (D/cosy)|w,| is much larger or smaller than 
unity, the integral of (11) is proportional to |w,| or 
|w,|* respectively, the latter value being again in 
agreement with the KT value. 

The above considerations are unsatisfactory in two 
respects. First, work on electron scattering by mole- 
cules!!!” has established that the KT has to be replaced 
by the PKT. Both theories yield similar results if only 
light atoms are present but differ significantly in the 
case of heavy atoms. Second, formula (11) in the DT 


8 W. Kossel and G. Millenstedt, Ann. Physik 36, 113 (1939). 
*C. H. MacGillavry, Physica 7, 329 (1940). 

10 J. A. Hoerni, Helv. Phys. Acta 23, 587 (1950). 

11'V. Schomaker and R. Glauber, Nature 170, 290 (1952). 

12 J. A. Hoerni and J. A. Ibers, Phys. Rev. 91, 1182 (1953). 
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is only valid when interactions among the diffracted 
beams are negligible, even for very thin crystals; these 
interactions again increase with the atomic number of 
the atoms present. We may therefore expect that 
whenever there is need to replace the KT by the PKT, 
at the same time it is necessary in the corresponding 
treatment by the DT to take into account the influence 
on a given diffracted beam of other diffracted beams. 
In the next paragraph, we shall discuss the two types 
of interactions which can take place among diffracted 
beams in the DT. 


V. INTERACTIONS BETWEEN DIFFRACTED WAVES 
IN THE DYNAMICAL THEORY 


When the intensity of a given spot / is computed from 
formula (10), diffracted waves u, exp(ik,-r) should be 
included in the calculations whenever | k,| is close to k. 
Orientations of the crystal for which k, remains in 
(or close to) the Bragg position are obtained by 
azimuthal rotations of the crystal around the direction 
of b,. The amplitudes of other waves will go through a 
sharp maximum whevever |k,|=|ko| (or in the KT 
language whenever the points b, traverse the Ewald 
sphere), except in the case of vectors that are multiples 
of b, (namely —by, +be,, +b, ---, if Ai, he and hy 
have no common integral factor). Thus some of the 
dynamical interactions expressed by Eq. (8) depend on 
a particular azimuthal orientation (accidental interac- 
tions), whereas the others do not (systematic interac- 
tions). In what follows, we shall assume that the 
azimuthal orientation is such that only systematic 
interactions have to be considered. In other words, 
we replace the tridimensional potential V by a one- 
variable function V which clearly is the average value 
of V over planes perpendicular to b,. This approxima- 
tion has been shown to be satisfactory when My, ho, 
and h; are low indices which refer to strongly reflecting 
reticular planes. In this case, the average influence of 
the neglected waves, as given by the consideration of 
the average value of J), over all azimuthal orientations, 
is small, even though it might be important for a 
particular orientation. On the other hand, when the 
indices fy, he, hs are high, this average influence may 
become greater than the interaction among the waves 
retained in the one-dimensional potential approximation. 

In order to simplify the calculations, we further make 
the unessential assumptions that the faces of the crystal 
are parallel to b,, and that the three vectors k, b, and 
v are coplanar (Fig. 2). If x and z are coordinates in 
the directions of b, and v, respectively, we have 


V(x)=LivVw expih’bx, (8=|br|). 


With these assumptions, the formulas given above 
keep the same form, although they now include waves 
relative to only one row of reciprocal lattice points. 
The Schrédinger equation is then separable, its solutions 


13K. Artmann, Z. Physik 125, 298 (1948). 


being of the type 


u(r) =u(x,2) = exp(iko,z)v(x), (13) 


v(x) => nn expi(k, +hB)x, (14) 


7 and »y referring to vector tangential and normal 
components, respectively. In the next paragraphs, a 
comparison of the DT results obtained in this way with 
the corresponding KT and PKT results will be made on 
the basis of several examples. 


where 


VI. CASE OF A HARMONIC POTENTIAL 


It is instructive to consider first the harmonic 
potential V=2V, cos6x since the Schrédinger equation 
can be solved directly in this case. Substitution of (13) 
in the Schrédinger equation yields Mathieu’s equation 


d’v/dw*+ (a—}s cos2w)v=0, (15) 
with 


a=4(k?— ko,”)/B? ~4(k,?+2kf)/6*, 
s= —32k|w| /B*. 


It is known that there exist sets of eigenvalues of a 
for which the solutions of (15) are of period , 27, 
3m, . .. Solutions of period x and 2x and the correspond- 
ing eigenvalues a’, have been tabulated" for a range of 
values of s between —100 and +100. These solutions 
must then be normalized in the way suitable to our 
problem, namely by means of Eq. (9). Consideration of 
(14) shows that v(w) is of period w for k,/B=0, +1, 
+2,... The same solution in reference 14 can be used 
for all these orientations of the incident wave, provided 
that the numbering of the waves in (14) is modified 
accordingly. (For instance, the case of k,=— is 
deduced from the case k,=0 by replacing every index 
h in the former solution by A+1.) In every case, 
however, the normalization (9) is different. Similar 
considerations apply to solutions of period 27 and the 
values k,/B=+}, +3,... For other values of k,/8, 
interpolation has to be made. 

Although V is never strictly harmonic in any actual 
crystal, it may be considered as approximately so 
when the coefficient w for the second order of a strong 
reflection is zero. Such is the case for the reflection 111 
in germanium (w);;=0.0131 A for 39.47-kev incident 
electrons (k= 103.75 A-), w222=0, B= | birs| = 1.936 
A). The influence of couplings of higher orders 
involving wg33,': is unimportant for at least the 
reflections 111 and 222 so that the use of Mathieu’s 
solution is justified in computing these low-order 
reflections. 

Table I shows the values of the u/ and ¢ for h=000, 
+(111), +(222), and 333 obtained from Mathieu’s 
solutions in the case of k= —38 (when the waves 111 are 
in Bragg position, see Fig. 2). The indexing in terms of 


w= 36x, 


M4 Tables Relating to Mathieu Functions, U. S. National Bureau 
of Standards (Columbia University Press, New York, 1951). 
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TABLE I. DT data for diffraction by germanium. Results given by the approximations (a) and (6) discussed 
in the text are shown in parentheses. The ¢ are expressed in A~!. 
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~165(—131,—164) 
69(131,72) 
371(0,394) 
400(0,421) 
1092(0;0) 2(0,0) 
1092(0;0) —3(0,0) 
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4688 (5000,4706) 
—4062(—5000,—4146) 
310(0,294) 
—935(0,—854) 


3946(5000,4015) 


127(0,0) 
—250(0,0) 
—219(0,0) 

367 (0,0) 

92(0,0) 
—117(0,0) 
28(0,0) 


1202(0,1178) 
— 1936(0, — 1881) 
—1185(0,—1178) 

1915(0,1881) 

—17(0,0) 


21(0,0) 
1026(0,985) 








j is such that a'<a’<---. Due to symmetry, the 
solutions »/(x) in (13) are alternately even and odd so 
that in our example #,/= (—1)*u,’. The intensity of 
any diffracted beam can be computed from (10). 
Since it varies strongly with the crystal thickness, it has 
been found convenient to report in Table I a mean 
intensity 


1,=D;| «'|?, 


obtained by averaging (10) over all possible thicknesses. 
Whereas Table I refers to a given incidence angle 
(k, = —}8), Fig. 3 shows the variation of Ioo0, Zis1, and 
T2122 with the incidence angle (or the tangential compo- 
nent k,). 

In order to test the reliability of the usual formulation 
of the DT (paragraph III), Eqs. (8) have been solved 
by successive approximations by retaining in these 
equations (a) two amplitudes wooo and #11, (b) four 
amplitudes uz to te22, (c) six amplitudes wax3 to 14333. 
In Table I, values of the # and ¢’, obtained from 
approximations (a) and (b), are listed in that order in 
the parentheses following the rigorous values. Results 
for approximation (c) have not been reported since they 
agree with the accurate results to within a few tenths of 
a percent. In approximation (a), an analytical expres- 
sion for J,:; can be deduced from (11), namely 


hu= $(1+ (36 ?/|o:|*) T°, 


where the angle of departure u from the Bragg position 
for the waves 111 is k-'(38—k,). In Fig. 3, the dashed 
line shows the values of J,,, obtained from approxima- 
tion (a) (I222 vanishing in this approximation since 
w2 is zero). Obviously, this approximation fails 
badly here, whereas approximation (b) (not shown on 
Fig. 3) is already in close agreement with the rigorous 
treatment, as may be directly inferred from Table I. 
The large intensity of the “forbidden” reflection 222 is 
entirely due to indirect coupling between the beams 
000 and 222 through the beam 111. 

Experimental evidence of a strong reflection 222 for 
germanium has been reported by Heidenreich.'® 
According to Fig. 3, the integrated intensity of the 222 
reflection should be about half of that of the 111 
reflection. A powder photograph shown in Fig. 2(b) of 
reference 15 shows that the actual ratio is less. This is 
due to the fact that the assumption on which (16) is 


16 R, D. Heidenreich, Phys. Rev. 77, 271 (1950). 


(16) 


based is not satisfied. The powder is not made up of 
crystals of random thickness D, but the D values range 
up to some upper limit, say 400 A. Over this limited 
range, the mean intensity does not reach the value 
indicated by (16). This can be seen from Fig. 4, where 
the expression (10) for the intensity of the 222 reflection 
is plotted against D for the particular orientation 
k,= —B (when the waves 222 are in the Bragg position). 

In his theoretical treatment of the reflection 222 from 
germanium, Heidenreich exclusively takes inte account 
accidental interactions between the beam 222 and 
other beams 113, 331,--- in turn. Because the corre- 
sponding waves can be brought simultaneously into 
Bragg position, these interactions may exceed the 
systematic interactions discussed here. However, they 
take place only briefly during azimuthal rotations of the 
crystal, and, on the average, systematic interactions 
are predominant since they must be taken into account 
for any crystal orientation.'® 

The “anomalous” strong reflections 222 for CuCl; 
and CaF, observed by Germer'’ are associated with 
small coefficients w222: again their increased intensity is 
due to.a strong coupling with the reflection 111. The 
effect is most marked when w2.2.~0, but should be 
generally observed for reflections of low indices. 
The case of germanium shows that it is important even 
for crystals composed of relatively light atoms. When 
the potential V is no longer harmonic, no rigorous solu- 
tion analogous to the Mathieu solution is available and 
successive approximations of the type described above 
have to be made. The convergence is not as rapid as 


oa 





Relative intensity 





_ Fic. 3. Germanium: Graph of dependence of average intensities 
Loo, £111, and J222 on direction of incident wave vector. The dashed 
line corresponds to approximation (a) discussed in text. 


16 For this reason, the statement made in reference 15 that 
dynamical interactions only take place when the incident wave 
vector originates from corners or edges of Brillouin zones is in- 
correct. 

17. H. Germer, Phys. Rev. 56, 58 (1939). 
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in the harmonic case since new coefficients w, are 
introduced at every successive stage. 

Let us now compare our results for germanium with 
the formulas of the KT and PKT. If the beam + is in 
the Bragg position, these formulas reduce respectively 
to 


In=|on|?D? or |xa|*D*, 


where x,=2xF,/kr is obtained by replacing F,? by 
F,, in wy. Using atomic scattering amplitudes f and f? 
computed on the basis of the Thomas-Fermi field,* we 
have for the reflection 111, Jin=(1.73X10~)D? or 
(1.53X10-)D*(D in A). Both expressions differ but 
little since the atomic number is relatively low. Figure 
5 shows that the PKT result is somewhat closer to the 
accurate solution. On the other hand, no agreement will 
be reached in the case of the reflection 222, since 
W292= X222=0 and Jos, vanishes in the KT and PKT. 
Here the basic kinematical condition is not satisfied, 
even for small D values when J222 is much smaller than 
Too, because there is another diffracted beam (111) of 
stronger intensity than J222 and which acts in fact as 
the “primary beam” for the beam 222. In other words, 
this effect is due to successive collisions of the incident 
electron on different atoms and is therefore neglected 
in the PKT.! Similarly, the PKT will be inadequate to 
account for J222 whenever w222 is small relative to win 
and J222 is mainly due to indirect excitation through 
the beam 111. This is of course also the circumstance 
that causes Eq. (11) to fail in the DT. 

Finally, we note that the phase factor e’" in f was 
of no importance in the application of the PKT to 
germanium since the crystal was monatomic. We shall 
now study a case where phase factors are important, 
namely an acentric crystal. 


VII. FAILURE OF FRIEDEL’S LAW 


In an acentric crystal, it is not possible to find an 
origin of coordinates such that V(r)=V(—r). In this 
case the structure factors F,? in the KT are in general 
complex. Since F_,?=F,%", however, Friedel’s law— 
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Fic. 4. Germanium: Graph of dependence of J222 on thick- 


ness D. The value /222 results from the averaging of J222 over a 
large range of D values. 


18 J. A. Ibers and J. A. Hoerni, Acta Cryst. 7, 405 (1954). 
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Fic. 5. Germanium: Graph of dependence of Joo9 and J111 on 
thickness D. DT results (solid lines) do not add up to unity since 
other diffracted beams have been included in the calculations. 
KT and PKT results for /::: are shown for comparison. 


which states that the intensity of the diffracted beams 
h and —h should be equal—is verified. On the other 
hand, |F_,| may differ from |F,| in the PKT since 
F_, is deduced from F, by changing the sign of only 
the second phase factor in (6). (The only cases when 
|F_,|=|F),| occur when F_,2=+F,%.) A failure of 
Friedel’s law is therefore expected. We shall find it 
convenient to express this failure in the following 
alternative way: the intensity J, of the diffracted beam 
h is not equal to the intensity J,’ of the same beam 
obtained by replacing V (r) by V’(r) = V(—r), the shape 
and orientation of the crystal being unchanged. 

Let us now describe the same effect in terms of the 
DT.!® We again compare the intensity of a given 
diffracted beam h for the potentials V and V’, the 
direction of the incident beam and the crystal thickness 
being the same in both cases. If quantities relative to 
V’ are distinguished by an accent, we have w,’ =w,* and, 
since the matrix formed by the coefficients of the w’s 
in (8) is Hermitian, u,/’=," and ¢/’=¢/. I, and J;’, 
as given by (10), are 


Th= Dj, ettn'ten™ expli(s*—£)D], (17) 
Ti =D, etn un* expli(e*§—¢)D]. (18) 


These two expressions are different unless the 1,’ 
are real (namely when the w’s are real and the crystal 
has a center of symmetry). The asymmetry is not 
brought out by solving the Schrédinger equation, but 
appears when boundary conditions are applied. It will 
be noted that the transmitted intensity J’ is always 
equal to J» since the mo’ as defined in (9) are real. 
Also the sum of the intensities of all diffracted beams 
is the same in both cases. Consequently when the 
intensity of a spot h is computed from the two-waves 
formula (11), we have J,’=I,, this being physically 
obvious since (11) is equivalent to replacing the 
acentric potential by a function V, exp(ib,-r)+V," 


~ 49 See also a similar discussion by H. Niehrs, Z. Physik 140, 
106 (1955). 
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Fic. 6. Cadmium sulfide: Graph of dependence of Zoo, J111, and J:1:’ on thickness D, the waves 111 being in Bragg 
position. Due to the failure of Friedel’s law, the intensity Ji: obtained by replacing the crystal potential V(r) by 
V(—r) is different from /1::. DT results are shown by solid lines, PKT results by dashed lines. 


Xexp(—ib,-r) which introduces a center of symmetry. 
In this connection, it is worth pointing out that Bethe’s 
perturbation method” of taking into account the 
influence of additional weak diffracted beams in the 
two-wave problem does not yield the required asym- 
metry since the procedure leads essentially to the same 
final expression (11), the correction only modifying the 
numerical value of |w,| and |w,’| by an equal amount. 

We shall now apply our equations to the numerical 
study of the reflection 111 from cadmium sulfide. The 
structure is polar and similar to that of zinc blende. 
Planes of cadmium and sulfur alternate parallel to the 
plane (111), the distance between the close pair of 
Cd and S planes being one quarter of the whole 111 
spacing. We again assume that bi: is parallel to the 
crystal faces and locate the origin of coordinates in a 
Cd plane. Corresponding to the potentials V and V’, 
we take the S plane nearest to the origin in the direction 
of bin, respectively —bin. Then Fin=4(fcatifs), 
whereas Fy1;’= Fim=4(foa—ifs). At the Bragg position 
the respective intensities given by the PKT are 


J=1.22X10-D*, 
J’ =0.925X 10D. 


Here the numerical values k= 103.75 A, b1::=1.870 
At, fea(111) (in A)=6.91+2.30 i and fg(111)=4.19 
+0.69 i have been used.” 

In the corresponding dynamical treatment for the 
case where the waves 111 are in Bragg position, we 
make the approximation (b) already used for germanium 
by retaining in (8) the four amplitudes upy to 20. 
Because of symmetry, the equations can be transformed 
into four linear equations with real coefficients by 
considering suitable linear combinations of the un- 
knowns. The final intensities 741;, Z111’,and Zoo (=TJo00’), 
Eqs. (17) and (18), are plotted in Fig. 6 as functions 
of D. It will be seen that satisfactory agreement between 


*” Reference 3, p. 77. 

1 The / values given in reference 18 have been slightly adjusted 
so as to correspond to the DT calculations mentioned below, in 
which relativistic corrections were not taken into account and the 
w, were computed from different fits of the atomic potentials. 


the PKT and DT results is obtained for thicknesses up 
to 50 A, i.e., up to the point where the condition that 
the diffracted beam be small relative to the incident 
beam is no longer verified. For larger values of D, [111 
and J,’ oscillate, their difference is alternatively 
positive and negative, showing that in that range the 
breakdown of Friedel’s law cannot even qualitatively 
be interpreted in terms of the PKT. The intensities of 
the weaker beams 222 and 111 included in the calcula- 
tions but not plotted in Fig. 6, show a similar failure 
of Friedel’s law. 

Other calculations for CdS have been made in the 
case where the waves 222 are in the Bragg position. 
For the reflection 222, the PKT does not predict any 
failure of Friedel’s law since F222=F222'=4(foa— fs). 
From corresponding calculations in the DT (where five 
amplitudes wy to “333 have been taken into account), 
it turns out that such a failure actually occurs. In Fig. 7, 
the intensities Ig22 and I22:’ are compared with the 
common PKT intensity. In spite of the fact that the 
waves 111 are not in the Bragg position, the (dynamical) 
intensities Zy;; and J1,’/—also shown on Fig. 7—are 
larger than J22 and J222’ in the range of thickness where 
the PKT should be valid. As has been shown previously, 
no agreement can therefore be expected in such a case 
between both theories since additional coupling between 
the beams 111 and 222 takes place, leading here to 
reinforcement of J222’ and weakening of J222. 

In the case of a reflection of high order, systematic 
interactions with other diffracted beams become less 


Relative intensity 





D in Angstroms 


Fic. 7. Cadmium sulfide: Solid lines show the DT dependence 
of Is22 and Jes’ on thickness D, the waves 222 being in Bragg 
position. Here, no failure of Friedel’s law is predicted by the PKT 
(dashed line), the lack of agreement between both theories being 
due to the simultaneously strong intensities Ji11 or Zi’ (chain- 
dotted lines). 
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important than the accidental interactions which occur 
for any azimuthal orientation of the crystal (see 
paragraph V). Let us for instance consider the reflection 
331 from CdS. According to the PKT, J3s: should be 
nearly twice as large as Jssy. In the dynamical treatment 
if the potential is averaged in the same way as before, 
namely over planes parallel to the planes 331, it is 
found that the systematic interactions of the beam 
331 with the beams 331 and 662 are negligible so that 
T31 is correctly given by the two-wave formula (11) 
and is therefore equal to J3s:’. In this case any failure of 
Friedel’s law is due to accidental interactions only, and 
will therefore vary with the azimuthal orientation of 
the crystal. 

Experimental evidence of a failure of Friedel’s law 
has been reported by Miyake and Uyeda.” The effect 
was observed on ZnS in the Bragg (reflection) case with 
the incident beam impinging on the cleavage face (110) 
in (or close to) the azimuthal plane (110) so as to excite 
simultaneously the reflections hh! and hhl. In particular 
a large asymmetry between the beams 331 and 331 has 
been observed. A satisfactory account of this effect has 
been given by Kohra,* who considered the accidental 
interactions occurring between the beams 000, 331 
and 331. Calculations were only performed in the case 
where the plane of incidence is strictly parallel to the 
plane (110). Since the asymmetry seems to occur over 
at least a small range of azimuthal orientations, it 
would be desirable to extend the calculations to the 
cases where the waves 331 and 331 do not reach the 
Bragg position simultaneously, in order to evaluate 
the possible importance of interactions with other 
diffracted beams. The same asymmetry can also be 
qualitatively explained by the PKT. A quantitative 
comparison of both theories can only be taken up in 
the Bragg case if absorption effects are included. For 
this reason, it would be preferable to investigate the 
failure of Friedel’s law in the Laue (transmission) case. 


VIII. RELATION BETWEEN THE DYNAMICAL THEORY 
AND THE ENERGY BAND PROBLEM 


The diffraction problem discussed in terms of the 
dynamical theory is only one aspect of the more general 
problem of electronic energy bands and wave functions 
in crystals. From Bloch’s theorem any electron wave 
function is the product of an exponential factor 
exp(ik-r) and of a function having the lattice perio- 
dicity. Since there is an infinite set of discrete allowed 
energies E corresponding to a given wave vector k 
the whole relationship can be described by an infinite 
set of surfaces in a four-dimensional space E, k. If one 
assumes that an electron is but little perturbed by the 
periodic field, these surfaces can be calculated by a 
perturbation method (nearly free electron approxima- 
tion). In the energy band problem, this method is 


2S, Miyake and R. Uyeda, Acta Cryst. 3, 314 (1950). 
% K. Kohra, J. Phys. Soc. Japan, 9, 690 (1954). 
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applied to calculate the intersection of the energy 
surfaces by planes containing the E axis and a given 
direction in k subspace, while in the diffraction problem 
it is applied to calculate intersections by planes of 
constant energy. In the latter case the Schrédinger 
equation yields eigenvalues for the normal component 
ko, of the wave vector ko, corresponding to the tangential 
component fo, fixed by the boundary conditions. 
Convergence of the method is very poor for atomic or 
valence electrons in a crystal, but our examples have 
shown that it can be slow even at the high energies met 
in the diffraction problem. This is the case when the 
incident electron travels nearly parallel to strong 
reflecting planes. In particle language, the electron 
zigzags between the walls of one of the potential valleys 
created by the reflecting planes, since its momentum 
component normal to the planes is too small to lift it 
over the walls. The behavior of the wave function in 
the direction normal to the walls is similar to that of 
a bound atomic electron and has to be expressed by the 
superposition of a necessarily large number of plane 
waves. It has been shown by Artmann™ that this 
notion of laterally bound electrons leads to a simple 
qualitative interpretation of the intensity distribution 
in Kikuchi bands. In most cases, however, the electrons 
are not perfectly free nor perfectly laterally bound, and 
the numerical analysis is therefore involved. For the 
corresponding intermediary cases arising in the energy 
band problem, there exists several modified methods” 
(for instance the orthogonalized plane wave method”), 
which might equally prove useful in the diffraction 
problem. 

The energy band problem corresponding to the 
diffraction problem for the harmonic one-dimensional 
potential, taken up in paragraph VI, has been discussed 
by Slater.?” Since the Schrédinger equation reduces in 
this case to Mathieu’s equation (15) (where the 
parameter s has the same meaning as in the diffraction 
problem), it follows that Slater’s discussion of the 
resulting wave functions can be directly applied to 
our function o(«) in (13) or (14). 


IX. CONCLUSION 


The present paper discusses the way in which the 
available kinematical and dynamical theories of electron 
diffraction have to be modified or amplified in the case 
of diffraction by crystals containing heavy atoms. 
Corresponding to the substitution in the KT of rigorous 
atomic scattering amplitudes for their Born-approxima- 
tion values, mutual interactions of a number of dif- 
fracted waves are taken into account in the DT 
treatment. The PKT and the DT are compared in the 


“4K. Artmann, Z. Physik, 125, 225 (1948); 126, 533 (1949), 

25 See for instance J. C. Slater, Technical Report No. 4, Solid- 
State and Molecular Theory —— Massachusetts Institute of 
Technology, July 15, 1953 (unpublished). 

2 C, Herring, Phys. Rev. 57, 1169 (1940). 

27 J. C. Slater, Phys. Rev. 87, 807 (1952). 
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case of very thin crystals, where both should give 
identical results. Our examples have shown that such 
is indeed the case for reflections of the first order and 
of low indices, but that in general there is no agreement 
for other types of reflections. The discrepancy in the 
second case can be explained as follows: The diffracted 
beam under consideration is more strongly coupled with 
one or more other diffracted beams than it is with the 
incident beam; in other words, the contribution of 
electron paths with successive collisions on different 
atoms is predominant and is the cause of the discrepancy 
between both theories, since these paths are neglected 
in the PKT. 

In the study of a given diffracted beam the number 
of other beams of equal or higher intensity is roughly 
the same as the order of the system of Eqs. (8) ; therefore 
DT calculations for weak beams of high indices would 
be very lengthy and, at the same time, strongly 
dependent on azimuthal orientation. No agreement with 
the PKT should then be expected in the limit of thin 
crystals. Furthermore, it will be clear from the previous 
discussion that the commonly accepted notion that 
integrated intensities are proportional to |F,#| in the 
DT, in contrast to the values |F,7|? in the KT, is 
only correct insofar as the two-waves formula (11) 
is valid. 

In weighting the relative merits of the PKT and the 
DT, it should be remembered that our comparison 
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has been based on the scattering by a given potential 
field, and has therefore overlooked a main feature of 
the PKT, namely that, unlike the DT, it can take up in 
a straightforward way all single-atom scattering effects, 
including even those which cannot be strictly described 
by a potential (polarization, electron exchange for 
instance). There is yet no experimental evidence, 
however, that these effects are actually important. 

Finally, it should be emphasized that the possibility 
of crystal structure determinations from Fourier 
inversion of diffraction data (a procedure which is 
based upon the validity of the KT, but can still be 
carried out if the PKT is valid"), is in fact brighter 
than it would appear from our discussion. Our calcula- 
tions apply to perfect crystals of simple shape for 
which dynamical effects are most conspicuous. Since 
mosaic structure destroys the coherence between the 
waves scattered by the various mosaic blocks, the 
effective scatterer size may well correspond to the 
range of validity of the KT. This effect, combined 
with the small weight of the atoms present, is the 
probable reason of recent successful crystal structure 
determinations by electron diffraction. 
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Spin and Polarization Effects in the Annihilation of Triplet Positronium* 


R. M. Drisxot 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
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The annihilation rate of triplet positronium has been calculated without summing at once over spin and 
polarization. The results, quoted without proof, apply to some recent measurements of spin and polariza- 


tion effects. 


INTRODUCTION 


HE calculation by Ore and Powell' and others?# 

of the angular correlations and spectrum of the 
annihilation quanta from triplet positronium has been 
repeated without averaging over spin or summing over 
polarization. The results then apply to recent measure- 
ments of the relative polarization of a single annihila- 


* Submitted in partial fulfillment of the requirements for the de- 
gree of Doctor of Philosophy at Carnegie Institute of Technology. 

+ Now at University of Pittsburgh, Pittsburgh, Pennsylvania. 

1A. Ore and J. Powell, Phys. Rev. 75, 1696, 1963 (1948). 

2 J. Radcliffe, Phil. Mag. 42, 1334 (1951). 

3R. Ferrell, doctoral thesis, Princeton University, 1951 (un- 
published). 


tion quantum‘ and the effect of the m=0 spin state on 
the angular distribution of the annihilation quanta.®* J 

The calculation follows readily from expressions 
given by Ore and Powell; the results will be quoted 
without proof. 


MATRIX ELEMENT 


The transition probability for a positronium atom 
in the lowest triplet S-state to annihilate with the 
production of three quanta of energies k, ke, ks and 

‘ Leipuner, Siegel, and DeBenedetti, Phys. Rev. 91, 198 (1953). 

5 J. Wheatley and D. Halliday, Phys. Rev. 88, 424 (1952). 


® Marder, Hughes, and Wu, Phys. Rev. 95, 611 (1954), also 98, 
1840 (1955). 





ANNIHILATION OF TRIPLET POSITRONIUM 


momenta kim, koM2, kgns with ky, ke in the ranges 
ky, ki+dki, and ko, ko+dke, respectively, and with n, 
lying in the solid angle dQ, and with the plane of the 
three quanta making an angle ¢2 with the plane de- 
termined by n, and a unit vector z specifying the axis 
of quantization, with ¢2 lying in the range $2, ¢2+dd2 
is given by’ 


Kw ¢ dk, dks dQ, dds 
Q=— --— —-kykok3| Hr *, (1) 
am m m 4a 2r 


where 1/kx is twice the Bohr radius and Hr, is the 
matrix element. 

The matrix element Hr is easily evaluated from the 
expression following Eq. (3) in reference 1 for a given 
initial spin state and given polarizations of the quanta. 
The result is 


kikoks|Hra|?=t? triplet m=0 
re 3 (t?-+1,’) 
triplet m=+1 or m=-—1, 


(2a) 


(2b) 


where 
t=DL{ (eres) — (e2'-es') }e1 
+{ (€2'-e3)+ (€2-es')}e:’] (3) 


is the vector defined in reference 1. Here e; is a unit 
vector describing the linear polarization of quantum 1 
and e;’=e;Xm, etc. The summation on the right hand 
side of Eq. (3) is over the three cyclic permutations of 
the indices 1, 2, 3. 

On setting 


e;+= (e,:+7e1')/v2, ey = (e;—ie;’)/V2= (e;*)*, 
Eq. (3) becomes 
t=v2 >-[ (est -es+)e:-+ (es--es-)exr*]. (4) 


cyc 
POLARIZATION OF THE ANNIHILATION QUANTA 


The form of t in Eq. (4) implies that if two quanta are 
right circularly polarized, the third must be left cir- 
cularly polarized. This selection rule, a consequence here 
of first-order perturbation theory, was found by Fumi 
and Wolfenstein® using general group theoretic argu- 
ments. Their result is restricted to the symmetric event 
in which kj=k,=k3=%m and therefore the quanta 
emerge at angles of 120° with one another. Their result 
is further restricted to the m=-+1 states; they could 
not rule out terms of the form RRR+JLLL for the 
m=( state. 

The simultaneous measurement of the circular polar- 
izations of all three annihilation quanta is not experi- 
mentally feasible, but the polarization of a single 
quantum with respect to the plane of the quanta has 


7 Reference 1, Eqs. (2) and (5). 
8 F. G. Fumi and L. Wolfenstein, Phys. Rev. 90, 498 (1953). 
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been measured.‘ For such an experiment, in which the 
polarizations, say, of quanta 2 and 3 are not measured, 
the relative probability that quantum 1 is linearly 
polarized at an angle a with respect to the normal to 
the plane of the quanta is then 


kikoks > > |Hra|? 


spin e2,¢3 
=4(1 —ny' no) (1 —,-n;)(1—n2-ng) cos2a 


+4>° (1—m-m:)*. (5) 


eye 


The polarizations of quanta 2 and 3 and the initial spin 
states of the atom have been summed over in this 
expression. 

If the plane of the quanta is perpendicular to the 
direction of quantization, the contribution of the m=0 
state is: 


Rikoks 3 | Hra|?mao=4(1—m1-n3)(1—m,-ne) cos2a 
e2e3 
+2) (1—m:-n;)?. (6) 


cye 


The m=+1 and —1 states contribute equally. Their 
total contribution may be obtained by subtracting 
Eq. (6) from Eq. (5). The m= +1 states favor polariza- 
tion of quantum 1 perpendicular to or in the plane of 
the quanta according as m2-M; is negative or positive. 
The m=O state favors polarization perpendicular to 
the plane of the quanta for all angles, so that a magnetic 
field perpendicular to the plane of the quanta will 
always lower the polarization ratio, by quenching the 
m=() state. 

For the symmetric case (ki= k2=k3= $m) mentioned 
above, Eq. (5,6) imply that the ratio of the number of 
quanta polarized perpendicular to the plane of the 
quanta to the number polarized in the plane of detection 
of the quanta is 5:1 when the positronium atom anni- 
hilates from the triplet m=0 state, 2:1 for the m=+1 
states, and 3:1 for unpolarized positronium (corre- 
sponding to the experiment of reference 4, in which the 
spin state of the atom was not measured). 

For completeness, the contribution of the m=0 state 
for an arbitrary orientation of the plane of the quanta is 


kikoks | Hra|*mao 


=4(1—mn,-nm.)(1—m,-n;)[(n-z)? 
— (nXn,-z)(nXng-2) | cos2a 
+4(1—m;-m,)(1—ny-n3) (n-z) 
X {(nXn3-z)+(mXnp-z)} sin2a 
+2 >> (1—m-n3)?{1—(m,-z)"}, 


cye 


where n is the unit normal vector to the plane of the 
quanta. 
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ANGULAR CORRELATIONS, ANGULAR DISTRIBUTION, 
AND ENERGY SPECTRUM 


If no polarizations are measured, the relative prob- 
ability of the quanta emerging with momenta k,n, 
ke, kgs is obtained by summing Eq. (2) over the 
polarizations of all three quanta: 


42> (1--m,-m2)*[1—(n3-z)], 
m=(0 (8a) 
Rikoks z. |Hra|?=4>. (1—m,-m)*[1+ (n3-z)?], 


e1e2e3 cye 


m=+1 and m=-—1 
8> (1—n,-n,)’, 


all three spin states. 


(8b) 


(8c) 


Equations (8a) and (8b) show that the angular corre- 
lations between the quanta depend on the initial spin 
state. Thus, in general, quenching the m=0 state alters 
the correlations. The angular correlations of the quanta 
emerging in the plane perpendicular to the direction of 
quantization (m,-z=m2-z=n3:z=0) are independent of 
initial spin state. Of these quanta, half (rather than 3 
as might be expected from statistical weights) are con- 
tributed by the m=0 state. This phenomenon has been 
detected.® 

Equation (8c) gives, in agreement with Eq. (4) of 
reference 1, the angular correlations of the quanta from 
unpolarized positronium. 

Integration of Eq. (8) over dkz and d@2 gives the 
relative probability per unit solid angle and per unit 
energy interval for detecting quantum 1 with energy 
at an angle @ with the direction of quantization: 


16(F (ki/m) sin?0+- f(k1/m) (3 cos*®—1)], 
triplet m=0 
8LF (ki/m) (1+-cos’) — f(k1/m) (3 cos’®—1)], 
m=+1 or m=—1 
32F (ki/m), all three spin states 
where 
2k(1—k) 
(2-8 
4(1—k)? ln(i—k) 
(2—k)* 


n(i-—k 





2(2—k) 4(1—k 
F(Ry=s Phas ) 





» (10) 


R. M. DRISKO 


eae 
Rs 


f(k) = 
») 2(2—k)? (2—k)? 


(2—k)? 3(2—k)(1—2) In(1—2) 
kA 


2k! 
1 

f F(k)dk=2°—9, 
0 








» (11) 
(12) 


f f(k)dk=3. (13) 


Equations (9a) and (9b) indicate that the angular dis- 
tribution of the quanta depends on the initial spin state 
of the atom. Equation (9c), representing the angular 
distribution of quanta from unpolarized positronium, 
is independent of the direction of quantization, as it 
must be, and represents the relative probability per 
unit energy interval (dk,) of finding a quantum with 
energy &;. It is the energy spectrum given by Ore and 
Powell.! 

From Eggs. (12), (13) and Eq. (9) with an integration 
over dk, the total number of quanta making an angle @ 
with the direction of quantization is, apart from a 
constant, 


(x®—9) sin*#+42(3 cos*@—1), 

(x?— 9) (1+-cos*@)— %(3 cos’@—1), (14b) 

2(4?—9). (14c) 

For 6=90°, the m=+1 and —1 states contribute 
(w®?—9+-2)/[2(x?—9) ]=59.6% of the quanta. Thus, 
turning on a very strong magnetic field perpendicular 
to the direction of detection of the quanta will reduce 
the counting rate by about 40% (and not, by the statis- 
tical share, 33%, of the m=O state). Account of this 


has been taken in interpreting the results of magnetic 
field quenching measurements on triplet positronium.®* 
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Narrow Components in the Angular Correlation of Annihilation Quanta 
from Condensed Materials* 


LorNnE A. PAGE AND MILTON HEINBERG 
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Measurements on the angular correlation of two-photon annihilation of positrons within 10 milliradians 
of 180° show that amorphous materials, known or expected to have a long-lived component, have a more 
pointed distribution than crystalline materials, as though a narrow component were present. The former 
group includes fused quartz, Teflon, polystyrene, polyethylene, paraffin, Lucite, and glass; the latter, 
crystalline quartz, aluminum, magnesium, copper, graphite, and sulfur crystals. Cane sugar, either as 
“crystals” or as a plastic material, is empirically classified with the narrow-component group. Magnetic 
experiments up to 16.3 kilogauss cause a transfer of 3 to 4% of the annihilation events into the narrow 
component from the rest of the events, when the narrow component already exists in the material in agree- 
ment with the assumption that a triplet state of a positron-electron system is being quenched. Experiments 
under way are designed to estimate the positron-electron overlap by measurement of the field dependence 
of this effect. A preliminary experiment on possible diffusion of annihilation centers is described. 





I. INTRODUCTION 


HIS paper describes a number of positron annihi- 
lation experiments done in this laboratory over 
the past year. The experiments deal with the angular 
correlation of two-photon events' occurring when 
positive beta rays are directed into samples of various 
condensed materials. Generally the angle was limited 
to within 10 milliradians of 180° paying particular 
attention to the narrow component, which was first 
observed in a fused quartz annihilator.? 

The experiments are designed to show whether the 
narrow component, when present, behaves in a manner 
consistent with the hypothesis that positronium, or 
something like it, is formed in certain condensed 
materials.*~* Thus contact is sought with the positron 
lifetime results of Bell and Graham* by using some of 
the same annihilating materials as these authors. 
Because of the possible connection between °S states 
of positronium and the narrow component, an enhance- 
ment of this component by a strong magnetic field 
was looked for. The magnetic quenching experiments** 
done in various gases, serve as a guide for quenching 
experiments in condensed materials, except that here 
one studies the magnetic sensitivity of the narrow 
components, rather than the magnetic sensitivity of 
the three- or two-quantum yields.’ Although brief 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and sponsored by the Office of Ordnance Research, U. S. Army. 
1 DeBenedetti, Cowan, Konnecker, and Primakoff, Phys. Rev. 
77, 205 (1950). 
2 Page, Heinberg, Wallace, and Trout, Phys. Rev. 98, 206 
1955). 
3R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 
4M. Deutsch, Progr. Nuclear Phys. 3, 131 (1953). 
5S. DeBenedetti and H. C. Corben, Ann. Rev. Nuclear Sci. 
4, 191 (1954). 
6 M. Deutsch and E. Dulit, Phys. Rev. 84, 601 (1951). 
7T. A. Pond and R. H. Dicke, Phys. Rev. 85, 489 (1952). 
8 J. Wheatley and D. Halliday, Phys. Rev. 88, 424 (1952). 
® Compare also T. A. Pond, Phys. Rev. 93, 478 (1954), and 
R. L. Graham and A. T. Stewart, Can. J. Phys., 32, 678 (1954). 


reports have already been given of a part of the work,” 
all results to date are collected here for completeness, 
including some preparatory work on possible diffusion 
of annihilation centers. 


Il. EXPERIMENTS 
(1) Angular Correlation in Quartz 
(i) Apparatus 


Figure 1 shows, not to scale, the apparatus used for 
the quartz experiment and certain of the later experi- 
ments. Reading from left to right in Fig. 1(a) one has: 
a NaI(TI) scintillator, 1} 14} inches, designated 4; 
adjacent to this, a pair of lead bricks forming a detector 
slit of adjustable width; a pair of lead bricks forming 
a defining slit adjacent to the source-sample assembly, 
which is located at the center of the apparatus (desig- 
nated QO) and a similar slit system for detector B. All 
items to the right of O, viz., defining slit, detector slit, 
and the second scintillator, B, are carried as a rigid 
unit on an arm pivoted about an axis normal to the 
page through O. An enlarged sketch of the source- 
sample assembly is shown in Fig. 1(b). The active 
material (5 mC of Na”) is spread over a stainless steel 
disk 0.8 inch in diameter. A mechanical vacuum is 
maintained between source and sample. The annihi- 
lating sample is a disk with a one-inch diameter well 
whose depth is 0.156 inch. With defining slits set at 
0.030 inch, angle @ set at zero, it is a simple matter to 
isolate two-photon events in the sample from events 
in the source itself, by observing coincidence rate 
between scintillators A, B as the source-sample unit is 
moved by means of a screw feed along its own (vertical) 
axis; see typical curve, Fig. 1(c), (in this case a poly- 
styrene sample). Perhaps 20% of the total positrons 
end up in the sample. 


10 Page, Heinberg, Wallace, and Trout, Phys. Rev. 99, 665(A) 
(1955); and Army Ordnance Technical Report, University of 
Pittsburgh (unpublished). 
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Fic. 1. (a) Elevation view of apparatus; (b) enlarged view of 
source-sample assembly; and (c) curve of coincidence rate, R, 
versus elevation of source-sample assembly, z. 


The coincidence circuit employs a pair of crystal 
diodes, followed by a pulse-stretcher. DuMont 6292 
photomultipliers are used, and each collector feeds two 
Hewlett Packard Model 460A wide-band amplifiers in 
series. Normally 15-foot shorted stubs are used on the 
outputs, giving adequate signal-to-noise ratios without 
undue loss of pulse height. For a time, single-channel 
discriminators in coincidence with the “fast’’ coin- 
cidence output were employed on the individual signals 
from the last dynodes of the photomultipliers ; however, 
no noticeable improvement in stability or in signal-to- 
noise ratio was found to justify this refinement, and 
its use was discontinued." During data-taking, the 
high voltages for the photomultipliers and the in- 
dividual B-voltages of the wide-band amplifiers are 
monitored several times per hour. The signal from the 
coincidence circuit feeds two independent linear ampli- 
fiers and in turn two independent discriminator-scaler 
units. 

(ii) Results 


Geometrically identical fused and crystal quartz 
samples were compared first as regards to relative width 
at half-maximum with moderate angular resolution, 
Aé=5 milliradians. That is, each detector subtends 
Aé at the center. The result was that the fused quartz 
curve, F, was narrower than the crystalline quartz 


1 The chance of a 1.3-Mev nuclear gamma ray being counted in 
coincidence with a 0.5- or a 1.3-Mev gamma should of course be 
small in view of the geometry. 


curve, C, as shown in Fig. 2(a), where both angular 
correlation curves are plotted with the same area. 
On narrowing the resolution to A@=0.8 milliradian, 
the data, Fig. 2(d), show the fused and crystalline 
quartz curves to be quite different in shape. Here, as 
throughout the paper, the uncertainties shown are 
standard deviations based on the number of counts. 
In this plot, the relative normalization is chosen for 
best fit for @ beyond the half-value points of the C- 
curve. The difference, (F—C)/Cmax, denoted by y, 
derived from curves (d) is plotted as curve (e) in Fig. 2. 
The area under curve (e) corresponds to about 20% of 
the area of the parent curve F. No reasonable fitting 
in the wings would change this estimate to anything 
as high as 29%—the fraction of positrons in the long- 
lived component.? Fused and crystalline quartz were 
also run at an intermediate Aé@ of 2.5 milliradians, and 
the difference curve only is plotted in Fig. 2(c). 

It was thought advisable to try for a better number 
for the fraction appearing in the narrow component. 
Accordingly, with Aé@ set at 5 milliradians in the interest 
of high counting rate (about 15 coincidences per 
second), extensive data were taken as follows: at each 
6 to be run, an empirical integration” was made by 
moving detector A in half-inch steps parallel to the 
x-axis, normal to the page in Fig. 1(a). These data 
represent what would happen for a short line segment 
source, one similar detector, and one infinitely long 
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Fic. 2. Angular correlation for fused quartz, F, and crystalline 
quartz, C. Angle @ is in milliradians. 


12 Actually a 6 curve was run at each x-setting needed, which 
was mechanically easier to do. 
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detector. The total counts under F then agree within 
2% with those under C when correction has been made 
for the measured difference in gamma ray absorption 
of these two samples. No attempt was made here to 
repeat the work of Pond on two-quantum yields.’ 
The points of Fig. 2(a) each involve about 3X 104 
counts near the peak and proportionately fewer in the 
wings. Background was taken to be coincidence rate 
at @=+27 milliradians; for x=0, (peak rate)/(back- 
ground rate) was 200:1. Curves F and C are then 
renormalized for “best fit” in the wings of the curve, 
ie., beyond ~10 milliradians from the center, and 
the derived difference y, defined as above, is plotted as 
curve (b). Its area is equivalent to 0.18 of the parent 
F curve. The uncertainty in the choice of renormali- 
zation was thought to be ~3%, which implies an 
uncertainty in the figure 0.18 of at most 15% of itself. 

The foregoing has been a description of the quartz 
work done prior to the original publication.? 

It should be mentioned that the optic axis of the 
crystalline quartz sample was in the z-direction (see 
Fig. 1), and projected angles were measured always 
with respect to a plane normal to this direction. How- 
ever, some graphite data had previously been taken 
(A9=5 milliradians) on the half-width of the angular 
correlation, comparing two samples cut from a large 
natural crystal. No difference was found, to within 
0.2%, between basal planes normal to z and basal 
planes parallel to z. It was assumed then, that with 
crystalline quartz, at the same resolution, the angular 
correlation would be reasonably independent of crystal 
orientation in the apparatus, and thus a favored 
orientation had not accidentally been chosen in the 
above quartz experiment. 


(2) Classification of Annihilating Materials 


An immediate extension of the quartz experiment 
was to see whether amorphous materials in general 
have a pointed angular correlation like fused quartz, 
in contrast to crystalline materials. A Teflon sample 
was run first in the apparatus described above, with 
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Fic. 4. Angular correlation for four crystalline materials with 
Aé@=0.8 milliradian. Angular half-widths in milliradians are 
indicated. 


A@=0.8 milliradian. As already stated,? the result was 
similar to that for fused quartz. Figure 3 shows the 
angular correlation for Teflon,’* and for three other 
amorphous materials, all run with A@=0.8 milliradian. 
It is noted that these materials (save paraffin) are 
known to exhibit a long-lived component.’ The points 
of inflection for each curve of Fig. 3 are seen to lie 
noticeably above the half-value points. Teflon data 
have since been reported by Stewart." 

For comparison, some crystalline materials were run 
and the curves, Fig. 4, are considerably blunter than 
the curves for the amorphous materials just discussed. 
The points of inflection now occur at or somewhat 
below the half-value points. 

In order to emphasize the pointedness associated 
with the amorphous materials, it was decided to fit 
each angular correlation curve to the aluminum curve, 
arbitrarily taken as the standard. This has been done 
in Figs. 5 and 6. For each material, the rate has been 
renormalized and the scale of 6 altered so as to fit the 
dashed aluminum curve at three points: the peak and 
the two points at 0.25 of peak height. A measure of 
pointedness for a given material can be had by com- 
paring the width of the modified curve at 0.80 of peak 
height with this width for aluminum (see upper arrows 
on the fused quartz curve in Fig. 5). This figure of 
pointedness, f, is noted on each of the curves in Figs. 
5 and 6. Of these materials, four are blunt with f 
approximately unity, and six are definitely more 
pointed, with f about 0.6.'5 Sulfur crystals, not shown, 
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Fic. 3. Angular correlation for four amorphous materials with 
A6=0.8 milliradian. Abscissas are milliradians. Angular half- 
widths are indicated. The circles on the Teflon curve are the data 
of Lang and DeBenedetti. 
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18 The present Teflon data and those taken by G. Lang and 
S. DeBenedetti (the circles of Fig. 3) at Carnegie Institute of 
Technology using the same resolution, are seen to be in agree- 
ment. We are grateful for their permission to include their un- 
published results here. ; 

4 A. T. Stewart, Phys. Rev. 99, 594 (1955). 

15In Fig. 6 we note that f is somewhat less than unity for 
copper (the only “heavy” metal run here) due to its pronounced 
wings, while the figure is somewhat greater than unity for mag- 
nesium corresponding to its lack of wings. See the thorough 
study of metals by Lang, DeBenedetti, and Smoluchowski, 
Phys. Rev. 99, 596 (1955); see also A. T. Stewart." Thus we say 
that copper does not have a narrow component, but that it does 
have broad wings. 
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Fic. 5. Angular correlations for six amorphous materials, each 
adjusted to fit the dashed aluminum curve at the peak and at 
0.25 of peak height. The abscissa is milliradians of 6 for aluminum. 
The figure of pointedness, f, is indicated for each material. 


have an f of 0.94. Incidentally, a triangle would have 
f=0.57. 

Figure 7 shows two more materials that have been 
surveyed. Part (a) represents cane sugar prepared by 
melting and cooling to room temperature to form a 
plastic material. Its figure of pointedness, f, is 0.70, 
classifying it with the pointed materials of Fig. 4 
rather than the blunt materials of Fig. 5. Part (b) of 
Fig. 7 shows another sample of cane sugar, prepared 
by slow (6 weeks) evaporation of a thick solution in 
water, the resulting mass being then machined; here, 
f=0.71. The half-widths for the two sugar samples 
were respectively 9.4 and 8.2 milliradians. Geometri- 
cally, the plastic sample was the cleaner, being denser, 
and having a flatter surface. Therefore the difference 
is probably real, but has not been double-checked 
experimentally. The crystalline cane sugar is classified 
with the pointed materials but represents the only 
“crystal” tested which is made up of large molecules.’® 

Finally, a glass lens with a flat surface was run, and 
the result is plotted in Fig. 7(c); f turns out to be 
0.64. Intensive data were then taken on this sample 
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Fic. 6. Angular correlations for four crystalline materials, each 
adjusted to fit aluminum; see caption for previous figure. 


16 Recent comments along these lines have been made by P. R. 
Wallace, Phys. Rev. 100, 738 (1955). 


in the vicinity of the peak, with resolution now set at 
A@=0.6 instead of 0.8 milliradian to see whether or 
not real “shoulders” would appear close to the peak. 
The result is plotted as Fig. 7(d), and there is only a 
vague suggestion of shoulders. No doubt it would be 
better, in looking for shoulders, to try to measure true 
angles rather than projected angles as is done here. 

To sum up in terms of the long-lived component, 
there has been no contradiction of the rule that when 
the rz component is present, a narrow component 
likewise is present, and when it is not, one has a blunt 
angular correlation. 


(3) Magnetic Quenching Experiments 


Since the estimated fraction of narrow-component 
(for fused quartz at least), namely about 20%, seems 
to be significantly smaller than Bell and Graham’s 
29% fraction of long-lived component, it is interesting 
to test whether the narrow component can be enhanced 
by a strong magnetic field. Apparently a fair fraction 
of the *§ states (which one might guess provide some, 
or perhaps all, of the narrow component) do not end 
up in the narrow component due to moderately violent 
collisions. Thus it is tempting to try to divert some of 
these states from a violent end by means of the triplet- 
singlet conversion demonstrated in the past for gases.*-® 
Here the conversion time must be comparable to the 
rather short lifetime, 72 of the order of 10~ sec, and 
so one should use a stronger magnetic field than in the 


gas experiments. 
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Fic. 7. Angular correlation (a) for “plastic” cane sugar, (b) for 
cane sugar “crystals”, and (c) for a glass sample run at Ad=0.8 
milliradian. Curve (d) represents the same glass sample re- 
run with A4@=0.6 milliradian. Angular half-widths are indicated. 
The dashed lines at the bottom of each figure is the background 
rate. 
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Again, for materials exhibiting no sign of a narrow 
component and no long-lived component, one might 
expect the angular correlation to be independent of 
magnetic field. As will be seen, this is the result ob- 
tained, which is interpreted as a test of the apparatus 
for systematic errors (mechanical, thermal, magnetic) 
introduced by the electromagnet whose field has to be 
varied. 

For these experiments, the apparatus was modified 
as indicated in Fig. 8(a), where the source-sample 
assembly is sketched. The source mount was recessed 
slightly into the lower pole piece of an electromagnet. 
Annihilating samples of the same inner diameter as in 
sub-sections (1) and (2) were used, but the well depth 
was changed to 0.100 inch. Rigid samples could serve 
as their own vacuum wall, while plastic samples were 
encased in an aluminum vacuum housing (not shown) 
to avoid deformation. Lead pads were laid adjacent 
to the sample, as shown, to mask off essentially.all of 
the annihilation radiation from the cylindrical inner 
wall of the sample so as to avoid a shift of the angular 
correlation curve occurring because the magnetic field 
changes the positron intensity distribution over the 
surface of the sample, the so-called focusing effect. 
Alignment procedure was to first align optically the 
two detector slits, two defining slits, and the axis of 
rotation for 6; with sample inserted, the electromagnet 
as a whole was then run up and down in steps of a few 
by 0.001 inch to achieve maximum coincidence rate 
from the sample. 

It was first ascertained that the half-width for a 
fused quartz sample narrowed about 10% when 16 
kilogauss was applied, and that the half-width for 
crystal quartz was unchanged at this field value. 

Next, a Teflon sample was run at A@=1.5 milli- 
radians, and the resulting angular correlation is shown 
in Fig. 9(a). At each angle @ of interest, coincidence 
rate was measured with the 16-kilogauss field on and 
with the field off (magnetically cycled to “zero” 
residual field), without changing the angle. Many 
sweeps in angle were made in this fashion. The magnet 
poles were water-cooled so that no systematic tempera- 
ture variation could affect the sample. Furthermore, 








Fic. 8. (a) Source- 
sample assembly 
modified for early 
magnetic experi- 
ments and_ (b) 
mercury pool added 
to lower pole piece 
for later magnetic 
and diffusion experi- 
ments. 
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Fic. 9. Teflon quenching data. Points (a) are angular correlation 
at 16 and 0 kilogauss. The points in (b), derived directly from (a) 
by subtraction, give a difference curve. Slit width A@ was 1.5 
milliradians. Curve (c) is angular correlation with A@ of 0.42 
milliradian, at zero field. Points (d) were run with the same 
slit width at 16 kilogauss. The dashed curve is renormalized 
curve (c). 


it is believed that no change in resolution could arise 
systematically.!” 

For the data of Fig. 9(a), peak-to-background 
exceeded 200:1. Difference points, representing 16- 
kilogauss data minus 0-kilogauss data, are shown in 
Fig. 9(b). Evidently a transfer, (4.2+0.5)% of the 
total annihilations, has been effected from the wings 
of the distribution into the narrow component, as 
reported earlier.° Thus a quenching effect has been 
demonstrated. The fact that the Teflon difference 


17To be sure, the focusing effect does bring in a somewhat 
larger percentage of the lesser penetrating positrons [discussed 
in Sec. II (2)], making the effective vertical width of the 
gamma ray source somewhat less with the field on; however, we 
are sure this is too small to alter the results presently under 
discussion. Regarding systematic magnetic interaction with the 
photomultipliers, test data were taken on the coincidence rate 
and on the integral-discriminator counts (singles) from one or 
other of the photomultipliers. With no magnetic shielding on the 
photomultipliers, the singles rate dropped 20% from field off to 
maximum field. With standard mu-metal shields on, the singles 
rate changed at most 0.1 of what it had previously. The addition 
of the mu-metal shields had no apparent effect on the coincidence 
rate, the difference being (0.7+3.4)%. All magnetic experiments 
were run with the shields on. No fluctuation in the ac line voltage 
or any of the other monitored voltages could be traced to operation 
of the electromagnet. 
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Fic. 10. Narrowness, v, for polyethylene as a function of depth 
in the sample, z. Approximate relative coincidence rate is shown 
along the abscissa. 


curve had a net positive area is interpreted as due to the 
focusing effects. 

Teflon was next run with A@ narrowed to 0.42 
milliradian. With no field, the angular correlation was 
that of Fig. 9(c). A partial curve was run at 16 kilo- 
gauss, with emphasis on angles close to zero, Fig. 9(d). 
Here comparison is made by vertical renormalization 
of the zero-field curve to match the peak rate for the 
16-kilogauss curve, as indicated in the figure. The 
narrowing on application of the field is evident. The 
peak rate was 30 coincidences per kilosecond, and 
background (at @=20 milliradians) was 150 times 
smaller. 

To date, no complete curve with good statistics has 
been run for fused quartz with the field on. However, 
intensity data has been taken at three angles, corre- 
sponding to the peak and to +5.0 milliradians on 
either side of the peak, with the field alternately off 
and on. The ratio of the peak rate to the sum of the 
other two rates for each field setting, called v, is taken 
as a measure of narrowness. Because of the symmetry 
of the angular correlation curve about @=0, » is in- 
sensitive in first order to any systematic shift'® in the 
angle @ when the field is applied. Some 250 hours of 
essentially continuous running gave y (16.3 kilogauss) 
= 1.543+0.007, and v(0 field) =1.399+0.007. Each y 
value here has been corrected for measured background, 
which is not sensibly different from field off to field on. 
Allowing for background increases each v by 0.5%. 
During the 300 measurements of v made for each field 
setting, the quenching effect was consistent.” 

18 No such shift has been apparent when the lead pads of Fig. 
8(a) are properly in place, and all quenching data has been taken 
in this manner. Only the left-hand pad is set critically; the pad on 
the aoe is relaxed (about 0.010 inch) to allow for varying the 
angle 6. 

The quartz samples are of optical grade, precision ground, 
and were obtained from the Unertl Optical Company, Pittsburgh, 
Pennsylvania. In the early work, as reported at the Washington 
Meeting of the American Physical Society, 1955 [Page, Heinberg, 
Wallace, and Trout, Phys. Rev. 99, 665(A) (1955) ], some doubt 
had been felt as to the staying qualities of the quenching effect in 
fused quartz which has now been dispelled. Incidentally, a violet 
coloring grows gradually after several weeks close exposure to the 
Na*® source; however, the quenching effect becomes apparent 
immediately when an unused fused quartz sample is inserted in 


the apparatus—based on two samples obtained. Crystalline 
quartz samples remain clear. 
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Narrowness, v, for aluminum was run with exactly 
the same procedure as for fused quartz. The result 
was 1.182+0.011, 1.217+0.012, for 16.3 kilogauss and 
zero field, respectively. The discrepancy (probably not 
significant) is seen to be in the opposite direction to the 
quenching effect in fused quartz and Teflon. For 
crystalline quartz also, y was measured at 16.3 kilogauss 
and at zero field, using the three angles, 2=0 and +4.2 
milliradians for the determination. The respective v 
values were 0.719+0.012 and 0.718+0.011. 

Extensive quenching data were taken with a poly- 
ethylene sample, chosen for its low atomic number and 
density, and its narrowness. 

At this point in the experimental operations, the 
defining pad to the left of the sample in Fig. 8(a) was 
replaced by a mercury pool, Fig. 8(b), the level of 
which can be raised or lowered by means of lucite 
plungers running on screws. It is thus possible to scan 
the sample (in an integral fashion, since there is no 
continuously movable upper defining jaw) from the flat 
surface where the positrons enter, to beyond the greatest 
depth of penetration of the positrons. The calculated 
attenuation through the mercury pool is 4X10* for 
0.51-Mev gammas; so, for mercury settings giving 
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Fic. 11. Narrowness, v, as a function of (Aé)? 
for (a) polyethylene, (b) Teflon. 
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attenuation in coincidence rate greater than ~10’, the 
mercury absorber was supplemented by a lead brick 
(not shown) before proceeding deeper into the sample. 

It was thought a worthwhile check on the apparatus, 
and on the quenching process itself, to measure narrow- 
ness v, as a function of depth in the sample. Accordingly, 
the data of Fig. 10 were taken, with A@=1.3 milli- 
radians; the three angles used were 6=0, +3.3 milli- 
radians. For each setting of the mercury pool, the upper 
jaw of the defining slit system on the left of Fig. 8(a) 
was adjusted vertically by shims so that the maximum 
sample width seen by detector A was very nearly 
one-half of the detector slit width.” 

From Fig. 10, it is seen that v as measured including 
the surface of the polyethylene sample is not signifi- 
cantly different from that measured excluding the 
surface. Time did not permit good counting statistics 
to accumulate for the rather deep (70 mg/cm’) setting. 
However, it is felt that the alignment is such that the 
runs at 18 and 31 mg/cm? depth contain no surface 
counts. Thus the quenching effect is not confined to the 
surface. 

It was thought advisable to look for optimum 
resolution (the coincidence rate goes as the square of 
Aé) at which to run quenching tests in future experi- 
ments, and also to get some idea of the ultimate width 
of the narrow component and of the magnetically 
enhanced portion of it. Measurement was made of the 
narrowness, v, at 14.6 kilogauss and at zero field, as a 
function of Aé@, always keeping the effective width of 
the sample at one-half the width of the detector slits. 
These data are shown in Fig. 11(a). The points have 
been corrected for background. Peak-to-background 
was at least 200:1 for all points except those at less 
than one milliradian where it was 70:1 to 120:1, being 
the same for field on as for field off. The zero field curve 
apparently does not become flat as (A@)* goes to zero. 

Teflon was tested in the same manner, using the 
same three angles, 2=0, +3.3 milliradians to determine 
v. The resulting curves of v versus (A0)? are shown in 
Fig. 11(b). » was also determined for Teflon at these 
field settings, with A@=1.7 milliradians but using the 
three angles, 02=0, +5 milliradians. The results for 
field on and for field off were 1.235+0.019 and 
1.064+0.017. 

From Fig. 11, it is concluded that it would not be 
profitable to run with the slits much narrower than 
one or two milliradians, in any long-term experiment 
to make, say, a careful field-dependence measurement 
of quenching. 

Polyethylene data were taken in a manner quite 
similar to that earlier for Teflon [refer to Fig. 9(a) 
and (b)] and is shown in Figs. 12(a) and 12(b). The 
fraction of two-quantum annihilation events transferred 


2% The coincidence rate versus depth, z, in the sample is so 
. closely of the form exp(—z) that this precaution seems hardly 
necessary, but is easily taken using the coincidence rate as 
indicator, with detector slit B opened wide. 
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Fic. 12, Polyethylene quenching at two resolutions: (a) A@= 1.2 
milliradians, (b) A@=0.6 milliradian. Abscissas are @ in millira- 
dians. Difference data, field on minus field off, expressed as 
fractions of the peak rate, are shown at the right. 


to the narrow component, estimated as 2.7%, is here 
significantly less than for Teflon, and its width 
(admittedly run with narrower A@, and with more 
careful gamma ray definition at the sample) is some- 
what narrower. It turned out that » for zero field was 
consistent with y inferred from the earlier zero-field 
data (of Fig. 3) taken with the original source-sample 
assembly of Fig. 1(b). 

It should be mentioned that a magnesium sample 
was inserted just prior to taking the above Teflon data 
and its vy determined (with A@=1.3 milliradians), at 
14.6 kilogauss and at zero field. Coincidence rate was 
measured at the peak and at 6=+3.3 milliradians. The 
values for field on and for field off were 0.767+0.007 
and 0.768+0.007. 

From the magnetic quenching results to date, it 
seems quite probable that any material having no 
Tz component, and likewise no narrow component as 
judged from the curve shape, will show no change in 
angular correlation when a strong field is applied. 
On the other hand, for those materials known to have 
a Tt. component, and likewise a narrow component, 
it is generally possible to divert up to several percent of 
the total two-quantum events into the narrow 
component. 


(4) Search for Diffusion of Annihilation Centers 


‘ 


By an “annihilation center” is meant the point in 
space from which the two quanta come. It was men- 
tioned in subsection (3), during the discussion of 
polyethylene, that a mercury pool had been installed 
immediately to the left of the sample, whose purpose 
was to mask off (so far as detector A is concerned, see 
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Fic. 13. Coincidence rate at the peak of the angular correlation, 
as a function of the height of mercury in the pool expressed in 
mg/cm? of the sample. Points have not been corrected for back- 
ground which is plotted separately as crosses. 
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Fig. 1) gammas coming from less than a given depth 
in the sample. 

It was thought worthwhile to survey a few materials 
in the following manner: Detector A was set for 
Aé= 2.1 milliradians; detector B was opened to its full 
Aé of 5 milliradians in the interest of counting rate. 
The left-hand upper defining jaw [refer to Fig. 8(a) ] 
was set abnormally high so as not to interfere with 
gammas originating deep in the sample. Coincidence 
rate was then measured at the peak of the angular 
correlation as a function of height of the mercury level 
and typical results are shown in Fig. 13. For a given 
sample, many sweeps were made with the mercury, 
and no difficulties were encountered in resetting the 
mercury. Counter B was moved very slightly, in 
sympathy with the mercury level, so that it remained 
at the angular correlation peak. 

Figure 13 shows data for polyethylene and 
magnesium, the lightest plastic material and the lightest 
metal run (the circles are data with only the mercury 
pool as absorber, the squares are data with an auxiliary 
lead brick backing up the mercury absorber). It 
happens that the logarithm of the coincidence rate, R, 
versus depth in the sample, z, is quite linear over about 
two decades, for all materials run. The characteristic 
slopes for the two materials shown here are in about 
the same ratio (within 3%) as the respective elec- 
tron densities which is to be expected. No correction 
has been made for background, and it (taken to be 
coincidence rate with @ displaced upwards 19 milli- 
radians from the peak) is plotted separately in the 
figure. Lucite, Teflon, crystalline and fused quartz, 
aluminum, copper, and iron have been surveyed in 
this manner. The characteristic slopes of the linear 
portions are found to go approximately as the density, 
over this range of 8 in density. With a 15-kilogauss 
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field on, an excess rate (about 5%) appears at and 
to the left of the knee, and gradually dwindles with 
depth, being gone at perhaps one decade attenuation. 
The excess coincidence rate at the knee was down to 
about 2% when the source-sample distance was smaller 
(see for example the Teflon data of Fig. 9). This is not 
simply a result of the enhanced narrow component 
(when it exists) but was found to involve the angular 
distribution as a whole. It is interpreted as the focusing 
effect already discussed in Sec. II (3) and reference 17. 

There is no evidence at present of diffusion of annihi- 
lation centers beyond the extrapolated range of the 
position spectrum either in narrow-component materials 
or metals or an insulating crystal. However, for a more 
definite answer to this question, it is planned to make 
careful runs deep in the sample, with field on and field 
off. 


III. DISCUSSION 


Materials shown by Bell and Graham to exhibit a 
complex decay scheme for positrons have been shown 
here to exhibit a pointed angular correlation of the an- 
nihilation quanta, while those having a simple decay 
scheme have a blunt angular correlation. This connec- 
tion between the presence of a 7: component in the decay 
with a narrow component in the angular correlation 
suggests that the two arise from a common source. It 
may be that the narrow component has a mean life 72, 
but no verification of this is known, or it may be that the 
conditions favorable to the formation of a rz component 
also are favorable to a narrow component partly or 
completely in parallel with the 7, component. In any 
event, these two anomalies seem always to occur 
together. 

For materials having a pointed angular correlation, 
and a rz component, an enhancement of the amount 
of the narrow component by means of a magnetic 
field has been demonstrated. Assuming the long 
lifetime 72 to be due to formation of *S states of “posi- 
tronium,” this enhancement is regarded as a mani- 
festation of magnetic quenching of such states.” To 
use fused quartz as an example, comparing theestimated 
fraction of narrow component, 0.18, with the fraction 
of long-lived component, 0.29, one concludes that 
~0.4 of r2 should be available for transfer into the 
narrow component by means of an applied magnetic 
field. If there is parallel formation of narrow component 
(presumably singlet states) this estimate should be 


#1 A companion effect, the verification of which is not known, 
would be the decrease in the mean lifetime 72 due to the introduc- 
tion of an alternative mode of decay. Note added in proof.—As 
reported at the International Conference on Quantum Inter- 
actions of the Free Electron, University of Maryland, April, 1956, 
M. Deutsch finds the detailed distribution in delay time for 
Teflon in part shortened by a strong magnetic field and in part 
unaffected, implying essentially no transitions between the three 
triplet states; V. Telegdi reports the magnetic sensitivity of the 
three-quantum yields from Teflon and fused quartz to be con- 
sistent with quenching of the m=O fraction of the tiplet states 
in competition with the respective Bell and Graham decay rates 
for T2. 
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raised. The observed fractional transfer into the narrow 
component at ~15 kilogauss, namely 0.03 in poly- 
ethylene, 0.04 in Teflon (and a like figure for fused 
quartz), is about what one would calculate on the basis 
of the known values of r2 and the singlet-triplet energy 
difference for free 1-S positronium, assuming, for the 
sake of argument, that one-third of 0.29 of the total 
annihilation events are transferable. 

Current experiments designed to measure the 
narrowness y [defined in Sec. II (3)] as a function 
of magnetic field, with temperature as a parameter, 
are expected to yield information on positron-electron 
overlap and/or whether more than one-third (the 
m=() fraction) of the supposed triplet states are avail- 
able for quenching. 

All that can be said about the diffusion experiments 
at this time has been stated in Sec. IT (4). 

An experiment under way is to test for narrow 
component enhancement in gases known to form 
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positronium, since free and thermalized positronium 
should yield a rather narrow correlation in contrast 
to bound positronium. Here again, the field dependence 
of any effect should be of interest. 

It would seem worthwhile to look for a Doppler-free 
component in the energy spectrum” of the annihilation 
photons. Plans have been made for a nuclear resonance 
fluorescence experiment. 
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Application of the Rayleigh-Schrodinger Perturbation Theory to the Hydrogen Atom 


RicHarp E, TReEs* 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received March 6, 1956) 


Wigner has calculated the ground-state energy of the hydrogen atom with second-order perturbation 
theory, the whole electrostatic potential being considered as the perturbation. Though his result is finite, 
it does not agree with the known energy for hydrogen. A fact implicit in the literature, but not usually 
appreciated in this connection, is pointed out—that if part of the electrostatic energy is retained in the 
zero-order problem, a correct result is obtained, even if the part of the energy retained is given a zero magni- 
tude after the calculation is carried out. It is also shown that if the calculation is carried out in an Einstein 
hypersphere, the entire “electrostatic potential” can be regarded as the perturbation and the correct result 
is obtained. Perturbation theory leads to the exact energy eigenvalue in all approximations higher than the 
first, but the expansion of the eigenfunction converges slowly if the perturbation is made large. 


I. INTRODUCTION 


IGNER' has recently pointed out a failure of 
second-order perturbation theory to give a 
meaningful result when applied to the hydrogen atom. 
Considering the whole electrostatic potential as a per- 
turbation, he has calculated the ground-state energy 
and found it finite, but grossly incorrect numerically. 
It would be very simple to carry out perturbation 
calculations if the solutions of the field-free Schrédinger 
equation could be used as a starting point, but the 
results of I show that this cannot be done. The present 
investigation is part of an effort to find a modification 
that will give the correct result without introducing too 
much additional complication. 
In the type of problem considered, the exact solution 


*On leave from the National Bureau of Standards, Wash- 
ington, D. C. 

1E. P. Wigner, Phys. Rev. 94, 77 (1954); referred to as I in 
this paper. 


of the Schrédinger equation is assumed already known, 
or at least obtained to a high degree of accuracy with 
variational methods. In the simplest case, the Hamil- 
tonian depends linearly on a single parameter A which 
has a continuous range of values. The energy eigenvalue 
of the Hamiltonian H(A) will be some known function 
E(d). The parameter A is then regarded as a sum of two 
parameters, say A=Ai+A2. The eigenfunctions and 
eigenvalues of H(A) are then obtained with perturbation 
theory,” starting from zero-order solutions of H(A,). 
This procedure defines the energy as a series in in- 
creasing powers of A». If the correct energy, E(A) 
= E(Ai+A2), has an expansion in increasing powers of 
\2 that agrees with the perturbation series to a given 
order, then the energy calculated with the perturbation 
theory is considered correct to that order. Usually per- 
turbation theory can be correct only when A2<Aj, as 


2E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, London, 1935). 
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for example in the case of the harmonic oscillator where 
E(A) is proportional to +/A. 

For the hydrogen atom, the parameter \ may be 
taken as the atomic number Z, and with \.= (Z—Z,), 
the correct energy has the form 


1 met 
> 9 pet Sot 2212-21) + (2Z-2))"} (1) 


We point out in Sec. II that the perturbation calcula- 
tion with nonzero value for Z; is correct to second order, 
and gives in this case the exact energy eigenvalue no 
matter how much smaller Z; is than (Z—Z,). Unfortu- 
nately this calculation seems to have no extension that 
makes it applicable to the limiting case of most interest, 
when Z; is assumed zero. As long as Z; is nonzero both 
an infinite set of discrete states and a continuum are 
utilized in the perturbation calculation, so it is not 
surprising that this mixed spectrum cannot be corre- 
lated to the simpler spectrum of the field-free problem. 
From another viewpoint, it may be explained that 
though the second-order perturbation theory gives the 
energy correctly, even when Z,=0, there is no con- 
vergent expansion of the eigenfunction in powers of 
(Z—Z,) unless (Z—Z)) is less than Z. 

Since a box of radius R is used as an intermediary in 
the perturbation calculation of I (eventually R->), 
it is interesting to consider a Schrédinger equation 
which depends on an additional parameter R (as well 
as Z), and that has the same energv eigenvalues as the 
hydrogen atom when R becomes iniinite. Schrédinger’s 
equation for the hydrogen atom in an Einstein hyper- 
sphere of radius R has this form,’ and the main point of 
the present paper is that a correct second-order per- 
turbation calculation can be carried out with the solu- 
tions of the field-free equation in this case, as is shown 
in Sec. III. Though the perturbation calculation of 
Sec. III is even simpler than the calculation of I, this 
is because only s-electron wave functions are used in 
the hydrogen-atom problem, and in both calculations 
these wave functions are effectively the same. Calcu- 
lations involving electrons with higher orbital mo- 
mentum would probably be only slightly more compli- 
cated in the hypersphere than in ordinary space. 

The possibility of defining a potential for the inter- 
action between two electrons in a hypersphere, and so 
setting up a Schrédinger equation for the helium-type 
atom, has not been explored, but it must be admitted 
that it is questionable whether a simple perturbation 
calculation of the type considered is possible. One 
limitation may be pointed out at the start, since 


8 E. Schrédinger, Commentationes Pontif. Acad. 2, 321 (1938); 
Proc. Roy. Irish Acad. 46, 9 (1940). See also L. Infeld and T. E. 
Hull, Revs. Modern Phys. 23, 21 (1951); and A. F. Stevenson, 
Phys. Rev. 59, 842 (1941). 
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Hylleraas* has obtained a formula for the energy of 
helium-type atoms which is correct to fourth order: 


E=—2Z?+1.25Z—0.31488 


0.01980 0.01004 
+ o- (Rydbergs). 
Z Z2 





(2) 


If the zero-order Hamiltonian has no dependence on e?, 
while the perturbation is proportional to e?, then the 
second-order perturbation must be the complete answer, 
since the only quantity that can be formed with the 
dimension of energy must be proportional to e*. It 
follows that, at best, such a calculation can give only 
the first three terms of the expansion (2). 


II. THE PERTURBATION CALCULATION WITH 
HYDROGENIC FUNCTIONS 


The potential for the hydrogen-type atom has the 
form —Ze?/r, and the energy of the ground state is 
given by the first equation of (1). A perturbation calcu- 
lation can be made using zero-order solutions of the 
Schrédinger equation with a potential —Z,e?/r, and 
regarding the remainder of the potential, — (Z—Z,)e?/r, 
as the perturbation. It is easily seen that the zero-order 
energy and the first-order perturbation energy are the 
first and second terms, respectively, of the second equa- 
tion of Eq. (1), so that only the second-order effect— 
corresponding to the last term—need be considered. 
The second-order perturbation due to discrete states is® 


e*m o n'(n—1)*"-3 
E;(discrete) = —-——(Z—Z,)*32 }} —————_ 
he? naa (n-+1)2"48 


(3) 
e*m 
= —0.169(Z—Z,)? —, 
nh? 


4E. A. Hylleraas, Z. Physik 65, 209 (1930); S. Chandrasekhar, 
Revs. Modern Phys. 16, 301 (1944). The first three terms of this 
formula are the zero-, first-, and second-order effects, respectively. 
Hylleraas evaluated the second-order effect with a variational 
method, however, so that contributions from different angular 
parts of the wave function were not separated. D. Layzer [Ph,D. 
thesis, Harvard, 1950 (unpublished) ] has given a “preliminary 
calculation” of the second-order energy of helium using hydrogenic 
wave functions and has obtained the value —0.4735 as compared 
to the value —0.31488 given by the third term of the Hylleraas 
formula; in getting this result, he used a difference of first-order 
energies in the denominators of his second-order perturbation, 
so the two values do not really correspond. The amount of work 
involved in this calculation is naturally very great. J. M. Ger- 
hauser and F. A. Matsen have also used hydrogenic functions 
and have summed “the first five terms” of the second-order per- 
turbation to obtain a constant term —0.2514 as compared to 
the value —0.31488 in formula (2) [J. Chem. Phys. 23, 1359 
(1955) ]. P. Kessler has tried to evaluate the entire second-order 
perturbation by explicitly considering only the interactions with 
the first six terms of the 1s ms‘4S sequence; he obtains a value 
—0.38 for the constant term [Compt. rend. 240, 1314 (1955) ]. 
5 After obtaining these expressions, it was discovered that 
Y. Suguira had already given them as part of a check on his 
erturbation calculation for the energy of excited states of helium 
Z. Physik 44, 190 (1927) ]. 
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while the contribution of the continuum is 


E,(continuum) 


e’m 0 
=-“(2—z,2 f 
h? 0 


exp (4 tan~'n)n*dn 


(n?+-1)°Lexp(2xn) — 1] 





em 

= —0.329(Z—Z,)? — 
The continuum contributes almost twice as much as 
the discrete states. The coefficients were evaluated 
numerically, which accounts for the sum being slightly 
less than 3; it seems fairly certain that if these ex- 
pressions were evaluated rigorously, their sum would be 
exactly the third term of the second equation of Eq. (1). 
An exact expansion of the wave function would have 


the form 
Ri,(Z) = Sn€nsRne(Z1), (5) 


where the sum on the right-hand side includes an 
integration over the continuum. The coefficients cn, are 
rather complicated functions of Z; and (Z2—Z,) which 
we have evaluated explicitly for the discrete states only. 
They are, of course, proportional to (Z—Z,) (when 
n¥1), but they have no convergent expansion in in- 
creasing powers of (Z—Z,) unless |(Z—Z,)| <Z;. 
When the condition is satisfied, the series is infinite, 
so that the first-order wave function is not the exact 
wave function even though it gives the exact energy 
in second order. As a result of this it might not seem 
likely that higher order perturbations would vanish 
for the hydrogen atom, because one could assume 
Z,:<|(Z—Z,)| and the wave function would be getting 
worse while still giving the exact energy. However, it 
does not seem to be possible to either prove or rule out 
the vanishing of higher order perturbations by an 
appeal to the variational principle, since a perturbation 
function that gives the energy correct to a given order 
will also give parts of higher order effects if used in a 
variational calculation, and these additional parts can 
insure that the energy is not less than the true energy. 
For instance, the first-order wave function could be 
considered in the limit where Z;<|(Z—Z,)|, so that 
effectively the total energy is given entirely (and 
exactly) by the second-order perturbation. A varia- 
tional calculation with this function would introduce 
terms of order (Z—Z,)’, and since the sign of (Z—Z,) 
can be positive or negative it might seem that these 
third-order effects would have to vanish to avoid an 
energy less than the true energy. However, this con- 
clusion does not follow since positive fourth-order terms 
would also appear and these would bear the ratio 
|(Z—Z,)/Z;| (>1) to the third-order effects, so there 
seems to be no simple way of showing anything definite 
about the higher order perturbations.® 

6 An interesting possibility of summing second- and higher 


order perturbations rather easily is suggested by the method of 
A. Dalgarno and J. T. Lewis [Proc. Roy. Soc. (London) A233, 


THEORY 


III. THE PERTURBATION CALCULATION 
IN A HYPERSPHERE 


The radial part of the Schrédinger wave equation for 
the hydrogen atom in an Einstein hypersphere of 
radius R has the following form!: 


h? 1 d dy 1(1+1) 
-—|— -— (ints - ) -— | 
2m R? sin*x dx dx R? sin?x 


Af 
——cotw=h). (6) 
R 


The independent variable x in this equation (O< x<€ 7) 
corresponds to the ratio r/R, where r is the radius 
vector of ordinary space. Replacing sinx by this ratio, 
and cose by unity reduces (6) to the usual equation 
for the hydrogen atom. The energy eigenvalues of this 


equation are 
h? Z? em 
Bye (gh 1), (7) 
2mR?2 2n? h? 


For large R and small enough n, these energies approach 
the eigenvalues of the discrete states of the Schrédinger 
equation for the hydrogen atom in ordinary space. In 
contrast to the latter equation, however, the spectrum 
of (6) is completely discrete, even for positive energies. 
The eigenfunctions all remain good eigenfunctions when 
Z is made identically zero; there is no disappearance of 
an infinite set of discrete eigenfunctions for this par- 
ticular value of Z, which occurs for the atom in ordinary 
space. The explicit form of the eigenfunctions of (6) can 
be determined with the factorization method.* They 
are normalized so that 


J Rri*Rni sin’xdx=1. (8) 
0 


When Z=0, the eigenfunctions for s-states have a 
particularly simple form which makes them equivalent 
to the functions used in I. 


Rne= (2/r)'[sin(nx)/sinx ]. (9) 


Even when Z=0, however, the solutions for higher 
orbital angular momentum are somewhat more com- 
plicated than the solutions for a free particle in ordinary 
space (the form of the function depends on both m and / 
whereas in ordinary space the form of the solution is 
defined by / alone, as the spherical Bessel function of 
order /). However, a simplifying compensation is that 
they are composed of purely trigonometric functions, 
which can lead to more elementary integrations. 

The total Coulomb potential in the hypersphere, 
— (Ze?/R) cotx, is regarded now as the perturbation 
and the energy calculated with the zero-order solu- 


70 (1955) ]. Unfortunately the method fails in this problem, as 
the function f defined by their Eq. (13) diverges too strongly at 
the origin. 
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tions (9). For the 1s ground state, (7) shows that the 
zero-order energy vanishes, and the ground state is a 
constant according to (9). From the matrix elements, 


Ze 
fr -(-= cotr ) Rs sin’xdx=0 


(n=1, 3, 5, 
4Ze*n 


=—— — (n=2,4,6,---), 
aR(n?—1) 
it follows that the first-order energy also vanishes. The 
nonzero elements (10) are then squared, divided by 
their corresponding zero-order energy given by (7) 
(with Z=0), and summed to give the second-order 
energy. 
em 32 n* 
E.= —Z? Sa 


qr? a neven (n? ~1)3 


This is the correct energy of the ground state as given 
by (7), and the same as the value for the hydrogen 
atom in ordinary space. 

In this case also, perturbation theory gives the exact 
energy eigenvalue in second order, but the first-order 
wave function is not the exact wave function. The 
latter has a series expansion in increasing powers of Z 
which is infinite, but convergent for all Z. Arguments 
based on the variational principle can be applied in 
this case to show that the third-order perturbation 
must vanish. Actually all the odd-order perturbations 
must vanish, since the Schrédinger equation (6) has the 
strange property of having the same eigenvalues and 
eigenfunctions whether the “Coulomb potential’ is 
attractive or repulsive; i.e., if the sign of Z is changed 
the original equation can be recovered by introducing 
(w—x) as a new independent variable. More explicitly, 
the third-order perturbation is 


Viel on Vint r VinV nt ( ) 
—Vy >’ EZ 
E,) (E:— Em) n (E,—E,)? 


where the elements V;,, are given by (10), and Vina is 
a similar expression with Rj, replaced by Rms. The Vinn 
are evidently zero if m and m are either both odd or 
both even, and from this it follows that £3 vanishes, as 
already concluded. The form of the fourth-order per- 
turbation is found to be’ 





E;=>' 
nm (E\— 


7 The perturbation formulas given in The Theory of Atomic 
Spectra (reference 2) seem to give a formula for E, that differs 
from (13) by an additional factor of one-half in the last sum. 
Formula (13) agrees with the one given by K. A. Brueckner 
(Phys. Rev. 100, 36 (1955) ]; Brueckner’s formulation of Ray leigh- 
Schrédinger perturbation theory is very convenient to use in 
getting explicit forms for these perturbations. 
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ViaeV eaV eeV 01 
E,)(E,— En) (E:— 
: VinV neVe1 
ne EWE) EE) 
VinV neVe1 

E,) (E,—E, )2 

inV ai 


ser x VinVini 
(Vin)? a, oe 
11 a ay 8 2 2 (E,—E,)? 


E,= = 
n,m,8 (Ei— 





U 


1 
n,8 (k,- 


(13) 


In this case, only the first and last sums give nonzero 
contributions; the sums over m and s are over even 
integers starting with two, while m is summed over odd 
integers starting with three. It follows from (10) and 
(11) that the last sum of (13) has the value 


Z? e'm\ [Z*e'm?R? 
CSS] 

i 12h* 
The factor in square brackets is the sum of the squares 
of the amplitudes of the first-order perturbations of the 
wave function; it may be regarded as the ratio of the 
two contributions to the energy (7) for an effective 
n-value of about 1.5. If the hypersphere radius R is 
made large enough so that the first term is only a small 
percent of the second, then the zero-order wave function 
Ri, becomes a correspondingly small percent of the 
first-order perturbation wave function and the eigen- 
function converges poorly. It is easy to evaluate the 
first sum in (13) if the summations over m and s are 
carried out before the integrals V,,», are evaluated by 
making use of the relations 


(13a) 


sin(ny) sin(nx) =4[cosn(x— y)—cosn(x+-) ], 


and 
cos (nt) 


1 1 


———=}-1}rsint 0<i<r 


=4+4rsint r<i<2rz. 


After making these summations and then carrying out 
the integrations, the first sum of (13) reduces to 


8Z4e8m R? m?* 
- » . (13b) 


hé modd (m?— 1)8 





This is just the negative of (13a) and the fourth-order 
perturbation therefore vanishes. It seems quite likely 
that perturbations of all higher orders will also vanish. 


ACKNOWLEDGMENTS 


I would like to thank Dr. E. P. Wigner for suggesting 
this problem and discussing various aspects of it with 
me. I am also grateful to the Rockefeller Foundation 
for an award which made my stay at Princeton possible. 





PHYSICAL REVIEW VOLUME 


102, 


NUMBER 6 JUNE 15, 


Neutron-Induced Charged Particle Reactions in Potassium-39t* 
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Thin thallium-activated potassium iodide crystals were exposed to monoenergetic neutrons ranging in 
energy from 2.0 to 5.5 Mev. Pulse-height spectra were taken of the scintillations in the crystal. Five charged 
particle groups were observed, three (,p) reactions leading to states in A®, and two (n,a) reactions leading 
to states in C]®*, A new level was discovered at 2.46+0.1 Mev in A®, and the level at about 1.25 Mev in A® 
confirmed. Yield curves were measured for three of the groups. 





INTRODUCTION 


HE interaction of fast neutrons with nuclei has 
been the subject of considerable investigation in 
recent years. The majority of this work has been con- 
cerned with either neutron scattering or the measure- 
ment of gamma radiation from neutron-irradiated 
targets. Comparatively little is known, however, about 
the charged particles resulting from neutron irradiation. 
Few investigations have been made in this area because 
of the low yield necessarily resulting from targets suffi- 
ciently thin to allow the charged particles to emerge. 
In the present experiment, this difficulty was circum- 
vented by combining the target with the charged 
particle detector. 

By observing the resultant charged particle groups, 
it is possible to detect states in the residual nuclei 
which are difficult to observe when other methods of 
excitation are used. 

The yield for the various groups, as a function of 
neutron energy, is also of interest. Information of this 
kind is of considerable value in attempting to under- 
stand the mechanisms of these reactions. In the present 
study, yield curves are obtained for three of the groups. 


EXPERIMENTAL ARRANGEMENT 


Thin chips of thallium-activated potassium iodide 
were cleaved from commercially grown crystals. The 
chips were about } mm thick, } cm wide, and 1 cm long. 
These crystals were only a few hundred kev thick to 
electrons, which greatly reduced the gamma-ray back- 
ground. The crystals were mounted, with gelva resin 
or silicone oil for optical coupling, on Dumont (6292) 
or R.C.A. (6199) photomultiplier tubes, and backed 
with aluminum reflectors. Amplified output signals 
from the phototube were displayed on a multichannel 
analyzer. The crystal was exposed to neutrons obtained 
by bombarding a thin deuterium gas target with deu- 
terons. A description of the gas target is given else- 
where.! The neutron energy was varied by varying the 
angle between the direction of observation and that of 

t Supported in part by the U. S. Atomic Energy Commission. 

*Work done in part at Brookhaven National Laboratory, 
Upton, New York. 

t Present address, Brookhaven National Laboratory, Upton, 
New York. 


1P. R. Chagnon, dissertation, The Johns Hopkins University, 
1955 (unpublished). 


the incident deuteron beam. The phototube was so 
placed that the crystal was 8 cm from the target. 
Crystal dimensions limited the neutron energy spread 
due to the acceptance angle of the counter to 3% 
or less. 


RESULTS 


The pulse-height spectra observed for various incident 
neutron energies are shown in Fig. 1. The six observed 
peaks must be due to heavy charged particles since 
gamma rays of an equivalent energy would not produce 
peaks in a crystal of this thickness. The approximate 
proton energy calibration of the counter was found by 
exposing the crystal to protons produced by the 
C®(d,p)C%, H?(d,p)H®, and N*(d,p)N' reactions. The 
counter calibration for alpha particles was found by 
using a polonium alpha source. The proton pulse height 
was approximately 1.5 times the alpha pulse height for 
particles of the same energy. 

The high Coulomb barrier which a proton would 
need to penetrate in order to emerge from an iodine 
nucleus renders it unlikely that any of the peaks are 
due to reactions in iodine. To confirm this deduction, 
a Nal(TI) crystal of similar dimensions was substituted 
for the KI(T1) crystal. The lack of peaks in the spec- 
trum indicated that the peaks in the KI(T1) spectra, 
as expected, are due to reactions in potassium and not 
in iodine. 

One would expect most of the spectrum to be due to 
K* since natural potassium consists of 93.2% K** and 
6.8% K*". A survey of the possible reactions? showed 
that K*(n,p)A® (Qmax=0.20 Mev) and K*(n,a)Cl** 
(Qmax= 1.36 Mev) are the only reactions which are 
energetically possible when K* is bombarded with 
neutrons having an energy of a few Mev. The reactions 
K"(,p)A" (Qmax= — 1.80 Mev) and K"(n,a)Cl* (Qmax 
== —0.09 Mev) are also possible at these energies. The 
Q values for these reactions are taken from the recent 
nuclear mass compilation of Wapstra.? Comparison of 
the spectra with those obtained using protons of known 
energy indicates that the highest peak is due to the 
K**(n,p)A* reaction. The energy calibration was not 
sufficiently precise to allow the measurement of the Q 

2P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 


(1954). 
3A. H. Wapstra, Physica 21, 385 (1955). 
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Fic. 1. Three of the pulse-height spectra observed when KI(T1) 
crystals are bombarded with neutrons. E, is the neutron energy, 
the abscissa is the pulse height in units of equivalent proton 
energy in Mev; the ordinate is the actual number of counts per 
channel. 


value for this reaction as accurately as it can be deter- 
mined from the nuclear masses. A Q of 0.20 Mev was 
therefore assumed and used in conjunction with the 
pulse height of this peak to establish an energy cali- 
bration for the spectra. 

Pulse-height spectra were taken at a total of ten 
different incident neutron energies ranging from 2.0 to 
5.5 Mev, including the three spectra shown in Fig. 1. 


AND R. E. 


SEGEL 


The peak position as a function of neutron energy is 
shown in Fig. 2 for five of the peaks seen in these 
spectra. A sixth peak was identified as being due to 
background neutrons from the C"(d,n)N® reaction. 


DISCUSSION OF RESULTS 


The fact that more and more peaks are discernible 
in the pulse-height spectra as the neutron energy is 
increased may be explained by two reasons: 


(1) The Coulomb barrier inhibition of the outgoing 
particles favors the more energetic particles. 

(2) The lower energy pulses are masked by the 
approximately isotropic gamma-ray background in the 
low pulse-height region. 


Because some of the peaks are due to alpha particles 
and others are due to protons, their relative positions 
on the pulse-height spectra vary with incident neutron 
energy. Peaks No. 2 and No. 3 can be seen to exhibit 
this effect. These peaks are well resolved at low incident 
neutron energies (Fig. 1, E,=3.39 Mev), merge to- 
gether and cross as the energy is increased (Fig. 1, 
E,=4.76 Mev), and start to separate again at the 
highest neutron energy (Fig. 1, £,=5.51 Mev). 

Each group reported here was seen as a resolved peak 
in at least two of the spectra and the Q values were 
determined and the particles identified from these 
peaks. All the energies quoted are corrected for the 
transformation to and from the center-of-mass system 
of coordinates. The average energy in the laboratory 
system was used in all cases. 

As stated previously, peak No. 1 is due to the 
K*(n,p)A® reaction leading to the ground state in A®. 
Peaks No. 3 and No. 5 were identified as also being due 
to protons from the slopes of the corresponding peak 
position vs neutron energy lines (Fig. 2). These groups 
correspond to states in A* whose excitation energies are 
1.24+0.05 and 2.46+0.1 Mev, respectively. The state 
in A®* which had been reported previously at 1.33 Mev*® 
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Fic. 2. Peak position in units of equivalent proton energy versus 
incident neutron energy, both given in Mev. 


‘Haslam, Katz, Moody, and Skarsgard, Phys. Rev. 80, 318 


(1950). 
5 Nussbaum, Lieshout, and Wapstra, Phys. Rev. 92, 207 (1953). 





CHARGED PARTICLE REACTIONS 


is doubtless the 1.24-Mev state found here. No state in 
the vicinity of 2.5 Mev is mentioned in the literature. 
However, the only previously published investigation 
of A** was done by means of the 8 decay of Cl*.4 The 8 
particle to this state would have a maximum energy 
of about 0.5 Mev and therefore would have been diffi- 
cult to detect in the presence of the allowed 1.65-Mev 
6 particle to the first excited state. 

Endt and Kluyver? report a possible level in A® at 
1.68 Mev, but no evidence for such a level was seen in 
the present work. The pulse height vs neutron energy 
lines for peaks No. 2 and No. 4 have smaller slopes 
than those for protons and therefore these peaks are 
due to alpha particles. The slope of the line representing 
peak No. 2 in Fig. 2 gives a value of 1.51+0.15 for the 
ratio of proton pulse height to alpha pulse height for 
particles of the same energy, in agreement with the 
directly measured ratio of 1.5. Using this value a Qmax 
of 1.25+0.20 Mev was obtained for the reaction 
K*(,a)Cl**, which is in agreement with that obtained 
from the nuclear masses.’ Peak No. 4 is due to the 
reaction K*(n,v)Cl°®* leading to the first excited state 
in Ci®*, An excitation energy of 0.87+0.1 Mev was 
found for this state, in agreement with the previously 
reported value of 0.78 Mev.® 

Yield curves were obtained in units of particles per 
incident neutron using the d-d neutron angular distri- 
butions of Hunter and Richards.’ The yield curve for 
the highest energy proton group is shown in Fig. 3. 
For comparison, the calculated Coulomb barrier pene- 
trability (X44?) is also shown with a nuclear radius 
of (1.24!+0.5)X10~ cm assumed in the calculation. 
Rough yield curves were also obtained for the second 
highest energy proton group and for the long-range 


alpha group. These curves had qualitatively the same 


shape as the curve for the ground-state proton group 
but appeared to be displaced upward in energy by 
1-1.5 Mev. The other groups were not resolved_over a 
wide enough range of neutron energies to draw mean- 
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Fic. 3. Observed yield curve for the ground state proton from 
the reaction K*(n,)A®. For comparison, the Coulomb barrier 
penetrability calculated using a nuclear radius ro= (1.2A!+0.5) 
X10—8 cm. 


° B. Hamermesh and H. Hummel, Phys. Rev. 88, 916 (1952). 
7G. I. Hunter and H. T. Richards, Phys. Rev. 76, 1445 (1949). 





IN K** 








c1364@ 


Fic. 4. Energy level diagram showing the observed reactions for 
an incident neutron energy of 5.51 Mev. 


ingful yield curves for them. In all three observed cases 
the curves have a maximum at an energy well below 
the Coulomb barrier seen by the outgoing particle. No 
reasonable adjustment of the nuclear radius would be 
sufficient to account for this behavior. The strong posi- 
tive slope of the yield curves at low incident neutron 
energies is at least partially due to increasing barrier 
penetrability. The negative slope at higher energies is 
perhaps due to the presence of competing reactions. 


CONCLUSIONS 


An energy level diagram showing the transitions ob- 
served when K* is irradiated with 5.5-Mev neutrons is 


“shown in Fig. 4. The numbers in parentheses next to 


the energy levels indicate their excitation energies in 
the daughter nuclei. The values shown for the two 
excited states in A® are those obtained in this experi- 
ment. No evidence was found for a state in the region 
of 1.68 Mev, which had been reported previously.?:>* 
The yield curves for the three groups for which yield 
curves were measured all rose sharply with energy until 
reaching a maximum and then decreased as the neutron 
energy was increased further. The shape of the yield 
curvescan beexplained only partially by Coulomb effects. 
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8 Note added in proof—Penning, Maltrud, Hopkins, and 
Schmidt (Bull. Am. Phys. Soc. Ser. II, 1, 162 (1956)) have 
recently investigated the 8 decay of A®. They find # particles 
having end-point energies of 3.43 and 1.90 Mev and gamma rays 
of 1.52, 1.27, and 0.246 Mev, with coincidences observed between 
the 1.27- and the 0.246-Mev gamma rays. The 1.27-Mev gamma 
ray very probably corresponds to a transition to the ground 
state from the 1.24-Mev state reported here. The yield of protons 
from the (n,p) reaction leading to the 1.52-Mev state must be 
at least a factor of three lower than that leading to the 1.24-Mev 
state or the former reaction would have been observed in the work 
reported here, 
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The angular distributions of 5.25-Mev protons scattered by natural targets of elements with Z=27 
through Z=30 have been measured. All angular distributions show a minimum in the differential cross 
section relative to Coulomb scattering at about 85°. The Ni and Zn relative cross sections then rise linearly 
whereas there is no systematic behavior for the Co and Cu. The Cu relative cross section has maxima at 
about 45° and 130° and the Co has a region of approximately constant relative cross section at large angles. 

The angular distribution for Ni has been fitted by Saxon using a complex potential well; however, when 
one uses the same parameter for Co, Cu, and Zn, essentially no agreement is found. 





I. INTRODUCTION 


ELATIVELY little work on the elastic scattering 

of protons of energies less than about 15 Mev has 

been reported in the literature other than low-energy 

studies involving individual resonances in the compound 
state. 

The experiments of Wilkins,’ Rhoderick,? Baker,’ 
Goldman,‘ the Zurich group,® and the Liverpool group® 
in the energy range from 4 to 10 Mev have shown 
marked deviations from the predictions of the Ruther- 
ford formula. The analyses of such experiments are 
primarily that of Heitler et al.’ who consider a spin- 
independent, one-body model, including only S-wave 
effects, and essentially fit Rhoderick’s data at around 
4 Mev, and that of Shapiro* who used the continuum 
theory to obtain predictions which are not in agreement 
with the 6- to 7-Mev data of Goldman and the Zurich 
group. 

Extensive studies of the elastic scattering of 17- and 
22-Mev protons have been made by Dayton and 
Schrank,® and Cohen and Neidigh.’ These results are 
characterized by a smooth, rather slow, variation of 
shape with atomic number and by maxima and minima 
which have been interpreted as diffraction effects. 

Feshbach, Porter, and Weisskopf! have used the 
complex square well nuclear potential model in ob- 
taining good agreement with the 1- to 4-Mev neutron 
total cross sections and elastic differential cross sections. 
These results are also characterized by a slow depend- 
ence of shape on the atomic number of the scatterer. 
; + Supported in part by the U. S. Atomic Energy Commission. 

* Present address: Chalk River Laboratories, Atomic Energy 
of Canada, Ltd., Chalk River, Ontario, Canada. 

} Present address: Physics Department, Massachusetts Insti- 
tute of Technology, Cambridge 39, Massachusetts. 

1T. R. Wilkins, Phys. Rev. 60, 365 (1941). 

2 E. H. Rhoderick, Proc. Roy. Soc. (London) A201, 348 (1950). 

3 Baker, Dodd, and Simmons, Phys. Rev. 85, 1051 (1952). 
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7H. Heitler et al., Proc. Roy. Soc. (London) A190, 180 (1947). 

8 M. M. Shapiro, doctoral dissertation, Massachusetts Institute 
of Technology, 1951 (unpublished). 

® We are indebted to Dr. D. Saxon for a reprint of his calcu- 
lations fitting Dayton and Schrank’s data. 


#0 B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 
4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


Several attempts have been made at fitting the 17- 
to 22-Mev proton scattering data with similar po- 
tentials. Prowse’ and Le Levier and Saxon" have 
obtained quite good agreement to the experimental 
data using a square, complex potential. Prowse fitted 
9.5-Mev proton scattering from oxygen and Le Levier 
and Saxon 18-Mev proton scattering from aluminum. 
Chase and Rohrlich have carried out similar calcu- 
lations for aluminum, copper and silver and were unable 
to find satisfactory agreement particularly for the 
heavier targets. The disagreements become more 
marked as the target Z increases. In an attempt to 
improve this situation, Woods and Saxon'® have 
introduced a rounded-off complex well. Melkanoff, 
Nodvik, Saxon, and Woods'*® have recently succeeded 
in obtaining a remarkably good fit to the 17-Mev 
proton scattering data of Dayton and Schrank at 
Princeton using this potential. 

The experiments to be described were undertaken 
to test this model for the scattering of lower energy 
protons. It was considered of interest to examine the 
scattering at about 5 Mev since this energy corresponds 
to a reduced wavelength, X, about one-third of the 
nuclear radius and therefore the scattering might 
depend more upon the details of the nuclear potential 
than scattering of high-energy particles where Fraun- 
hofer diffraction might predominate. It was also 
believed that the results obtained might be more 
directly comparable to the neutron scattering data" 
than the higher energy proton scattering. The measure- 
ments reported here were on medium-Z nuclei in 
order that the level density in the region of interest 
in the compound nuclei would be sufficiently high to 
avoid specific resonance effects. Measurements re- 
ported!’ on the neighboring element manganese show 
a level spacing of <4.5 kev at about 1.8 Mev. It is 


12 DZ. J. Prowse, as quoted by D. S. Saxon, Brookhaven National 
Laboratory Report BNL-331, 1955 (unpublished). 

13 R, E. Le Levier and D. S. Saxon, Phys. Rev. 87, 40 (1952). 

4D). M. Chase and F. Rohrlich, Phys. Rev. 94, 81 (1954). 

15 R,. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 

16 M. A. Melkanoff ef al., University of California, Los Angeles, 
Technical Report 7/12/55, (unpublished). 

17]. J. G. McCue and W. M. Preston, Phys. Rev. 84,, 1150 
(1951). 
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therefore believed that the level density at 5.25 Mev 
is much less than our effective beam spread. (See 
Sec. II.) 

The copper distribution was examined first to 
compare the results with those noted above at some- 
what different energies. When it was found that the 
nickel distribution was considerably different from that 
from copper, the scattering from the adjacent elements 
zinc and cobalt was also examined in an attempt to 
uncover the reasons for the observed differences. 


II. EXPERIMENTAL ARRANGEMENT AND 
PROCEDURE 


The analyzed proton beam from the recently rebuilt 
27-in. Rochester cyclotron has been used for this work.'® 
Figure 1 is a plan view of the experimental facilities 
available for use with this machine. The beam-focusing 
system has been described in detail elsewhere.” Briefly, 
the emergent beam from the cyclotron is focused by a 
quadrupole lens pair to an object slit for the wedge 
analyzer. This analyzer also focuses the beam hori- 
zontally and vertically to an image point some twelve 
feet away. A collimating slit system produces a beam 
with an angular divergence of less than 0.5°, an energy 
spread of approximately 20 kev and an area on target 
of 3X9 mm. 

The 36-in. diameter scattering chamber has _ in- 
dependently rotatable arms, one carrying a_high- 
pressure ionization chamber and the other a NalI(T]) 
scintillation spectrometer. The beam incident upon 
the target was monitored independently by the scintil- 
lation counter and by a Faraday cage and electronic 
integrator system. The scattering data have been 
normalized at each angle to a given number of particles 
incident on the target, as determined by the monitors. 
Data were used only where the monitors were in 
agreement, thus eliminating error due to changes in 
the target or malfunctioning of either unit. 

The angular distributions were obtained with the 
ionization chamber using an angular acceptance width 
of about 2.5° and a solid angle of approximately 10~ 
of a sphere. We used a 3-mil unsupported aluminum 
window when locating inelastically scattered groups 
and when determining the beam energy, because of the 
availability of accurate range energy curves, but used 
a 1-mil titanium or rhodium window for the actual runs. 
The much greater tensile strength of the latter two 
metals permits the use of a thin window at high gas 
pressures without the marked bowing and consequent 
poorer energy resolution resulting with the aluminum. 
The chamber had an effective length of about 10 cm, 
had a Frisch grid, and was operated at approximately 
8 atmos of 99.9% pure commercial tank argon. The 


18 We take this opportunity to thank the several graduate 
students and our engineering staff for the effort devoted to this 
rebuilding. 

1D. A. Bromley and J. A. Bruner, U. S. Atomic Energy 
Commission Report NYO-3823, 1954 (unpublished). 
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Fic. 1. Plan view of the Rochester 27-in. cyclotron installation. 


collector: electrode was at ground and the chamber 
shell at a negative high voltage. Previously, a battery 
supply for the high chamber voltage was used. It has 
been found that the Atomic Model 312 Power Supply 
is adequately stable. 

The ion chamber had a modified Los Alamos Model 
500” preamplifier mounted immediately beneath it in a 
sealed box on the scattering chamber arm. A cathode 
follower driver stage transmitted the output to a 
modified model 500 amplifier in the cyclotron control 
room whose output was analyzed by a 30-channel 
pulse-height analyzer." The preamplifier and amplifier 
filaments were powered from shielded storage battery 
supplies. In each case the model 500 unit was modified 
to increase the rise time to several microseconds. The 
instrumental resolution of this system varied between 
2 and 5% during the course of the experiments. The 
factors determining this resolution were the particular 
tank of 99.9% argon and the window used. The over- 
all resolution was determined primarily by the target 
thickness since, at some angles, the scattered protons 
had an appreciable (~1 mg/cm?) path length to 
traverse. 

The chamber rotation covered all laboratory angles 
less than 165° but the high background due to slit 
scattering at small angles restricted the useful range to 
angles greater than approximately 13°. The angular 
position could be set by hand to about 0.2°. The angular 
zero was determined by examining the scattering over 
the same angular range on either side of the beam axis. 
This, of course, did not completely determine the zero 
scattering angle since the plane of rotation of the 
detector aperture did not necessarily contain the beam 
line. By using a cathetometer it was established, in 
fact, that a tilt existed corresponding to an angular 
error of as much as 1°. However, the product of the 
differential cross section measured for the scattering 
of 5.25-Mev protons on gold and the appropriate 
sin‘(6/2) was constant to within +5%. The ratio of 
observed to Rutherford differential cross section was 

2 W. C. Elmore and M. Sand, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 


( na McCarthy, and McCutcheon, Phys. Rev. 87, 184 
1 t 
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Fic. 2. Scattering of 5.25-Mev protons from gold. Since the 
absolute cross section was not measured, the ratio plotted here has 
been normalized to unity. 


therefore normalized to unity as shown in Fig. 2, 
since the absolute cross section was not measured. 
We interpret this agreement to mean that to the 
accuracy of these experiments any errors due to tilt of 
the detector plane were small enough to be ignored. 

The target angle was also adjustable to an accuracy 
of +3°. Whenever it was necessary to change this 
angle, however, an empirical conversion factor was 
always obtained by measuring the relative intensities in 
each target position. 

Since the scattering in these experiments was 
primarily Rutherford, for a fixed beam current the 
counting rate varied by several orders of magnitudes 
over the angular range studied. The integrator had 
several ranges of sensitivity, consequently we varied 
the ranges and beam current for convenience in data 
taking and as in the target position normalizations, 
the range factors for the integrator were obtained 
empirically by measuring the relative intensity in 
each range setting at a fixed angle. 

The output of the DuMont 6291 photomultiplier of 
the scintillation spectrometer was transmitted directly, 
by another driver stage, to a model 500 amplifier with 
delay line pulse shaping, and to an Atomic Model 
101-M discriminator and scaler. A second Atomic 
Model 312 power supply provided the photomultiplier 
positive high voltage. 

The counting bias level for the scintillation spec- 
trometer monitor was set at from } to } of the pulse 
height corresponding to the elastically scattered 
protons from the target. Since the contamination due 
to light elements was low, and since the inelastic cross 
sections were relatively low, particularly at small 
angles, the monitor, set as described, was insensitive 
to small gain changes. 

In the analysis of the data all counts appearing in 
any one of the several channels of the analyzer con- 
taining the elastic peak were summed and normalized 
to a given number of incident protons on the target. 

For the experiments on copper and nickel, the beam 
energy was determined by calibrating a proton reso- 
nance probe in the wedge analyzer field in terms of an 
indirect beam energy measurement based on a study of 
several nuclear reactions of known Q-value. In par- 
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ticular, we examined the scattering of protons from 
the ground, and first three excited states of Al?’. 
The relative pulse height in the ion chamber was 
taken as a measure of the relative energy of the particles 
after traversal of a known absorber thickness. The 
beam energy was determined from the ground state 
and third excited of Al’ and checked against the 
unresolved combination of the first and second excited 
states. We independently verified this measurement 
with the first excited state of the nickel isotopes (see 
next section). 

For the experiments on zinc and cobalt the resonance 
probe was recalibrated by means of the resonant 
elastic scattering from the 3.47-Mev level in F"” formed 
in the scattering from an O"* target.” It is believed that 
both of these measurements are accurate to within 
0.20 Mev and that the energy used in all four experi- 
ments was the same within 0.15 Mev. 

The nickel and copper targets were foils 5X 10-5 inch 
thick obtained commercially.* The zinc target, of 
approximately 1-mg/cm? thickness, was prepared by 
vacuum evaporation of the metal on a thin Zapon film. 
Self supporting metallic cobalt targets were obtained 
by plating out cobalt from an aqueous solution of 
cobaltous acetate on a nickel foil. About 0.5 ampere 
per square inch of foil surface was used and it was 
found that when the cobalt deposit reached a thickness 
of about 1 mg/cm? it separated from the nickel and 
could then be mounted appropriately. The use of the 
acetate solution was indicated to avoid heavy con- 
taminants such as chlorine or sulfur in the target. 
Spectrographic analysis of these cobalt target foils 
showed less than 0.1% copper, zinc, iron, and nickel 
contamination. 
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Fic. 3. Scattering of 5.25-Mev protons from cobalt. The ratio has 
been normalized to unity at forward angles. 

22—P. M. Endt and J. M. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

%E. Baumgartner and H. W. Fulbright (private communi- 
cation). 

*% International Chromium Corporation, Waterbury, Con- 
necticut. 





ELASTIC SCATTERING OF PROTONS 


III. RESULTS 


The angular distributions of 5.25-Mev protons 
elastically scattered from Ni (Z=28) and Cu (Z=29) 
have been published previously.2> New results are 
shown for Co (Z=27) and Zn (Z=30) in Figs. 3 and 4. 
Figure 5 is a composite showing the distributions for 
all four elements. We emphasize that we have not 
measured absolute cross sections but rather have 
normalized to unity the product of the observed 
differential cross section and sin‘*(6/2) (where @ is the 
angle of scattering), in the small-angle region where 
this product was constant to within experimental 
errors. 

The error at each experimental point in the angular 
distribution is determined largely by an error in angle 
setting of up to about 0.5° in positioning the detector 
at small angles, and the statistical error in the number 
of counts observed at back angles. As can be seen from 
a simple calculation for the error in the product of the 
observed differential cross section and the sin‘*(@/2), an 
angular error of 0.5° will produce at least a 10% 
error in the product at an angle of 20°. Because of 
the rapid variation of sin‘(@/2) with 0, the error due to 
the finite detector aperture is appreciable at angles of 
less than 20° but in our region of observation it is 
entirely negligible. The absolute error at any given 
angle is in fact estimated to be less than 10%. On 
the basis of reproducibility of the angular distri- 
bution at different times, however, such features as 
the ratio of the backward maximum to minimum in the 
vicinity of 90° are thought to be accurate to within 5%. 

In these experiments the only interest in the in- 
elastically scattered groups lay in the determination of 
their separation from, and intensity relative to, the 
elastically scattered groups. No precise measurements 
were made to locate the energy levels concerned; nor 
did we attempt to measure the angular distributions of 
any of these groups because of their low intensities. 
Our resolution was such that we could have detected 
states of excitation of 500 kev or higher if they had a 
relative intensity of greater than 10% of the elas- 
tically scattered group. Coulomb excitation studies 
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Fic. 4. Scattering of 5.25-Mev protons from zinc. The ratio has 
been normalized to unity at forward angles. 


2D. A. Bromley and N. S. Wall, Phys. Rev. 99, 1029 (1955). 
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Fic. 5. A composite presentation of the best-fit curves drawn 
through the experimental points obtained in the scattering of 
5.25-Mev protons from the indicated targets. 


by Temmer and Heydenburg”* have shown no levels 
in Co, Ni, or Cu excited by 3-Mev a particles of less 
than 500-kev excitation. The 4% abundant isotope 
Zn* does have two levels at 93 and 182 kev excited 
in this manner, but the corresponding groups could not 
be resolved in this experiment. Figure 6 is a histogram 
from the 30-channel pulse-height analyzer corre- 
sponding to the scattering by nickel of 5.25-Mev 
protons through a laboratory angle of 130°. The location 
of the groups corresponding to the first excited states 
in Ni®* and Ni® as found by the Rice group?’ is 
indicated. It can be seen that the relative excitation 
cross section for these groups is less than 12% of the 
elastic cross section, in agreement with the Rice 
results.?’ The copper results show a proton group at an 
energy corresponding to the 0.67-Mev”’ state of Cu®. 
Other states” probably contribute to the relatively 
high background. A spectrum of the protons scattered 
from Cu is shown in Fig. 7. 

Both the Co and the Zn targets contained oxygen 
and carbon arising from cobalt acetate in the Co target 
and from the Zapon backing in the Zn targets. The 
presence of these elements in the targets is shown in 
the Zn histogram in Fig. 8. That these groups corre- 
sponded to light elements was shown by their energy 
shift, with detector angle, relative to the intense heavy 
element elastic proton group. In the Zn spectrum a 
small group can be seen in channel 8 corresponding to 
an excited state at about 1.5 Mev in one of the Zn 
isotopes. This small group appears in all histograms 
corresponding to back-angle scattering. No groups 
other than the elastically scattered protons from cobalt 
and the carbon and oxygen present in the cobalt 
target could be definitely observed in the scattering 
from the cobalt target. 

These measurements show that with the possible 
exception of the zinc data, no inelastic contaminants 

26 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 


(1954). 
27 J. P. Schiffer et al., Phys. Rev. 99, 655(A) (1955). 
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Fic. 6. Pulse-height spectrum} for the elastic and inelastic 
scattering of 5.25-Mev protons from nickel at a laboratory angle 
at 130° as obtained with the 30-channel analyzer. 


are present in what we have taken as the elastically 
scattered groups. With an isotopic abundance of 4%, 
and because the inelastic cross sections in this experi- 
ment seem small relative to the elastic cross sections, 
we believe that the inelastic “contamination” in the 
Zn case is negligible. 


IV. DISCUSSION 


As shown in Fig. 5, the angular distributions which 
we have measured are characterized by two main 
features. The first of these is that all the distributions 
have a minimum in relative cross section around 85° 
and the second is that although there are relatively 
large deviations from Coulomb scattering at large 
angles, there is little evidence for any systematic 
behavior. 

As might be expected, if these minima resulted from 
destructive interference of Coulomb and _ nuclear 
scattering, the depth decreases with increasing atomic 
number. The relative depths however do not show a 
Z~ dependence, but this is perhaps not surprising when 
the possibility of a change of relative phase of the 
nuclear and Coulomb amplitudes is included. 

It is of interest to note that the distributions from 
nickel and zinc, both having even-even abundant 
isotopes which presumably have zero spin, are quite 
similar in behavior if not in the magnitude of the 
deviations from Coulomb scattering. At large angles 
the relative cross sections for these elements increases 
approximately linearly with angle whereas copper, 
with both isotopes having a spin of $,2* has a maximum 
around 130° and cobalt, with a single isotope of spin 
7/2,%8 has a flat region. 

The fact that the 85° minimum appears in all curves 
strongly suggests that it results from a “gross structure”’ 
effect. That we are looking at a property of the nuclei 


#% P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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in this region that is not characteristic of a few given 
resonances in the compound nuclei is borne out by the 
fact that although the binding energies of the last 
proton, added to the various abundant isotopes vary 
by over 2 Mev” the angular distributions in the angular 
region about 90° are quite similar. It should be 
mentioned that because of the dependence on sin?"6, 
“spin flip” (incoherent) scattering would contribute 
most strongly in this region and notat all at 180°. 
A complete phase-shift analysis of the experimental 
curves would be required to separate the direct and 
spin flip contributions and it has not been felt that 
the accuracy of the experiments was sufficiently high 
to justify the considerable labor which would be 
required for this analysis. 

Further evidence that we are not looking at effects 
due to individual resonances comes from the fact that 
the measurements for copper with protons of 5.25, 
6.0, 6.5, and 7.0 Mev have all yielded quite similar 
distributions.” It also should be mentioned again that 
the measurements on Mn*® indicate a level spacing, 
at an excitation energy to the binding energy of the 
last proton plus 1.8 Mev, of less than 4.5 kev. Although 
the beam incident on the targets had a 20 to 30 kev 
spread, the finite target thickness resulted in an 
effective beam spread of at least 100 kev. The Rice 
group,”” in examining the deexcitation of the first 
excited state of Ni®* by y-ray emission, has observed 
variations in the yield from a thin target with changes 
in the incident proton energy in the 4-5 Mev range. 
They attribute these resonances entirely to p-wave or 
higher J-value resonances on the basis of the fact that 
only one of some 37 resonances studied had an isotropic 
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Fic. 7. Pulse-height spectrum for the elastic and inelastic 
scattering of 5.25-Mev protons from copper at a laboratory angle 
of 130°. 

*” N. Feather, Phil. Mag. Suppl. 2, 141 (1953). 

* Preliminary measurements on Ni and Cu have shown no 
marked changes in the angular distributions as the energy is 
changed by about 0.25 Mev. This also tends to confirm the sup- 
position that the results are not dependent upon the exact region 
reached in the compound nucleus. 
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y-ray distribution. For p-wave or greater resonances 
they observe 25 levels per Mev of width <3 kev each. 
Therefore in our experiments we are certainly looking 
at at least several resonances, and on the basis of the 
above arguments we are probably averaging over a 
large number of resonances. 

If the assumption is correct, that the common 85° 
minimum, together with the subsidiary arguments 
advanced above, are evidence for a “gross structure’ 
behavior then the results obtained should be amenable 
to analysis on the basis of a complex potential model. 
Furthermore, the marked differences which are ob- 
served at large angles (as well as the 45° maximum in 
the copper distribution) must also be due to some 
mechanism which does not depend on the effects of 
individual resonances. A possible mechanism will be 
suggested later in this section. It should be pointed out 
that only in the case of cobalt have we used a mono- 
isotopic target. It is of course conceivable that the 
results obtained for Ni, Cu, and Zn are due to this use 
of natural targets rather than separated isotopes. 
This would require, however, that isotopes differing by 
pairs of equivalent neutrons should give appreciably 
different angular distributions. 

Two attempts have been made to fit the data ob- 
tained in these experiments using current nuclear 
models. Following Chase and Rohrlich,* we have 
calculated the angular distribution to the expected 
from scattering 5.25-Mev protons by a nuclear po- 
tential of the form V=—Vo(/+7¢) with Vo=20 Mev 
and ¢=0.05 with partial waves up to and including 
l=4. In addition, Melkanoff and Saxon*! have made 
preliminary calculations using a potential of the form 
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Fic. 8. Pulse-height spectrum for the elastic and inelastic 
scattering of 5.25-Mev protons from zinc at a laboratory angle 
of 130°. The energies of the elastically scattered protons from the 
carbon and oxygen in the Zapon lacquer target backing are 
as shown. 

31 We are greatly indebted to Dr. Saxon for communicating 
these results to us before publication and for his. permission to 
quote them here. Much of our discussion of these results stems 
from Dr. Saxon’s comments, 
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Fic. 9. The differential cross sections relative to Coulomb, 
as calculated using a square-well optical model potential for Co 
and Zn. 
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Both of these calculations have been made in a 
spin-independent manner. Figure 9 shows the results 
of the square well calculation for the elements Co and 
Zn using a radius of R=1.38A!X10~-" cm. Figure 10 
shows the fit of the Melkanoff-Saxon analysis to the 
experimental data for Ni. The parameters which were 
used were Vo=52.5 Mev, Wo=0.9 Mev, Ro/A*=1.33 
<10-" cm and a=0.375X10-" cm. Figure 11 shows 
the predicted results using these same parameters for 
Co, Cu, and Zn. As can be seen by comparing Figs. 9 
and 11 to Fig. 5, there is essentially no fit between the 
angular distributions expected on the basis of these 
two models and experiment except in the case of Ni. 
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Fic. 10. A comparison of the experimental points for the nickel 
scattering data with the best fit curve calculated by Saxon and 
Melkanoff. 


Since their formalism was spin-independent, 
Melkanoff and Saxon varied the parameter of their 
potential in order to fit the Ni data and then calculated 
the angular distribution for the adjacent elements 
with the same parameters. They report that the fit to 
the Ni was extremely sensitive to the actual values of 
the parameter they used. Because of this sensitivity, 
they feel that it may be possible to fit the Co, Cu, and 
Zn data with parameters not very different from those 
used for Ni. However, no results are available as yet. 
If such a fit to the experimental data is found, it will 
be of interest to see if the parameters reflect any 
variation of nuclear size or shape as a result of the 
closing of the Z= 28 proton shell. 

For S-wave protons, if one uses the Melkanoff- 
Saxon potential, the potential barrier has a maximum 
value of 5.3 Mev and occurs at about 7X10-" cm for 
Z=28. Because of the fact that we are using 5.25-Mev 
protons, Saxon has suggested that the large differences 
in behavior in the calculated and measured angular 
distributions may be in large part due to the extreme 
sensitivity of this type of experiment to the exact 
details of the rounding of the potential well and there- 
fore the nuclear surface. It seems, however, that the 
square-well calculations invalidate this hypothesis, 
since even these calculations show large qualitative 
differences in the angular distributions expected from 
nearby nuclei.” Therefore, relative to the present 
experiments it seems difficult to account for the different 
behavior of the various angular distributions by a 
barrier effect of any sort when as noted before, the 
copper angular distribution is essentially the same from 
5.25 Mev to 7.0 Mev. In addition, if one computes 

With respect to the square-well calculation, it should be 
remarked that the large backward maxima in the Z=27 calcu- 
lation results from a near cancellation in the expression for the 
l=3 partial wave phase shift. Therefore the change in character 
of the angular distribution may be characteristic of the property 
of a square-well potential to introduce apparently large maxima 


and minima. Further calculations to investigate this behavior 
are to be undertaken. 
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the barrier penetrabilities for the various partial 
waves one finds only a factor of two difference between 
the /=0 and /=2 partial waves, and furthermore both 
of these are relatively high (~0.3 for /=0 and ~0.15 
for 1=2). 

The fact that both of the above calculations show 
marked variations in the angular distributions tends to 
weaken the hypothesis which we made earlier”® that 
the difference in the angular distributions is due to some 
target spin effect. Conversely, the fact that the Zn and 
Ni distributions are qualitatively similar is suggestive 
of a spin dependence. If our hypothesis is in fact true, 
then agreement with the experimental results might 
be obtained if a detailed calculation were carried out 
using the channel-spin formalism or it may actually 
require a modification of the nuclear potential by 
some spin-dependent interaction. The usual single- 
particle spin-orbit interaction would not suffice for 
this since it does not take the nuclear spin into effect. 
To the best of our knowledge, no other spin-dependent 
interactions have been considered for the description 
of scattering phenomenon. 

Note added in proof.—Recent calculations for Z= 28 
using a square well of depth 42(1+0.03i) Mev show 
no better fit to the experimental than the more shallow 
well ‘given in the preceding. The deeper potential well 
does, however, result in a calculated curve which shows 
smaller deviations from Rutherford scattering than 
does the shallow well. To help determine the validity 
of any partial wave calculation with orbital angular 
momenta /=0 through 4% a least-squares fit for the 
experimental data in Fig. 5, of the form 


do do 4 
ni / (~) = 5 eiP (onel) 
dw dw Coul 1=0 


was made by Dr. E. B. Paul at the University of 
Toronto Computation Center. These data show that 
though the predominant term for all of the elements 
is the /=0,"all terms up to /=4 are involved and there 
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Fic. 11. The differential cross section relative to Coulomb for 
Co, Cu, and Zn calculated on the basis of Saxon’s potential using 
the same parameters as in the case of Ni. 
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is no marked tendency for the contributions of the 
higher / values to decrease. 
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Calculation of Electric Dipole Coulomb Excitation and Dipole Bremsstrahlung* 
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Numerical results are obtained for electric dipole Coulomb excitation. Tables of the dimensionless excita- 
tion function a» and the directional correlation parameter a2 are presented over a very wide range of their 
arguments. It is shown that the dipole bremsstrahlung cross section can be written in terms of the dy, so 
that the tabulation also serves for the calculation of the bremsstrahlung differential cross section. 


I. INTRODUCTION 


HE formalism and mathematical techniques neces- 
sary to an adequate quantum mechanical calcu- 
lation for the general multipole in Coulomb excitation 
have been presented earlier! These techniques have 
already been applied to the case of electric quadrupole 
excitation.” In the present paper numerical results for 
electric dipole excitation are given. Although at present 
electric dipole excitation is not as important experi- 
mentally as electric quadrupole excitation,’ a few low- 
lying (1—) states have been reported‘ and there is 
reason to believe that low-lying states of odd parity 
may exist in the fissionable elements. 
Results are given for the dimensionless excitation 
function ao and the correlation parameter a2, for values 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955). 
This reference is hereinafter designated in the text as I. 

2 Goldstein, McHale, Thaler, and Biedenharn, Phys. Rev. 100, 
436 (1955); and Biedenharn, Goldstein, McHale, and Thaler, 
Phys. Rev. 101, 662 (1956). The latter reference is designated in 
the text as II. 

3 The absence of low-lying odd-parity states is accounted for by 
the fact that for nuclei whose intrinsic shapes are symmetric with 
respect to reflection, no states of parity opposite to that of the 
ground state can appear in the rotational spectrum. This question 
is discussed in detail by A. Bohr and his collaborators. For a 
survey of this work and a complete set of references, see, e.g., 
A. Bohr, Rotational States of Atomic Nuclei (Einar Munksgaard, 
Copenhagen, 1954). However, the theoretical interpretation of the 
anisotropies in the fragment distribution for photofission and 
fission produced by fast particles requires the abandonment of 
the assumption of reflective symmetry, so that, for A > 200, low- 
lying (1—) states (capable of excitation by the Coulomb excitation 
process) should appear. For a discussion of this question, see 
A. Bohr, Proceedings of the International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1955 (to be published), Paper 
U.N. 911. 

4 Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954), 
and 100, 1543 (1955), 


of the arguments in the range 0.001<7<40, 1<p<1.8, 
where n= Z Le /hrinitial and p= Rinitiat/Renal- This range 
includes all energies of experimental interest and covers 
energy losses of up to 70%. Numerical values for the — 
dimensionless excitation function dp and the particle 
parameter d2 are presented in Tables I and II, respec- 
tively. These values are plotted in two different ways 
in order to exhibit the general behavior of these func- 
tions. The qualitative features of the present calculation 
are very similar to those discussed in II. 

The limitations of this work have been discussed in I. 
In particular, center-of-mass corrections and retarda- 
tion effects have been neglected in the calculation pre- 
sented below. For the excitation of medium and heavy 
nuclei, the error due to the assumption that the position 
of the target nucleus defines the center of mass should 
be small. Moreover, since it is expected that the present 
results will be applied to the excitation of very heavy 
nuclei, such corrections should be especially small. The 
neglect of retardation is a more serious source of error 
for electric dipole than for electric quadrupole excita- 
tion. In the electric dipole case the retardation expan- 
sion enters in lower order in (Ryaa?p)” than for quadru- 
pole excitation. In addition the effect of the higher 
angular momenta is more pronounced in the dipole case. 
Nevertheless, the effect of retardation is expected to be 
less than one percent over most of the experimental 
region. Calculations to treat the exact dipole operator 
are now in progress and a quantitative discussion of 
retardation will appear later. 

The relation between the calculations for electric 
dipole excitation and dipole bremsstrahlung will be 
discussed in Sec. III. It will be seen that the functions 
do, are likewise required in the calculation of dipole 
bremsstrahlung. 
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ELECTRIC DIPOLE COULOMB EXCITATION 


TABLE II. The particle parameter a2 vs p, ». The parameter a2 is tabulated for representative values of its arguments. 
The last significant figure is uncertain. 











1,25 1,3 “ 1.4 1.6 1.8 


—1.368 
—1.367 


1.15 1,2 


—0.3458 
—0.3456 
—0.3454 
—0.3451 
—0.3500 
—0.3664 
—0.3916 
—0.5386 
—0.6622 
—0.7262 
—0.7665 
—0.7945 
—0.8154 
—0.8447 
—0.8645 


1.025 1.05 1.1 

—0.1568 
—0.1561 
—0.1568 
—0.1610 
—0.1772 
—0.2043 
—0.2374 
—0.4074 
—0.5536 
—0.6326 
—0.6836 
—0.7198 
—0.7470 
—0.7858 
—0.8126 


1.01 


0.4105 
0.4142 
0.4124 
0.4066 
0.3884 
0.3642 
0.3389 
0.2147 
0.08335 
—0.006246 
—0,.07426 
—0.1296 
—0.1762 
—0,2511 
—0.3093 


sk 


—0.6324 
—0,6323 
—0.6301 
—0.6201 
—0.5996 





—1.193 
—1,193 
—1.185 
—1,147 
—1.055 
—0.9794 
—0.9369 
—0.9141 
—0.9355 
—0,.9479 
—0.9558 


—0.9308 
—0.9306 
—0.9257 
—0.9022 
—0.8467 
—0.8055 
—0.7879 
—0.8228 
—0.8735 
—0.8992 
—0.9148 
—0.9256 
—0.9334 
—0.9444 


—0.7455 
—0.7454 
—0.7422 
—0.7275 
—0,6947 
—0.6750 
—0.6732 
—0.7473 
—0.8202 
—0.8566 
—0.8788 
—0.8941 
—0.9052 
—0.9207 
—0.9312 


—0.5013 
—0.5010 
—0,4998 
—0,4947 
—0.4869 
—0.4912 
—0.5073 
—0.6288 
—0.7326 
—0.7851 
—0.8176 
—0.8400 
—0.8566 
—0.8797 
—0.8954 


0.09045 
0.09134 
0.08992 
0.08284 
0.05950 
0.02661 
—0.009740 
—0.1875 
—0.3522 
—0.4493 
—0.5155 
—0.5643 
—0.6022 
—0.6577 
—0.6971 


0.2601 
0.2627 
0.2614 
0.2543 
0.2316 
0.2010 
0.1682 
0.007991 
—0.1507 
—0.2521 
—0.3253 
—0.3818 
—0.4272 
—0,4963 
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wn 


—0.7761 
—0.7453 
—0.7353 
—0.7888 
—0.8497 
—0.8802 
—0.8989 
—0.9116 
—0.9210 
—0,9339 
—0.9426 


—1.089 
—1.029 
—0.9670 
—0.9704 


—0.5917 
—0.5987 
—0,6955 
—0.7826 
—0.8261 
—0.8528 
—0.8712 
—0,8847 
—0.9035 
—0.9162 


wn 


—0.5474 


—0.8320 
—0.8473 
—0.8594 


—0.8791 
—0.8903 
—0.8993 


—0.5867 
—0.6180 
—0.6445 


—0.7266 
—0.7499 
—0.7689 


—0.3569 
—0.3960 
—0.4300 
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—0.9068 
—0.9154 
—0.9224 


—0.9253 
—0,9323 
—0.9380 


—0.9387 








and the o,=argI'(/-+1+in) are the Coulomb phase 
shifts. 

Since the excitation function by has the dimensions 
of inverse length squared, it is convenient to tabulate 
the dimensionless excitation function 


ao= (Re) do. (8) 


The derivation of these formulas is discussed in 
general in I. 


Ill. DIPOLE BREMSSTRAHLUNG 


A completely quantum mechanical calculation of the 
differential cross section for the dipole emission of radia- 
tion of frequency w in bremsstrahlung has been carried 
out by Sommerfeld.’ Drell and Huang* have performed 
an expansion in p (about p=1) of the Sommerfeld 
formula, which enabled them to obtain good agreement 
with the experimental bremsstrahlung cross section® for 
2-Mev protons on tin (n=5.64, p=1.04). The present 
calculations represent a somewhat different approach 
and have the advantage that they need not be restricted 
to values of p near p=1. 

The result of Sommerfeld’ was presented in terms of 
the summed Coulomb field. In terms of the angular 
momentum expansion, this result may equivalently be 
written as 


de Ase Dae 
—-—(—-)(—-) p 3(p?—1)? 
dQ 6r\hc/ \Mc 


ZiA o—Z2A 1 "dw 
x(’ | Lv HeaPa( cost) (9) 
Ai+A2 w 


where 


Bo=> [U(1, —1;/—1)2+ (I4+1)(—1, -15141)], (10) 


l=0 


7A. J. F. Sommerfeld, Atombau und Spektrallinien (Ungar, 
New York, 1953), Vol. 2, Chap. 7, p. 527, Eq. (12). 

8S, Drell and K. Huang, Phys. Rev. 99, 686 (1955). This type 
of expansion is also discussed in I. 

9 Mark, McClelland, and Goodman (to be published). 


—1;/—1)? 


(/+-1) (/+2) 
————(—1, —1;/+1)? 
(21-+1) | 
U(l+1) 


—6 cos(ou1—41 i)—- 


(21+1) 
X(—1, 154141, -15/-1)| (11) 


Since an elementary calculation yields immediately 


the result that 
4MZ,Z2e* 


h? (ky? — ky’)? 
it is evident that the 8, differ from the 6, only by a 
factor independent of /. Therefore, the result for dipole 
bremsstrahlung may be written as 


da ~(*)(=) (=) 
d2 3a\kiJ \ kiko] Nic 


Zz Z o— Za. *dw 
x( se ): [bu-+ 4bsP2(cosé)] 
A,+A_ 


wW 


(+1, -1;)= (4:1,2,2), (12) 


(13) 


so that the functions ao= (bo/k?) and a2= (b2/bo) tabu- 
lated below are of equal use for bremsstrahlung as for 
Coulomb excitation.'® 
IV. METHOD OF CALCULATION 

The calculation of the 0, is greatly facilitated by the 
fact that the radial matrix elements (+1, 2;/) can be 
reduced to a difference of two (0,1; /) functions [see I, 
Eq. (64) ], viz., 


k. 
(4m, 2; 1) =m\—[(0)?-+n2}(0,1 5D 
l' 
ky 


— LU +n HOA +m) f, 


(14) 


and E. Guth, Phys. Rev. 68, 141 (1951). ~ 





THALER, GOLDSTEIN, 





T Tq ' , ee ! 


ie TUT ' 





plot 








Lip tiiiit 1 Chet S 
0 a oa2 04 Lo 


7 


Fic. 1. The quantity logioa» vs n on a semilog plot 
for several values of constant p. 





where /’=4(2/+m+1), and m=+1. The (0,1; 7) func- 
tion has been evaluated by Sommerfeld as an ordinary 
hypergeometric function whose argument is a function 
of p alone [see I, Eq. (28) ], viz., 


1 4p +1 ™ 
oas0={ ex(- -1|) 
4L(1+p)? 2 


| ae | T (/+ 1 +in)T (I+ 1 +ipn) 


p+1 r (21-+2) 





4 
xaPi(1+1— in 1+-1—ipn, 2/+-2; -—_). (15) 
(p—1)? 


The calculation of the required matrix elements is 
therefore a relatively simple task. The well-known 
transformation properties of the ordinary hyper- 
geometric function" make it possible to find various 
series for the (0,1; 7), such that the calculation is easily 
carried out for all values of p. 

The summed field formula of Sommerfeld can be 
used to calculate the excitation function bo. However, 
it proved more convenient in this connection to sum 
directly the series in angular momentum for 09." This 
sum can be performed by using the relation of Eq. (14) 


11 See, e.g., Erdelyi, Magnus, Oberhettinger, and Tricomi, 
Higher Transcendental Functions (McGraw-Hill Book Company, 
Inc., New York, 1953), Vol. 1. 

121. C. Biedenharn, Phys. Rev. 102, 262 (1956). 
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in Eq. (1). It is then easily shown by use of the recursion 
relation, I, Eq. (63), that the expression so obtained 
may be written as 


b=¥ [Ou1—Qr], (16) 


where 


101= 2kykol (P-+m:°) (P-+-n2?) }#(0,1 ; 1) (0,1; 1-1) 
—[(kit+he?)P+ 2k? ](0, 1; 1—1)?. 


This of course leads to the formula 
bo= —(Q,. 


Unfortunately, no such result was found for the function 
bs so that the summation over angular momenta had to 


(17) 


(18) 
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Fic. 2. The particle parameter a2 vs n on a semilog 
plot for constant values of p. 
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be carried out explicitly for that function. For this 
reason, both by and b2 were computed by explicit sum- 
mation over angular momenta. This summation pro- 
ceeded until the b, were stable to one part in ten 
thousand. Equation (18) was useful in providing a 
check on the accuracy of the present work. Moreover, 
if the sum is carried through /=Z, then the function 
Abo= —Qzx4: determines the error in bo due to the use 
of a finite number of terms in the summation. These 
checks indicate that the numbers in Table I are every- 
where accurate to at least three significant figures. 





ELECTRIC 


V. RESULTS 


Some of the numerical results are presented in the 
accompanying tables. The coefficients ao= (bo/ks*) and 
d2= (b2/bo) are given to four figures in Tables I and II, 
respectively. The arguments p, 7 in these tables have 
the ranges 1.01<p<1.8, and 0.001<7<40. It is be- 
lieved that these numbers are accurate to within a few 
units in the last place. 

The tables are supplemented by the accompanying 
graphs which display some of the qualitative features 
of these results. In Fig. 1 the dimensionless excitation 
function dp is given as a function of » for constant values 
of p. Because of the rapid variation of ap as a function 
of its arguments, log,od@o is plotted against 7 on a semilog 
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Fic. 3. The quantity logio(ao/p) vs n on a semilog plot for con- 
stant values of the classical variable ¢. In the curve for §=2, the 
values of (ao/p) have been multiplied by 10%. In the curves for 
¢=4, the values of (ao/p) have been multiplied by 10’. 


plot. In Fig. 2 the particle parameter a2 is plotted 
against » for constant values of p on a semilog plot. 

As » becomes large and p approaches unity with 
§=n(p—1) finite, the function (ao/p) = (bo/kik2) and the 
particle parameter a, become functions of the single 
classical variable £. In the limit, (ao/p)=«, of course, 
but it is easily seen that (ao/p) approaches this limit 
far more rapidly than does ay itself. In Fig. 3, logio(ao/p) 
is plotted against 7», for constant values of & on a 
semilog plot. In Fig. 4 are shown curves of dz vs n for 
constant values of &. These plots show the manner in 


DIPOLE COULOMB 


EXCITATION 














Fic, 4. The particle parameter a2 vs n on a semilog plot 
for constant values of the classical variable &. 


which these functions approach their classical limiting 
values as 7 increases. The smaller the value of &+the 
more rapidly is the limit approached as a function of n, 
since the classical limit implies both p—1 and n>. 
The regions where a classical calculation determines the 
functions (do/p) and az to sufficient accuracy are clear 
from these figures. The limiting values taken from this 
quantum-mechanical calculation agree very well with 
check values calculated classically." In the limit p=1, 
n=finite, (E=0), the function a) becomes infinite and 
a2=1. In the limit »=0, p>, &=finite, the function 
do= 2m | E| /(e?*!#|-1) and a= —2. 


18 While the manuscript for this paper was in preparation, the 
authors received a report (K. Alder and A. Winther, Cern/T/KA 
AW 4, unpublished) containing calculations in WKB approxima- 
tion of the b, for 7>1. These results are found to be in substantial 
agreement with the present calculation. The authors would like 
to express their gratitude for the receipt of this material in advance 
of publication. 
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K-Capture Branch in Tm!’°} 


Paut P. Day 
Argonne National Laboratory, Lemont, Illinois 
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The electromagnetic spectrum resulting from the decay of Tm!” has been examined on a ten-inch 
bent-crystal spectrometer. One gamma ray, seven K x-rays, and one L x-ray were observed. The presence 
of Er K x-ray was established and shown to be due to a 0.15% K-capture branch in the decay of Tm'”. 
The energy of the first excited state of Yb!” was found to be 84.229+0.041 kev. The reflectivity of the 
bent-topaz crystal used in the spectrometer was found to obey the function (1/E)!35+.%, 





INTRODUCTION 


HE essential details of the decay of 129-day Tm'” 

have been given by Graham, Wolfson, and Bell.! 
They found that it decays by the emission of two 
negative beta groups (968 kev and 884 kev) to the 
ground state and first rotational level of Yb!”. The 
energy of this level was determined from the K, L, 
and M conversion electrons of the gamma-ray transition 
between this level and the ground state and was reported 
as 84.1+0.1 kev. They also gave upper limits for decay 
by K-capture of 0.3% and by positive beta-ray emis- 
sion of 0.01%. The Tm!” spectrum was originally 
taken under investigation in order to determine the 
reflectivity of topaz as a function of energy with greater 
precision than was obtained in a previous paper.’ 


SAMPLE 


A radiochemically and spectroscopically pure sample 
of Tm'® which had been irradiated at a neutron flux 
of about 10“ neutrons/cm?/sec for 77 days was used 
for the ten-inch bent-crystal spectrometer source. 
With a transmission of about 10-* in the fifty- to 
eighty-kev region, it was desirable to have a source of 
several millicruries in order to have counting rates of 
about 500 counts/minute on the line peaks in this 
region. An HC] solution containing about 0.1 milligram 
of Tm:0; was evaporated on a strip of filter paper 
1 mm wide by 17 mm long. The filter paper was dried 
in between applications under a heat lamp. The loaded 
sample had a total disintegration rate of about 3X 10" 
per minute. The active filter paper was placed in a 
Lucite sample holder in such a way that the thickness 
of the paper (0.007 in.) served as the line-source width 
in the bent-crystal spectrometer. Even with so small a 
source width, the resolutions of 1.8% for the 84-kev 
gamma ray and 1.1% for the K x-rays were still 
limited by this width. 


EXPERIMENTAL RESULTS 


One gamma ray, seven K x-rays, and one L x-ray 
were observed on the bent-crystal 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952). 

? Paul P. Day, Phys. Rev. 97, 689 (1955). 


spectrometer. ° 


Table I lists the energies and relative intensities of the 
lines. Columns (2) and (3) list the energies that were 
obtained from the first- and second-order reflections 
from the bent-topaz crystal, respectively. Column 
(5) lists the energies of the x-rays obtained from 
Cauchois and Hulubei*® using a conversion factor of 
12372.44 kev x-units given by Cohen e/ al. The energy 
of the gamma ray listed in column (5) is that obtained 
by Graham ef al.! Owing to the limited energy range of 
the experiment and the small mass of the source, it was 
necessary to correct the relative intensities only for 
reflectivity, scintillation detector escape peak, and 
vertical divergence. 

In an experiment on the electromagnetic spectrum 
of Am*™!? in which the reflectivity of the bent-topaz 
crystal was determined by a rather inaccurate method, 
it was found that the reflectivity more nearly obeyed a 
1/E dependence rather than a 1/E* dependence as 
found by Lind e¢ al. for a bent-quartz crystal. Using 
the present Tm!” sample and measuring the relative 
intensities of the gamma ray and the K x-ray peaks on 
a scintillation counter and then comparing the relative 
intensities of the diffracted peaks obtained on the 
bent-crystal spectrometer, a value of 1.35%0.05 is 
obtained for the reflectivity function exponent. Apply- 
ing this function to the Am™! data, the ratio of the 
sixty-kev gamma ray to the sum of all other gammas 
and L x-rays gave a ratio of 1.7, which agrees precisely 
with the scintillation detector relative intensity 
measurement. Although the Tm experiment measured 
the reflectivity only over the range from 50- to 84-kev, 
the internal agreement obtained in the Am™" experiment 
indicates that the 1.35 power is also applicable over the 
low-energy range (down to about 12 kev) of the 
spectrometer. 

Figure 1 depicts the K x-rays of Yb and Er, indicating 
the resolution of the bent-crystal spectrometer and the 
unquestionable presence of the Er K x-rays. The 
ratio of the Er K x-rays to Yb K x-rays. was 0.033 
+0.011. One year after the first measurement, another 
sample was prepared from the original solution and a 

3Y. Cauchois and H. Hulubei, Constantes Sélectionnées, Long- 
ueurs D’Onde Des Emissions X Et Des Discontinuités D’ Absorption 
X (Hermann & Cie, Paris, 1947). 

4Cohen, DuMond, Layton, and Roilett, Revs. Modern Phys. 


27, 363 (1955). 
5 Lind, West, and DuMond, Phys. Rev. 77, 475 (1950). 
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TABLE I. Electromagnetic radiation observed in the decay of Tm’”. 








First order Second order 
Line (kev (kev) 
(1) (2) (3) 


Table value 
(kev) 


(4) (S) 


Weighted average 
(kev) Intensity 
(6) 





84.249+0.065 
52.385+0.028 
51.358+0.032 
59.308+0.035 
61.021+0.065 
8.39 +0.1 
49.117+0.038 
48.240+0.050 
55.515+0.125 


84.216+0.052 
52.370+0.018 
51.322+0.020 


Gamma 
Yb Kay 
Yb Kaz 
Yb KB; 
Yb KB2 
Yb Lp, 
Er Kay 
Er Kaz 
Er KB,, 3 


84.229+0.041 84.1+0.1 107 
52.374+0.015 52.363 100 
51.332+0.017 51.342 56 
59.308+0.035 59.310 28 
61.021-+0.065 60,882 7. 
8.39 +0.1 8.413. ‘ 
49.117+0.038 49.103 
48.240+0.050 48.209 
55.515+0.125 55.624 








ratio of 0.028+0.011 was obtained for the K x-ray 
ratio. In order to be sure that the two samples had 
approximately the same self-absorption, the Z x-ray 
region was scanned and it was found that the relative 
intensity of the Yb LZ; x-ray in the second sample 
was approximately the same as that found in the first 
sample. Since the sample self-absorption would be 
much more pronounced in the Z x-ray region than in 
the K x-ray region, it may be concluded that the two 
samples had essentially the same mass (probably 
negligible with respect to the Er to Yb K x-ray ratio). 
Since the Er K x-ray to Yb K x-ray ratio remained at 
about the same level within experimental error over a 
one-year period, it was concluded that the Er K x-rays 
were associated either with the decay of Tm!”, with a 
different Tm activity, or with a Ho negative beta 
activity of approximately the same half-life (129 days). 
Relying on the present knowledge of all the Tm and 
Ho isotopes, one concludes that the Er K x-rays must 
arise in one or more of the following ways; (1) K-capture 
in Tm!'*8 (the errors in the two experimental Er/Yb 
x-ray ratios are too large to distinguish between the 
85-day Tm"® and 129-day Tm!” activities), (2) erbium 
fluorescence, (3) Ho'®® beta decay, or (4) K-capture 
in Tm!”, 

According to Wilkinson and Hicks,*® 85-day Tm'*® 
has two gamma rays, with energies of 210 kev and 
850 kev and relative intensities of 0.2 and 0.8, respec- 
tively (K x-ray intensity=1.0). In order to check on 
the possibility of the presence of Tm'® in the sample 
[produced by an (n,2m) reaction], a gamma-ray 
pulse-height spectrum of the intense bent-crystal 
spectrometer sample was taken on a 20-channel 
scintillation spectrometer. In order to eliminate 
scattering of the intense 84-kev gamma ray into the 
detector, the source was surrounded with one inch of 
lead, with exception of the side facing the Nal detector 
which was covered with 2.65 g/cm? of lead to reduce 
the very intense soft radiation. The observation of the 
210-kev gamma ray was rendered difficult by the 
presence of the bremsstrahlung radiation from the 
intense 884-kev and 968-kev beta rays from the Tm!” 
decay. Over the region in which the 850-kev gamma ray 


* G. Wilkinson and H. G. Hicks, Phys. Rev. 75, 696 (1949). 


should lie, there was no perceptible photopeak super- 
imposed on the high energy tail of the bremsstrahlung 
radiation ; the latter had an integrated counting rate of 
16 counts/minute over the 850-kev region. With a 
source geometry of about 4%, a detector efficiency 
of 5%, and a half-thickness of 8.5 g/cm? of lead for 
850-kev radiation, the over-all efficiency of the count- 
ing system was 1.6X10-*. Using the Wilkinson data 
for the relative intensities, and assuming that the 
entire 16 counts/minute in the 850-kev region are due 
to the gamma ray, one computes that the total Tm!*8 
disintegration rate would be 13000 counts/minute. 
Since the transmission of the bent-crystal spectrometer 
in the Er K x-ray region (49 kev) is about 10~*, the 
contribution to the observed Er x-ray peaks from the 
Tm'*® that may be present would be negligible. 
According to a spectrochemical analysis of the 
sample, there was less than 0.02% Er present. Since 
the Tm K x-rays are not even observed, and Tm 
makes up the major portion of the sample, Er fluores- 
cence could not be the source of the Er x-rays. 
Butement’ has reported a long-lived isomer of Ho!*, 
Using this data, assuming a long half-life (such that 
irradiations of up to 77 days will increase the specific 
activity linearly), taking the spectrochemical analysis 
figure of 0.05% Ho, and assuming a total sample 
mass of 0.1 milligram, one computes that the total 








150+ 


COUNTS /MINUTE 








5.2 5.1 
degrees 


5.4 5.3 

BRAGG ANGLE, 

Fic. 1. The K x-ray region of Tm!” as seen on the 
bent-crystal spectrometer. 


7F. D. S. Butement, Proc. Phys. Soc. (London) A65, 254 
(1952). 
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Ho activity would amount to about 40 disintegrations/ 
minute. With a transmission of 10~* for the spectrom- 
eter, any contribution to the Er K x-rays from the 
Ho’ activity that might be present would be negligible. 

Since Graham ef al.’ set a 0.01% upper limit for 
positron emission, one is thus left with the fourth 
and final alternative; the Er K x-rays are due to a 
small K-capture branch in the Tm!” decay. Taking 
the intensity of the Yb K x-rays as 0.094 per disintegra- 
tion' and ignoring the K x-rays that might be coming 
from conversion on the K-capture side, the intensity of 
the K-capture branching ratio is calculated to be 
0.15%. This value is consistent with that of Graham 
et al.,! who set an upper limit of 0.3%. 

With the establishment of the K-capture branch, it 
seemed worthwhile to look for the presence of a gamma 
ray associated with the de-excitation of the first 
rotational level in Er'”, From a plot of the energy of 
the first excited state of the even-even nuclei as a 
function of mass number, one would estimate that the 
energy of the first excited state of Er!” would lie 
somewhere in the region between seventy and eighty- 
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five kev. If the K-branch proceeded entirely through 
the first excited state, one would expect the intensity 
of the gamma ray (no conversion) to be about 5% 
of the 84-kev gamma ray. With the present resolu- 
tion of about 1.8% in this region and only a moder- 
ately intense source (84-kev gamma peak counting 
rate of 400 counts/min), it would be difficult to see 
a 5% contribution to the 84-kev gamma ray from 
the Er'”® gamma ray in the region between 82.7 and 
85.7 kev. A search was made on the bent-crystal 
spectrometer in the 70- to 8.3-kev region and the 
85- to 90-kev region; there was no evidence of any 
gamma ray present with an intensity greater than 
2% of the 84-kev gamma ray. However, systematics 
indicate that the gamma rays would have about the 
same conversion coefficients and that the branching 
ratios to the first excited level in each daughter nucleus 
would be about the same (~ 20%), and thus the Er K 
x-rays arise mainly in the K-capture process rather 
than in K conversion. Thus the ratio of the two gamma- 
ray intensities should be about 2 10~*. Therefore it is 
not surprising that this line was not observed. 
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Neutron Resonances in the kev Region* 
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A neutron collimation-detection system has been constructed for use in measurements of resonance neutron 
cross sections. The high efficiency of the detector in combination with careful collimator design enables one 
to collect data with relatively good resolution in a short time. Although designed to measure cross sections 
at a minimum energy of about 5 kev, resonances have been observed at energies as low as 350 ev. Resolving 
power exceeds that of velocity selectors, however, only at neutron energies greater than about 5 kev. Reso- 
nances in iron were found at 8, 29, 75, and 85 kev. The three latter resonances exhibit strong interference 
dips and are assumed to be due to s-wave neutrons on Fe®*. The resonance energies found in bismuth were 
1, 3, 13, 16, 34, 47, and 70 kev; the level spacing for a single J value thus seems to be about 20 kev. 


INTRODUCTION 


HERE is now considerable evidence'~’ that the 
effects of magic neutron numbers on nuclear 
level density are evident even at excitation energies of 
5-8 Mev. One of the most direct methods of investi- 


*This work was supported by the U. S. Atomic Energy 
Commission. 

tNow at Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1 Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949). 

? D. J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950). 
Pe Gibbons and H. W. Newson, Phys. Rev. 91, 209(A) 

“H. W. Newson and R. H. Rohrer, Phys. Rev. 94, 654 (1954); 
87, 177 (1952). 
as ha Adair, Bockelman, and Darden, Phys. Rev. 88, 83 

* Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 
ass” Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 


gation of this effect is the study of neutron total cross 
sections in the resonance region. Many “magic” or 
“near-magic” nuclei have resonance spacings of the 
order of 1 to 10 kev. With a spectrometer of 5 to 
10% resolving power in the range 5 to 100 kev 
one could also hope to finish bridging the gap* between 
neutron cross sections obtained by velocity selectors 
(0-5 kev) and the other principle group of data, whose 
low-energy side is somewhat below 100 kev. Finally, 
determination of resonance parameters, such as reaction 
width and spin of many levels previously too narrow to 
measure, should be feasible. 

This paper reports the successful construction of a 


8D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1952). 
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spectrometer fitted to the foregoing specifications and 
includes some early results. The design is along very 
similar lines to the spectrometer of Langsdorf et al.*.° 
and has the added feature of high neutron efficiency, 
so that a large amount of data can be taken in a rela- 
tively short time. 

APPARATUS 


The proton beam from the Duke Van de Graaff 
accelerator was both magnetically and electrostatically 
analyzed to a resolution of about 0.07% before im- 
pinging upon a thin (<1 kev) Li target evaporated 
onto a thin metal backing. Analyzed beam currents 
of 5 to 10 microamperes were used. Neutrons from the 
Li’ (p,) reaction, emerging at an angle of 122° measured 
from the direction of the incident protons, were col- 
limated over a distance of about four feet (Fig. 1) by 
means of paraffin and water shielding. The angular 
spread of the accepted neutron beam was 2° in the 
plane of the figure and 20° in the plane normal to the 
page. These values were chosen as a compromise 
between resolution and expected counting rates. The 
calculated resolution of the collimation system is 
shown in Fig. 2; the additional energy spreads in the 
experiment (due to finite proton beam resolution and 
target thickness) were omitted in the above calculation. 

The neutron detection system (labeled the “Box’’) 
consisted of a bank of 18 high-pressure (120 cm) 
BF; proportional counters" connected in parallel and 
embedded in a paraffin matrix” (Fig. 1). These counters 
had a 20-inch active length. The radial spacing of the 
counters (2 in. center-to-center) was chosen for 75% 
“thermal utilization.” 

The decision to use a BF; pressure of 120 cm Hg was 
based on a relative efficiency test using identical 
geometry with gas pressures ranging from 100 to 150 
cm Hg. Pressures lower than 120 cm Hg produced more 
uniform pulses but lower efficiency. Higher pressures 
resulted in poorer y-ray discrimination, giving an 
effective decrease in efficiency. The number of neutron 
events biased out (in order to avoid any counts from 
y Trays) was estimated to be about 18% of the total 
events in the counter. Spurious counts, due mainly 
to high-voltage leakage pulses, were eliminated by 
careful cleaning of components with ether and by 
maintaining these components at a slightly elevated 
temperature to reduce the relative humidity of the 
surrounding air. 

The neutron monitor, placed at 0° with respect to 
the proton beam, consisted of a single BF; counter 
embedded along the axis of a cadmium-covered paraffin 
cylinder, 6 in. in diameter and 2 ft long. The front face 
of the cylinder was perforated with six 1-in. diameter 

9A. L. Langsdorf, Jr., Phys. Rev. 80, 132 (1950). 

1 Hibdon, Langsdorf, and Holland, Phys. Rev. 85, 595 (1952). 

1 Made by special order by Radiation Counter Laboratories, 
Skokie, Illinois. A glass filling system was used. 


#P. R. Bell, unpublished curve of thermal neutron intensity 
as a function of distance in water, using an Sb-Be neutron source. 
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Fic. 1. A cross-sectional view of the experimental arrangement. 
Center-to-center spacing of BF; counters is 2 in. 


holes drilled 8 in. deep (similar to the design of a 
McKibben counter) in order to improve the counter’s 
linearity and efficiency. 


TARGETS 


Lithium metal was evaporated in vacuum on 0.005-in. 
tantalum caps, of 1-in. outer diameter, with a 4-in. 
lip for sealing (with a plastic cement) to the Van de 
Graaff vacuum system (more recent methods are 
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Fic. 2. Calculated resolution of collimator. Effects of proton 
energy spread and lithium target thickness have been omitted. 
A method of exact determination of the energy spread due to the 
latter effects is under study. 
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discussed in the sections on Background and Later 
Improvements). These were stored in an evacuated 
desiccator until used. The targets were exposed to air 
for a total of less than one minute. Selection for use 
was based on relative neutron yield and resolution as 
determined by the measured transmission at the 
13-kev bismuth resonance. A Bi sample 1 cm thick 
was used. Targets were discarded if 7nin was greater 
than 60%. The lowest transmission value measured 
was 47% but the average value was about 52%. 
Targets were also discarded at times because of poor 
reproducibility in counting. This effect seems to be 
due to a nonuniform lithium layer.’* The target was 
cooled by a fine air-water spray. Counting rates ranged 
from ~5X10? cpm at E,=500 ev to ~10* cps at 
E,=50 kev for proton beam currents of about 6 ua. 
Naturally these values changed from target to target, 
but never more than a factor of two in either direction. 


PROCEDURE 


Alignment (other than visual) of all components was 
accomplished by maximizing proton current or neutron 
counting rate. Normalization of counts was obtained 
by proton current integration and by monitoring the 
neutron counting rate at 0°. About 5000 counts were 
usually taken. 

Energy calibration of the electrostatic analyzer 
voltage was obtained by measuring the forward 
threshold of the Li’(p,) reaction. The extrapolation 
(to zero counting rate) of the linear portion of the 
forward yield curve was assumed to correspond to a 
proton energy of 1.882 Mev. This point, however, 
refers to the energy of the high-energy portion of the 
proton beam distribution function. The energy of the 
peak of the distribution function is slightly (<0.5 kev) 
less than this. For a proton energy error of 0.5 kev, the 
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Fic. 3. Relative neutron yield at 122°. The right side of the 
figure is an enlargement (and extension to lower proton energy) 
of the yield curve on.the left. The two curves nearly coincide 
above 1 kev. 


3 A. L. Langsdorf, Jr. (private communication). 
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corresponding neutron energy error (at 122°) is about 
0.25 kev for E,>20 kev and decreases with decreasing 
energy, becoming about 100 ev at E,=2 kev. Attempts 
to determine the exact energy of the peak of the proton 
distribution are hindered by several factors: (1) un- 
certainties in the proton distribution curve as to both 
width and shape; (2) target thickness uncertainty. 
These factors are under study, but it has been decided, 
for the present, to report our cross section measure- 
ments with the usual energy assignment, i.e., without 
correction for the error mentioned above. Hence, we 
quote a neutron energy uncertainty of +0.5 kev, 
—0.25 kev for E,<10 kev. During preliminary runs, 
when only the magnetic analyzer was in use, energy 
calibration was performed by measuring the relative 
magnetic field corresponding to several known neutron 
resonances. Calibration of neutron energies in later 
runs was determined from the measured proton energy. 


BACKGROUNDS 


With the exception of a small cosmic-ray component, 
background was limited to neutrons that entered the 
detector via the collimator. A paraffin scatterer, shaped 
like the collimator, was inserted between the top of the 
collimator and the target. The thickness of the paraffin 
corresponded to about 30 mean free paths of a 10-kev 
neutron. Table I summarizes the results obtained. 

The data in the third column indicate the presence 
of neutrons entering through the collimator even 
though all neutrons produced by the Li’(p,m) reaction 
should, at this proton energy, be found only in a 
forward angle cone. This counting rate was found to be 
due to neutron back-scattering by the target backing. 
A typical yield curve near threshold is shown on the 
right side of Fig. 3. The dotted curve resulted from a 
target arrangement consisting of aluminum vacuum 
tubing with tantalum target backing. The peak shown 
at E,=1890 kev is due to neutrons produced in the 
Li target, then back-scattered by the tantalum, and 
finally resonantly scattered by the 37-kev resonance in 
the aluminum tube. A similar process due to the 90-kev 
aluminum resonance was probably responsible for the 
rise in counting rate slightly below E,=1922 kev 
(threshold for neutrons into back angles). 

Since this background of off-energy neutrons reduces 
the apparent cross section of resonance peaks, the 


TABLE J. Counting rates at 122° in the vicinity of 
the Li’(p,n) threshold. 
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following changes were introduced in an attempt to 
reduce the magnitude of the background. 

(1) The 0.005-in. thick Ta target backing was 
replaced by 0.003-in. Ag. 

(2) In order to eliminate irregularities in the neutron 
yield curve at 122° as well as to determine the magni- 
tude of the back-scattered neutrons near back threshold, 
the 35-in. wall, 1 in. o.d. aluminum vacuum tubing 
was replaced by a 0.010-in. wall, ¢ in. o.d. silver tube. 
The resonance spacing in Ag is quite close, thus, for our 
resolving power, neutrons passing through the Ag tube 
“see” a constant cross section rather than a variable 
one as was the case for Al. 

The data for the solid curves shown in Fig. 3 were 
taken after the preceding changes were effected. The 
improvement attained is quite evident. Previously, for 
instance, a prominent dip (see Fig. 3) in the yield 
curve appeared near 37 kev. 


CORRECTIONS TO THE DATA 


As mentioned in the previous section, backgrounds 
were of two types: (1) cosmic-ray neutrons; (2) 
neutrons back-scattered by the target backing. 

The correction for (1) becomes less than 1% for 
neutron energies >5 kev but was usually applied to 
data below this energy. 

An approximate correction factor can be made for 


background (2) since it is due to neutrons interacting 
with the sample with a cross section roughly equal to 
the average cross section of the sample in the energy 
region under study. This is because the energy spread of 
the scattered neutron group ranges (more or less uni- 
formly) from the energy of the direct beam (at 122°) toan 
energy some 120 kev greater, corresponding to neutrons 
whose original direction was 0°. When the energy of the 
direct neutron beam is such that the sample exhibits 
only potential scattering, very little correction is 
ordinarily needed for the off-energy scattered group. 
But when the energy of the direct beam corresponds 
to a resonance in the sample, a much larger correction 
may be made for the presence of the off-energy group 
provided the relative magnitude of the two groups is 
known. 

The counting rate slightly below 122° threshold is a 
measure of this effect, but since the neutron flux from 
the Li’(p,z) reaction has a strong energy-angle de- 
pendence, and since the amount of target backing 
“seen” by neutrons is also dependent upon angle, the 
flux of back-scattered neutrons at 122° may very well 
change with proton energy. 

An accurate calculation of this effect was attempted, 
but it was soon found more feasible to measure the 
background with the aid of elements with strong, 
isolated resonances. Those chosen were the 3-kev 
sodium and the 37-kev aluminum resonances. The 
effective cross section at resonance was measured for 
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several values of sample thickness. After correction" 
for finite energy resolution of the direct beam and for 
nonexponential beam attenuation due to thick samples, 
one is able to estimate to within several percent the 
fraction of the total beam attributable to the scattered, 
off-energy group. The results showed that the absolute 
rate of scattered neutrons does not change between 
back threshold and £,(122°)=3 kev, but seems to 
increase slightly by 37 kev. This correction has been 
applied to very few curves thus far since its only effect 
is to accentuate a resonance already found. A closer 
study of the correction is now underway in this 
laboratory. 

A check was made to determine whether in-scattering 
corrections might be needed when large samples were 
used. As expected (from the long collimation path), 
tests showed that in-scattering corrections were 
negligible. 

EXPERIMENTAL RESULTS 


The results below serve to indicate the ability of the 
spectrometer to measure total cross sections at rela- 
tively high resolution. Data taking time for the iron 
curve, for instance, was about 10 hours. 


Iron 


The total cross section of iron is shown in Fig. 4. 
This curve was calculated from the raw data with no 
corrections applied. The sample was 3.24 g/cm? wrought 
iron. The resonances at 28.8, 74.5, and 84.5 kev seem 
to be due to s-wave (/=0) neutrons interacting with 
Fe®®. The resonance at 28.8 kev has been observed by 
others,!® and the peak previously reported at 90 kev 
may be an average of the pair we found at 74.5 and 
84.5 kev. The other definite resonance observed (at 
8.0 kev) confirms the work of Hibdon et al.!° We too 
found slight evidence for a very weak resonance near 
16 kev and another near 36 kev. These resonances and 
the one at 8.0 kev are due either to resonances in a 
minor isotope or to resonances in Fe*® of neutrons with 
1>0. This problem should be readily solvable by 
measuring the cross sections of iron enriched in the 
minor isotopes. We plan to do this in the near future. 

Since the neutron collimator was constructed of iron, 
one might think that at certain neutron energies the 
collimator could scatter or transmit a large number of 
neutrons, thus seriously affecting the operation of the 
spectrometer. Fortunately, this is not true. For a cross 
section as low as 0.5 barn, the collimator walls still 
reduce the neutron transmission to about 1%. Per- 
haps the best answer concerning possible bad effects 
in high cross-section regions is that, although a great 
variety of elements and sample sizes have been run 


4 E. Merzbacher (unpublished). The method used was similar 
to that mentioned in B. T. Feld et al., Atomic Energy Commission 
Report, NYO 636, TS1, Oak Ridge, 1951 (unpublished), p. 33 ff. 

16 Barschall, Bockelman, and Seagondollar, Phys. Rev. 73, 
659 (1948). 
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Fic. 4. Total cross section of iron. Probable errors of all points are about the same 
as those indicated. Resolving power at 30 kev is 2 kev. 


using this apparatus, no consistent effect seems to occur 
that might indicate trouble arising from using iron as a 
collimator. 


Rubidium 


Figure 5 shows a resonance measured in a sample of 
rubidium chloride. The curve represents the original 
data with no corrections. The sample was pressed from 
a finely divided powder form into a rectangular block 
and sealed in 0.001 in. silver foil. Instead of taking the 
usual “in” and “out” measurements, the “‘out”’ measure- 
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Fic. 5. A resonance in the cross section of rubidium. 





ment in this case was the neutron beam transmitted 
through a rectangular block of CsCl. (also sealed in 
0.001 in. silver foil) which contained an areal density 
of chlorine equal to that in the RbCl sample. Thus the 
ratio in/out canceled out all terms except rubidium and 
carbon. A carbon correction was then made, assuming 
or(C)=constant=4.6 barns. This procedure works 
well except in the neighborhood of a strong resonance; 
natural chlorine has only one such resonance at about 
27 kev. More complete reports on the cross section of 
rubidium and its isotopes will appear later. This 
presentation simply serves to indicate the spectrometer’s 
resolving power near 5-kev neutron energy. 


Manganese and Zinc 


At very low neutron energies the contributions from 
all three sources of finite energy resolution (proton 
energy spread, target thickness, and collimator accept- 
ance angle) approach zero because of the small slope 
of the curve relating Z,(122°) and E,. Unfortunately, 
the neutron yield also approaches zero; but if one is 
willing to endure long counting times, he should be 
able to observe resonances spaced only a few hundred 
electron volts apart. Figure 6 shows that this is indeed 
the case. 

}; The curves have had no correction applied and are 
plotted as transmission versus proton energy. Correc- 
tions for neutrons scattered in the target backing are 
quite large in this region (~50%) and hence must 
be determined more accurately before they (the 
corrections) are sufficiently trustworthy to report. 
Neutron energies at resonance (minima in the trans- 
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Fic. 6. Neutron transmission curves of manganese and zinc. 
This is the lowest energy region examined with this equipment. 


mission curves) are indicated. These two curves were 
taken concurrently. 

These measurements confirm the work of others* well 
within our energy uncertainty. These results are not 
meant to imply that it is feasible for us to make exten- 
sive measurements in this region. They serve only to 
demonstrate the versatility of the spectrometer. 


Bismuth 


The results for bismuth are seen in Fig. 7. All essential] 
features have been measured at least twice. All back- 
ground corrections have been applied. The effect of 
the corrections, for example, on the 13-kev resonance 
was to increase the apparent peak cross section from 
27 to 31 barns. The resonances shown at about 1 and 3 
kev are undoubtedly the ones reported at 0.8 and 2.5 
kev by the Argonne fast chopper group.’ Typically 
shaped s-resonances appear at 3, 13, 34, 47, and 70 kev. 
The Argonne data have shown that the 1-kev resonance 
is also due to s-neutrons. 

The point scatter around 6 kev has been checked 
and no evidence was found indicating real structure. 
Thus the level spacing for single spin and parity seems 
to be on the order of 20 kev, assuming a random distri- 
bution of spin states. 


LATER IMPROVEMENTS 


One of the primary difficulties encountered in these 
measurements was the relatively short, useful lifetime 
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Fic. 7. Total cross section of bismuth. Crosses and circles 


represent two independent runs. Probable errors of all points 
are about the same as those indicated. 


of targets (about 16 hours). During this time a thin but 


_ apparently uneven deposit of carbon was built up on the 


lithium surface. Although frequent measurements of 
the Li(p,n) threshold were made to correct energy 
shifts, this condition was obviously unsatisfactory, 
since the uneven carbon build-up worsened the reso- 
lution. We have been able to improve the useful 
lifetime by a factor of at least ten by introducing the 
following changes and modifications: 


(1) The 0.003 in. silver target backings were found to 
be unsatisfactory due to “blister” formation on the 
lithium coated surface in the immediate area bombarded 
by the protons. The substitution of platinum for silver 
seems to have eliminated this problem and also allowed 
us to reduce the target backing to 0.002 in. thick. 

(2) All glue and Neoprene “O” rings were removed 
from the target area. This was accomplished by using 
solder seals and lead “O”’ rings. 

(3) A liquid air-charcoal trap was installed within 
3 in. of the target. This improved the vacuum at the 
target from 4X10-> to 2X10-® mm mercury and 
caused an order-of-magnitude decrease in carbon 
build-up rate. When the trap was moved 6 in. from the 
target, the build-up rate increased noticeably. 
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Neutron cross-section curves as a function of neutron energy have been measured for Se(1-80), Sr(6-102), 
Zr (2-80), Mo(1-80), Ba(15-102), Ce(5-55), and Pb(2-80) ; the energy range in kev of each curve is shown 
in parentheses. The number of peaks observed are 8, 4, 11, 9(?), 5, 12, and 10, respectively. Isotopic assign- 
ments of a few of the observed resonance peaks are Se®; 3 and 7 kev; Sr®*; 15 and 95 kev; Zr™; 43 kev; and 
Ce; 24 kev. No doubt many peaks, particularly those due to minor isotopes, have been missed completely. 
It is concluded that many of the nuclides which make up these complicated isotropic mixtures would be 
found to have strong, well-separated resonances if they were measured in an isotopically pure state with a 


neutron energy spread of the order of a few kev. 





INTRODUCTION 


HE general experimental conditions were about 

the same as those described in the preceding 
paper,’ which will be called I hereafter. Sample thick- 
nesses were, on the whole, thicker than optimum for 
bringing out peaks; this thickness is usually about 
1-2X 10” atoms/cm*. Table I gives sample thickness 
in terms of the isotopes which probably are responsible 
for most of the peaks, as well as minor isotopes which 
may contribute to some extent. It should be pointed 
out that, in all of the cross section curves, atomic 
cross sections have been plotted. Certainly many of the 
resonances due to minor isotopes have been missed, 
but it is impossible to tell how many of them have been 
counted. In separated isotope work now in progress, 
well marked peaks have been found in a sample with 
an effective thickness of only 0.3X 10” atoms/cm’. 


SELENIUM 


The total cross section of selenium appears in Fig. 1. 
This spectrum was measured principally to assist in 
the interpretation of selenium activation cross sections 
which were measured at the same time. Strong activa- 
tion? of Se*! in the region from 2 to 8 kev makes it very 
likely that peaks at 3 and 7 kev are due to Se® which 
is twice as abundant as Se’* and about five times as 
abundant as Se’*, Se’’, and Se®. Bollinger® has found 
resonances at energies lower than 3 kev; these are 
probably to be attributed to the less abundant isotopes, 
since Rohrer et al.2 showed that the lowest energy 
resonance of Se® was in the neighborhood of 3 kev. 


*This work was supported by the U. S. Atomic Energy 
Commission. 

t Now at Oak Ridge National 
Tennessee. 

t Now at Brookhaven National Laboratory, Upton, Long 
Island, New York. 

§ Now at Louisiana State University, Baton Rouge, Louisiana. 

|| Now at Madison College, Harrisonburg, Virginia. 

** Now at Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1 J. H. Gibbons, preceding paper [Phys. Rev. 102, 1574 (1956). 

? Rohrer, Newson, Gibbons, and Cap, Phys. Rev. 95, 302(A) 
(1954). 

3L. M. Bollinger (private communication) and Brookhaven 
National Laboratory Report BNL-325 (unpublished). 
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However, it seems most likely that nearly all the 
resonances observable in Fig. 1 are due to Se™. 


STRONTIUM 


Natural strontium is 83% Sr**; there are two minor 
components, Sr** and Sr*’, with abundances somewhat 
less than 10% and one with an abundance less than 
1%. The small number of resonant peaks observed 
(Fig. 2) are probably all due to the predominant 
isotope; in this case the two minor isotopes have 
slightly less than a “magic” number of neutrons and 
resolvable resonant spectra should be expected. Strong 
interference dips appear below the peaks at 15 and 
95 kev; these peaks are noticeably asymmetric and 
give every indication of being due to s-neutrons. In 
this case, the theoretical peak-to-valley difference 
should be about 185 barns at 15 kev and 30 at 95 kev. 
A 10 percent isotope would, therefore, show maximum 
changes of 3 barns at 95 kev as compared to an observed 
6 barns; this rules out the assignment of the 95-kev 
peak to any isotope but Sr**. Similarly, a 10% isotope 
could show a maximum difference of 18.5 barns at 
15 kev compared to an observed value of about 12; 
this represents almost impossible resolving power for 
the experimental arrangement, and this resonance may 
be safely assigned to Sr**. It will be seen, however, that 
there is evidence in the Ce cross section that a 10 
percent isotope gave rise to observable resonances. 
Hence, the peaks at 27 and 31 kev may possibly be due 
to one of the weak isotopes but it will be noticed that 
in Sr the thickness of the minor isotope is very small. 
Some cases of apparent point scatter are probably weak 
resonances which might be established by more detailed 
measurements, but there seemed to be little point to 
going into such detail where definite isotopic assign- 
ment is impossible. 


MOLYBDENUM 


Such elements as samarium, niobium, and krypton 
which contain minor isotopes of neutron number 82 
have been omitted from our list because of the diffi- 
culties anticipated in these complicated isotopic 
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TABLE I. Data 


ELEMENTS 


on samples. 





z 





Magic or predominant isotope 
Abun- 
Neutron dance 
number % 


Atoms/cm? 
10722 


Other isotopes (>3 percent) 


Range of 
percent 
abundance 


Whole sample 


Av. trans- 
mission® 


Range of 
atoms/cm! Atoms/cm? 
10722 


Number x<10~ 





Se® 
Se™ 
Sr88 
Zr” 
Mo” 
Ba!88 


50 
50 


7-24 
7-24 
7-10 
11-18 
9-24 
6-12 


Cel 


11 
Pb™8 21-26 


4 3 
6 
1 
“1 


0 
0. 
0. 
0. 
0.1 


7-1.3 
2-2.1 
6-0.23 
6-1.28 
1.4-3.8 
2-0.23 
0.6 
2.0-2.5 











* In curves where there are large resonant peaks, these peaks are not included in estimates of average transmission. 


mixtures. However, it seemed wise to measure one 
such mixture. In molybdenum the “magic” isotope, 
Mo™, is 16 percent abundant while the six other iso- 
topes are all heavier and vary in abundance from 9 
to 23%. The sample used was much too thick for 
optimum resolving power of an element consisting of a 
single isotope but the effective thickness of Mo” was 
not far from optimum (2.47X10” atoms/cm’). It is 
seen in Fig. 2 that no prominent resonances appear. 
If we notice that peak-to-valley difference in the 14-kev 
resonance in Sr (83% Sr**) is only about 12 barns, 
we might expect peaks of only about 2 barns in the Mo 
atomic cross section. 


ZIRCONIUM 
Zirconium is 50% Zr® which contains fifty neutrons 
and is intermediate between Mo and Sr in this respect. 


The resonance spectrum is shown in Fig. 3 and con- 
tains a large number of well-marked resonances. Other 
isotopes are not present to much more than a third 
of the abundance of Zr®. The larger peaks may be 
definitely assigned to Zr® by the same arguments 
that were used for similar peaks in the Sr curve. 
It will be noted that the minor isotopes of Zr are 
present in rather favorable thickness; some of these 
isotopes may well be contributing some of the smaller 
peaks. This greater likelihood of observing minor 
isotope peaks in Zr as compared to Sr may be responsible 
for the fact that more peaks are observed in Zr than 
in Sr. 
CERIUM 


Resonances have already been found in natural 
cerium by Miller et al.‘ These authors found peaks at 
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Fic. 1. The total atomic cross section (o;) of natural selenium as a function of neutron energy. The solid dots 
were points measured with a thinner sample (Table I) than those shown as open circles. 


4 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 (1952). 
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stainless steel proton tube with a silver soldered 
tantalum end cap was used for this early measurement. 
The strong resonance at 24 kev, which exhibits a 


25 and 100 kev with a resolving power of about 10 kev. 
In Fig. 4, the results of our measurements between 10 
and 60 kev are shown. The magnetic analyzer and a 
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Fic. 3. The total 
atomic cross section 
(o1) of natural zir- 
conium as a function 
of neutron energy 

















NEUTRON RESONANCES FOR 


marked interference dip is evidently the same as that 
reported at 25 kev by Miller ef al. In addition, there 
are at least six much weaker resonances some of which 
are superimposed on the large resonance at 24 kev. 
Since natural cerium is 89% Ce, it is practically 
certain that the resonance at 25 kev is due to this 
nuclide. By the same token, the smaller resonances 
which are superimposed on it are more likely to be 
due to Ce! (11%) since this is the only other im- 
portant isotope of Ce and superposition of resonances 
due to the same even-even nuclide is very unlikely. 


BARIUM 


Natural barium is 72% Ba'* and strong resonances 
similar to those in Ce! were expected to occur. As 
will be seen in Fig. 2, no such very strong resonances 
appeared even though the measurements were ex- 
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Fic. 4. The total atomic cross section (0) of cerium as a 
function of neutron energy (£,). The energy scale was normalized 
against the Li(p,) threshold and the strong resonance in sulfur 
which was assumed to be at 110 kev. 


tended to much higher energies than are usually 
profitable by our method. There are, however, some 
relatively minor resonances which may be due to any 
of three relatively prominent isotopes in addition 
to Ba, 


LEAD 


A thick sample of natural lead was measured between 
5 and 80 kev under the same experimental conditions 
as the cerium measurements (Fig. 5). An obvious 
s-wave resonance was observed at 46 kev. The small 
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Fic. 5. The total atomic cross section (o;) of lead as a function 
of neutron energy (E,). The energy scale was normalized against 
the Li(p,m) threshold and the strong resonance in sulfur which 
was assumed to be at 110 kev. 


fluctuations in cross section appear to be reproducible 
but may possibly arise from instrumental difficulties. 


DISCUSSION 


The heavy even-even nuclei at the magic numbers 
appear to have distinctly wider spacings than similar 
odd elements of about the same mass.® The isotopic 
complexity of the even elements makes their study a 
formidable problem. However, in view of the results 
on Fe (see reference 1), Pb, Ce, Zr, and Sr it appears 
that at least some intermediate and heavy even-even 
nuclei have resonance structures which we can resolve 
easily. It appears that the spectrograph is most suit- 
able for studies of even-even nuclei where separated 
isotopes are available in suitable quantity and quality. 
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Internal Conversion Spectrum of Au!**} 


DonaLp R. Connors, WALTER C. MILLER, AND BERNARD WALDMAN 
Department of Physics, University of Notre Dame, Notre Dame, Indiana 
(Received December 28, 1955) 


An absolute energy determination for the internal conversion electrons from Au'* has been made with 
our electrostatic analyzer. The gamma-ray energy has been determined from these results to be 411.76+0.19 
kev. The intensity ratios (1: Z11: Zi) in the LZ subshell are found to be (1.9+0.3):(2.2+0.3):1.0, in 
agreement with theory for an £2 transition. A determination of the internal conversion coefficients gave 


ax =0.025+0.005 and a, =0.012+0.002. 





INTRODUCTION 


HE 2.69-day activity of Au’* is known! to decay 

primarily by a beta decay of end-point energy 
963 kev to an excited state in Hg'®* which then decays 
either by gamma emission or internal conversion to 
the ground state. The gamma ray and the conversion 
lines are frequently used as calibration standards in 
nuclear spectroscopy. The following are the most 
recent and the most accurate energy determinations. 
Muller, Hoyt, Klein, and DuMond? have measured the 
gamma-ray energy with their curved crystal spec- 
trometer. Hedgran and Lind* have determined the 
transition energy from its K internal conversion line 
and also from external conversion in uranium using a 
beta spectrometer calibrated against Co™, the Th L 
line, and the Ex— Ex, energy difference in uranium. 
In the present investigation an absolute energy measure- 
ment of the internal conversion electrons has been 
made by using our electrostatic analyzer. 

This electrostatic analyzer is capable of high resolu- 
tion, and thus it was possible to resolve the individual 
L subshell internal conversion lines. The intensity 
ratios in this subshell serve as a check on the recent 
theoretical results of Rose‘ at this particular value of 
atomic number and energy. 


EXPERIMENTAL 


The two-foot radius, 90°, cylindrical electrostatic 
analyzer used in this investigation has been described 
by Noyes, Van Hoomissen, Miller, and Waldman,° 
who used this analyzer to measure the threshold 
energies for the photodisintegration of deuterium and 
beryllium. The accuracy has been increased to 0.05% 
by improving the voltage measurement and stabili- 
zation, by a new method of measuring the separation 
between the cylindrical electrodes, and by using 


¢ Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 
25, 469 (1953). 

2 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 

3A. Hedgran and D. Lind, Arkiv. Fysik 5, 177 (1952), and 5, 
29 (1952). 

4M. E. Rose in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 905. 


5 Noyes, Van Hoomissen, Miller, and Waldman, Phys. Rev. 
95, 396 (1954). 


suitable shielding to reduce the correction due to the 
earth’s magnetic field. The resolution was set at 0.09%. 

The solid angle subtended by the analyzer is very 
small and consequently the transmission was only 
0.001%, necessitating a high specific activity source. 
This source was prepared by evaporating about 1 
mg/cm? of gold onto an aluminum foil (1 mil thick), 
and irradiating this in the Argonne CP-5 reactor. The 
initial specific activity of this source was 100 mC/mg. 
A time of twenty-four hours was allowed for the 
aluminum to decay before data were taken. The electron 
detector at the exit slit of the analyzer was a thin 
plastic scintillator and photomultiplier. The thickness 
of this phosphor was 0.5 mm, corresponding to a 
probable energy loss of about 50 kev for electrons 
passing through it. The efficiency of the phosphor 
was assumed to be constant over the energy range 
covered in this investigation. 


RESULTS AND DISCUSSION 
Energy Determination 


Figure 1 shows the portion of the electron energy 
spectrum in the vicinity of the conversion lines. The 
general background due to the beta decay is nearly 
linear over the energy range covered by Fig. 1. Thus, 
the beta background under any of the conversion 
peaks was approximated by a straight line drawn 
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Fic. 1. Internal conversion spectrum of Au, The poten- 
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INTERNAL 


from the point at 300 kev to one at 410 kev. The width 
of the K line at half-maximum is about 1 kev and is due 
to straggling in the source. Consequently, the K 
electron energy was determined by extrapolating its 
high-energy edge to the beta background. 

Figure 2 shows the region of the LZ conversion lines. 
The individual Z; and Ly; lines were unfolded from 
the composite profile by a comparison with the shape 
of the Ly line. Then individual LZ electron energies 
were determined by extrapolation of their high-energy 
edges. 

Table I shows the results of the energy determination. 
The error shown is the maximum uncertainty in the 
absolute energy of the electrons. The binding energies 
in mercury were taken from the data of Hill, Church, 
and Mihelich.® 

Table II compares the results of this investigation 
with the results of Muller e¢ a/.2 and Hedgran and Lind.’ 
The results of other workers, whose uncertainty was 
larger than 1 kev, are not included in this tabulation. 
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Fic. 2. L, M, and N internal conversion lines in Au". 


Subshell Ratios 


The intensity ratios (Zr: Z11: L111) in the L subshell 
are as follows: 
Experimental (1.9+40.3) : (2.20.3): 1.0. 
Theoretical (E2) 2.2 +3 2.4 :1.0. 
The theoretical ratios are interpolated from the data 
of Rose‘? for a pure electric quadrupole transition. 
Other investigators! have shown that the transition 
is probably £2. 


Conversion Coefficients 


In order to determine the internal conversion 
coefficients for the decay of the 411.8-kev state of 
Hg'*8, we have made use of the fact! that 98% of the 
decay of Au'®* feeds this state. Thus the population of 
the 411.8-kev state can be found from the total number 
of betas emitted by the gold. However, the usual 


- 6Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 
7M. E. Rose (private communication). 


CONVERSION SPECTRUM 


OF Au!®8 1585 


TABLE I, Experimental energy values of K and L lines in Au. 








Transition 
energy (kev) 


411.80+0.17 
411.74+0.21 
411.66+0.21 
411.66+0.21 


Binding 
energy (kev) 
83.10+-0.05 
14.84+0.05 
14.21+0.05 
12.28+0.05 


Electron 


Line energy® (kev) 


K 328.70+0.16 
Ly 396.90+0.20 
In 397.45+0.20 
Lin 399.38+0.20 











® The error shown is the maximum uncertainty in the absolute energy 
of the electrons. 


method of determining the total number of betas by 
measuring the entire beta spectrum was not convenient 
since the position of optimum focus of an electrostatic 
analyzer varies with energy. Therefore our problem 
was to determine the total number of betas from the 
number observed in a small segment of the beta 
spectrum. 

From the theory of beta decay, it can be shown that, 
for a decay having an allowed shape, the fraction of 
the total number of betas occuring in a small energy 
interval, AW, at electron energy W, is 


AX F(Z,W)(Wo—W)?(W?— wc) }WAW 


b m ad | 
where 





’ 


Wo 


=— | F(Z,W)(W.—W)(W2— mc) Wa. 


mcd 2 


F(Z,W) is the Coulomb factor and is tabulated in 
Appendix IT of Siegbahn.‘ W» is the end point energy 
in units of mc? and W is the total electron energy in 
units of mc®. We have evaluated the denominator of 
this fraction according to the work of Feenberg and 
Trigg.* The numerator was evaluated at the energy 
of the K line for an energy interval, AW, equal to the 
resolution of the analyzer. Then, using this fraction and 
the number of betas observed in this energy interval, we 
obtained the population of the 411.8-kev state and 
subsequently the K conversion coefficient. A similar 
procedure was used to determine az. 

This method of determining the conversion coeffi- 
cients eliminates any effect of the equipment since 
both the conversion electrons and the betas of the same 


TABLE II. Au? gamma-ray energies. 








References 


Muller, Hoyt, Klein, 
and DuMond 
Hedgran and Lind* 
Hedgran and Lind» 
Hedgran and Lind* 
Present investigation? 


Gamma-ray energy (kev) 





411.77+0.036 
411.1 +0.4 
411.5 +0.4 
411.75+0.10 
411.76+0.19 











® Measured relative to the Co® y rays. 

> Measured relative to the Ex —Ex1 energy difference in uranium. 

© Measured relative to the Th L line. 

4 Weighted mean of the K determination and the average of the L 
determinations in Table I. 


8 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 





1586 CONNORS, 
energy are emitted within the same solid angle and 
are counted with equal efficiency. However, the method 
is applicable only to a source which has a simple 
decay scheme in which the beta spectrum has an 
allowed shape. 

The values which we obtained are ax =0.025+0.005 
and a,=0.012+0.002 in agreement with the results 
of other investigators.’ An interpolation of the results 
of Rose, Goertzel, and Swift,’ which include screening, 
gives ax=0.031 and az=0.012. 


CONCLUSION 


Our results for the absolute electron energies, when 
combined with the best available absorption edge 


® Rose, Goertzel, and Swift (privately distributed tables). 
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energies, are in agreement with the absolute gamma ray 
measurement of Muller, Hoyt, Klein, and DuMond. 
If one assumes their value for the gamma-ray energy, 
then our results serve as a check on the absorption 
edge energies and are in agreement to within our 
quoted uncertainty. 

The agreement between the experimental and 
theoretical Z subshell intensity ratios shows that the 
theoretical results may be used with confidence at 
least in the vicinity of Z=80, E=400 kev, and for an 
E2 transition. 
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Calculation of Electron-Deuteron Scattering Cross Sections*} 


V. Z. Janxust 
Stanford University, Stanford, California 
(Received March 5, 1956) 


Elastic and inelastic cross sections for electron-deuteron scattering with large momentum transfer have 
been investigated. The calculation has been performed in the first Born approximation. The neutron- 
proton interaction has been described by a phenomenological potential, and the nucleons have been repre- 
sented by point charges and point magnetic moments. Finite size of nucleons causes major correction to 


these results. 


I. INTRODUCTION 


HE scattering of electrons with large momentum 
transfer has yielded some new and quite definite 
information about the charge distribution in a number 
of heavy nuclei. Experimental accuracy is improving to 
such an extent that this method holds promise of 
yielding new information even when applied to a 
relatively simple and well-understood nucleus, such as 
the deuteron. Some measurements! have already been 
made, in which the deuteron has been bombarded by 
high-energy electrons and the energies of the electrons 
scattered at large angles have been measured. A narrow 
elastic peak has been obtained, and a wide inelastic peak, 
corresponding to the breakup of the deuteron, has also 
been observed. 
A few calculations’ intended mainly for small mo- 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research, Air Research and De- 
velopment Command. 

+ Based on a dissertation submitted to Stanford University in 
partial fulfillment of the requirements for the Ph. D. degree in 
Physics. 

t Now at Argonne National Laboratory, Lemont, Illinois. 

1J. A. McIntyre and R. Hofstadter, Phys. Rev. 98, 158 (1955); 
J. A. McIntyre (private communication). 

2H. A. Bethe and R. Peierls, Proc. Roy. Soc. (London) A148, 
146 (1935) ; B. Peters and C. Richman, Phys. Rev. 59, 804 (1941) ; 
M. E. Rose, Phys. Rev. 73, 282 (1948); J. H. Smith, Ph. D. 


mentum transfers have already been made. These 
calculations of elastic cross sections still give quite 
accurate results even at large momentum transfers. On 
the other hand, in the calculations of inelastic cross 
sections only the lowest electric and magnetic multipole 
moments have been considered. These results cannot be 
applied to the scattering with large momentum transfer 
when the contribution of higher multipole moments is 
quite important. Thus, it is necessary to perform a 
calculation that accounts for all multipoles. 

Since the interaction between electron and nucleus 
is of electromagnetic nature, the matrix elements in- 
volved are similar to those used in calculating the 
photodisintegration of the deuteron. Calculations® and 
experimental! data are plentiful in this case. The results 
cannot, however, be easily applied to our case, since in 
the photoprocess we have only real (transverse) 
photons, while in the electrodisintegration the main 
contribution comes from the longitudinal part of the 


dissertation, Cornell University, 1951 (unpublished) ; Phys. Rev. 
95, 271 (1954); Thie, Mullin, and Guth, Phys. Rev. 87, 962 
(1952); L. I. Schiff, Phys. Rev. 92, 988 (1953). 

3 Y. Yamaguchi and Y. Yamaguchi, Phys. Rev. 95, 1635 (1954) ; 
J. M. Berger, Phys. Rev. 94, 1698 (1954); L. Hulthén and B. C. 
H. Nagel, Phys. Rev. 90, 62 (1953) ; H. Feshbach and J. Schwinger 
Phys. Rev. 84, 194 (1951); L. I. Schiff, Phys. Rev. 78, 733 (1950) ; 
J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 





ELECTRON-DEUTERON SCATTERING CROSS SECTIONS 


electromagnetic field. Moreover, the lowest order 
process in photodisintegration is the absorption of the 
photon, and a large momentum transfer is necessarily 
accompanied by a large energy transfer. In electro- 
disintegration, such a large momentum transfer usually 
causes a much smaller transfer of energy. 

In our calculation, therefore, we have treated the 
deuteron nonrelativistically, while the electron may be 
considered extremely relativistic. Also, since the charge 
of the deuteron is small, we have treated the problem 
in the first Born approximation. Thus the wave func- 
tions for incident and scattered electrons have been 
represented by plane waves and the deflection of the 
electrons has generated Mller potentials‘ ¢ and A to 
act upon the charge and current distributions in the 
deuteron: 


$(r) = —4meao(q?— AE’) exp(iq-r), 
A(r) =4rea(g?— AE*)“ exp(iq-r), 


where q and AE are the momentum and energy losses 
of the electron; a and do are the matrix elements of the 
Dirac @ and unit operators between initial and final 
electron states. Also, we have chosen the system of 
units where #=c=M=1 (M is the mass of the nucleon). 
Assuming, in addition, that exchange currents can be 
neglected and the nucleons can be represented by point 
charges and point magnetic moments, the perturbation 
upon the deuteron becomes equal to 


DX (916 (te) + 32qeLA (1) - Vet Ve A(t) J 
k=l ,2 
— Fieuxon:[ViXA(te) ]}, (1) 


where r, is the position of the kth nucleon, q is its 
charge and 4; its magnetic moment in multiples of a 
nuclear magneton. Thus, with the preceding assump- 
tions the calculation of cross sections is reduced to the 
calculation of the matrix element of (1) between initial 
and final states of the deuteron. 


II. ELASTIC CROSS SECTION 


Our calculation has been performed in the laboratory 
system, so that the deuteron is at rest initially. Taking 
(1) as a perturbation and eliminating the coordinate 
of the mass center of the deuteron, we obtain the elastic 
cross section : 


e=te[ po? sint($6) }[1+ po sin?($6) "dQ, 
X | (f|[ao—3V-at dingy: (qXa) Jel 
+ FipnOn* (qXa)e hia: 10)|?, (2) 


where 4r is the position of the proton with respect to 
the mass center; po is the momentum of the incident 
electron; p is the momentum of the scattered electrons; 
dQ, is the element of solid angle into which the electron 


4C. Moller, Z. Physik 70, 786 (1931); W. Heitler, The Quantum 
Theory of Radiation (Oxford University Press, Oxford, 1954), 
third edition, p. 231. 
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has_been scattered; @ is the scattering angle, cos@ 
=po:p/pop. For the elastic scattering, the initial state 
|0) and final state | f) of the deuteron are ground states. 
The wave functions for the ground state in the presence 
of tensor forces can be written in the form 


= (44) [u(r) +848, pw(r) lym, m=O, +1, 


where xm is a triplet spin function and S,, is the con- 
ventional tensor operator : 


Snp= 37? (On: 8) (Gp: t)— Cn'Gp)- 


Substituting this wave function into the matrix element 
of (2), averaging over initial directions of spin of the 
deuteron and the electron of positive energy, and 
summing over final directions (since the spins are not 
determined experimentally), we obtain the following 
for the elastic cross section : 


364 cos?(40)[po? sin*(30) |? 
X[1+ po sin?(3¢)}'do,-F?, (3) 


do,.= 


where 


9 


P= If (e+ wo bora] 


9 


+| f aus tw) je (sonar] 


+4(3q)*C (2/cos*(36) )—1] 


[fic 


2 
$2-haf (up itn) (w+ 2h) + 3X 8-H sljatboyar] 


(up +itn) (12 +10) —$ (up +n — 4) 00" ]jo(BQr) 


(4) 


The first term here comes from the spherically sym- 
metric part of the charge distribution in the deuteron, 
the second is a “quadrupole term,” and the last is a 
“magnetic moment term.” The first two terms in this 
expression have been given previously by Schiff. 

We can estimate the quadrupole term rather easily 
since we know the values of the functions « and w 
outside the range of nuclear forces. « is determined 
quite accurately by the experimental value of triplet 
effective range, and w is known roughly from the 
quadrupole moment of the deuteron.® In this way it 
can be shown that the quadrupole term is approximately 
equal to (8/9)($q)'Q? (where Q=0.274X10~-** cm? is 
the quadrupole moment of the deuteron) for small 
recoil momenta; it rapidly reaches a maximum value 
0.002 and remains of this order of magnitude for 
moderate recoil momenta (¢<3X10" cm™'). Thus, 


J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 106. 
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Fic. 1. The square of the Fourier transform of the charge 
distribution in the deuteron f? if neutron-proton interaction is 
described by (a) a Hulthén potential ae to triplet 
effective range r:>=1.7X10-" cm; (b) a Hulthén potential cor- 
responding to r;=1.8X10~ cm; (c) a Hulthén potential outside 
the hard core of radius 0.65 10~" cm, r;= 1.710" cm. 


neglecting this and other small terms, we have 


FP {1+$(39)*(up tun) (2/cos?(3) )—1}}f?, (5) 


where 


f= f (ut+w' jeder 


is the Fourier transform of the charge distribution ia 
the deuteron. Since w® accounts only for about 4% of 
the charge distribution and its Fourier transform is not 
likely to become negative, we can disregard the *D part 
in the charge distribution without incurring an error 
larger than 4%. The tail of «? is determined by the 
effective range and binding energy and we are uncertain 
about the behavior of the charge distribution # only 
within the range of nuclear forces. Since jo(}gr) is a 
decreasing function within the range of nuclear forces, 
we decrease the form factor f? by pushing the charge 
distribution outward. Thus the experimental form 
factor can be expected to fall between the extremes that 
correspond to a smooth charge distribution such as is 
caused by the Hulthén potential, and to a pushed-out 
charge distribution caused by a potential with a large 
hard core of radius ~0.7X10—" cm. Such form factors 
have been illustrated in Fig. 1. 


III. DEUTERON BREAKUP 


Since the deuteron is a weakly bound structure, the 
impact of a high-energy electron is likely to break it up. 
The energy distribution of electrons scattered at large 
angles shows not only an elastic peak, but also a con- 
siderable inelastic peak. In analogy with (2), the ex- 
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pression for the inelastic cross section is 


doin= (44) e[_ po? sin‘ (30) }-'kdpdQ, dQ, 
X |(f|[eo—#V-a+dingoy: (qXa) jeer 
+Finnon (qXa)e***|0)|*, (6) 


where, in addition to previous notation, k represents 
the final momentum of the proton with respect to the 
mass center of the recoiling deuteron, so that the wave 
function for the final state is e**'+ the incoming wave. 

Using this expression later on, we shall compute the 
energy spectrum of the electrons scattered at a given 
angle. We shall find that the inelastic peak is fairly 
narrow. Therefore, over the energy range from which 
the bulk of the contribution to the cross section comes, 
the recoil momentum g does not vary much. Considering 
q constant, the interaction in (6) does not depend 
explicitly upon the disintegration energy k’, and we can 
quickly estimate the total cross section to be expected, 
using the closure property for the final wave functions 
of the deuteron. The total (elastic plus all inelastic) 
cross section is found to be nearly independent of the 
wave function of the deuteron in the ground state. 
Subtracting the value of the elastic cross section [ (3) 
and (5) ] from the value of the total cross section com- 
puted in this way, we obtain the total inelastic cross 
section, which is approximately 


doin }e* cos*(30)[ po? sin‘($0) "1+ po sin?($6) }'dQ, 
X{(1—f?)+ Gq)L(2/cos?(30))—1](up?+un*)} (7) 


for large values of the recoil momentum. For small 
values of recoil momentum (¢<a~} X10" cm“, where 
a! is the “size” of the deuteron), the terms retained in 
(7) become about as small as the terms neglected. 
Comparison of our expressions for the elastic and 
inelastic cross sections shows that as the recoil mo- 
mentum increases, the inelastic cross section increases 
at the expense of the elastic, and the magnetic spin 
terms assume more importance in the inelastic cross 
section than in the elastic. Using the approximation 
that leads to Eq. (7), we can also estimate the portion 
of the inelastic cross section that is caused by transitions 
from the ground state (considered spherically sym- 
metric) to all final states of given angular momentum 
and spin. The result is independent of the particular 
complete set of radial wave functions chosen and 
depends only upon the wave function of the ground 
state and the magnitude of g. The calculation shows 
that states of high angular momentum contribute 
appreciably to the total cross section. 

Thus, in calculating the energy spectrum for the 
inelastically scattered electrons, we start by taking a 
plane wave for the final nucleon wave function (neg- 
lecting incoming waves), and later correct for the 
neutron-proton interaction in the sates of successively 
increasing angular momentum. To simplify the calcu- 
lation, we assume that the ground state has the Hulthén 
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form: 
= (4m)~'y (2a) #(1 — ars) HtgXm, (8) 


where u,=e~*—e~", and ¥ is determined by the triplet 
effective range r;. Taking plane waves for the final state 
makes the calculation of the inelastic cross section (6) 
straightforward. We perform the integrals involved, do 
the spin sums, and then integrate over the directions of 
disintegration (dQ) to obtain 


do in= (4) —e* cos? (36)[ po? sin*(30) }-'2a(1—ar,)™ 


Xq*k-'dpdQ,O7, (9) 
where 
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x k°{ 4[ (2/cos*(38) )— 1 — 22k? ]— 2°? 
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Brie eye eco) + Outen] 
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where Qo(z)=coth™z is a Legendre function of the 
second kind, and z and z; are the abbreviations for 


2=[a*+ (3q)*+h*]/gk, 
ai=[y*+ (29)? +h? ]/gh. 


Examination of this expression shows that the terms 
coming entirely from the convection current (a-V) are 
fairly small for moderate values of the disintegration 
energy k?. The cross term between the convection 
current and the electric charge (ao) becomes small 
because of the averaging over the directions of the 
nucleons, since a:q= — AEap. 

However, in calculating O* in (10) with unperturbed 
final nucleon wave functions we have committed a large 
error. Since the neutron-proton interaction is felt very 
strongly in the final S states, we have to replace the 
erroneously calculated S contributions to O? in (10) by 
the contributions obtained using the correct final S 
wave functions. Neglecting the convection current 
(a-V), the *§ contribution towards O? is 


{14-$ (39)? Hp t+Hn)*L(2/cos*(36))—1—27k* }} Aa’, 
and the 'S part is 
$(39)*(up—Hn)*L(2/cos*($0))— 1— 27k? JA’, 


(20) )—1—2°k* ], 


(11) 
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4xio%*. 
E, = 190 MEV 


@= 70° 


CMY MEV - STER 


do 
dE dQp 











180 
SCATTERED ELECTRON ENERGY —E - MEV 
Fic. 2. Energy spectrum of 190-Mev electrons scattered in- 
elastically at 70°. The total inelastic cross section is plotted, and 
the contributions to this cross section from the transitions to final 
S states are also indicated. The size of the elastic cross section 
(= 29.7 X 10-* cm?/steradian for the Hulthén potential) at 178.1 
Mev is not indicated. 


where 


A gus) = af wecatjo baru 


In previous calculation of these parts we have effectively 
used the unperturbed S wave function sin(kr) instead 
of the correct “4s). The “correct”? wave functions have 
been obtained assuming that the neutron-proton po- 
tential is an Eckart potential of the type® 


2? 


V(r) = -—_——_ (12) 


cosh?(Ar—6’) 
Then the wave functions in the S states are 


u(r) = (k?+ ? tanh’6’)-#(k?+-)2)-4 
x {(#—. tanhé’) sin(kr)+ (1+ tanhd’) kd cos(kr) | 
—d[{1—tanh(Ar—@’) ][—A tanhé’ sin(kr)+ cos(kr) }}, 


and the phase shifts satisfy the “shape-independent 
approximation” formula’ exactly for all energy values. 
The wave function for the bound state is (@,;/>0) 


u,=exp(—A tanhé,’r){1— (1+ tanhd,’) 
x [1 ~~ tanh(Aw—6,’) |} ° 


The parameters A, 6 have been adjusted to yield the 
experimental scattering lengths and effective ranges 
for triplet and singlet scattering, and the integrals A g¢ 
and A,, have been performed with the help of an addi- 
tional approximation, 


1—tanh(Ar—6@’) = (1+tanhé’)[1+ (1+tanhé’)Ar Je. 


The corresponding contributions (*S and 4S) towards 
the inelastic cross section are illustrated in Figs. 2 and 
3 for two combinations of incident electron energy Ey 


'"V: Sueemnete, Revs. Modern Phys. 21, 488 (1949); C. Eckart, 
Phys. Rev. 34, 1303 (1930). 


* ae: Blatt and V. F. Weisskopf, reference 5, p. 62. 
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Fic. 3. Energy spectrum of 350-Mev electrons scattered inelas- 
tically at 60°. The total inelastic cross section is plotted, and the 
contributions to this cross section from the transitions to the final 
S states are also indicated. The size of the elastic cross section 
(=6.77X 10-* cm*/steradian for the Hulthén potential) at 320.2 
Mev is not indicated. 


and scattering angle @. The total cross section indicated 
in each of these figures is the cross section calculated 
by (9) and (10) after the correction for the interaction 
in S states has been made. 

The Eckart potential (12) is, of course, only a special 
case of a potential consistent with the information 
derived from neutron-proton scattering at low energies. 
For this reason the electric monopole part (°S) has been 
checked by recalculating it for a potential with a hard 
core. Also, the effect of tensor forces has been investi- 
gated by computing the matrix element for the tran- 
sition to final la states* and comparing it with the 
matrix element for the transitions to the *S states 
calculated previously. In both cases the change in the 
electric monopole cross section is small for small dis- 
integration energy, since the wave functions then are 
adequately described by the shape-independent ap- 
proximation. The change increases percentagewise for 
larger disintegration energies, but is still unimportant 
in computing the total cross section since the S part 
itself then becomes negligible. 

The effect of neutron-proton interaction in the final 
states of higher angular momentum (/>0) is considera- 
bly smaller than in the S states, since the interaction 
is shielded by the centrifugal potential /{/+-1)r-*. Thus 
we have estimated it using the Born approximation to 
obtain the final wave functions and representing the 
neutron-proton interaction by a Yukawa potential, 


V (r)=—cr™ exp(—6r), (13) 


of such strength and range® that it would yield the 
experimental scattering length and effective range if 
acting in the *S states. The calculation has been per- 
formed in momentum space so that to the wave function 


5 For notation see J. M. Blatt and L. C. Biedenharn, Phys. Rev. 
86, 399 (1954). 
*J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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for the ground state, 


¢o(r)=r'(er—e™), 
corresponds 


1 1 
aa 
e+ +k 


in momentum space. The wave function for the final 
state in the Born approximation is 





c 1 1 
= (2r)4}5(n—k ong ; 
v(x) = (2m) (x wer Seoererviee 7 


Then the matrix element 


M= ak f 6*(0)e*"4y(0)d1/4n 


=k f Y* (vo (n—4aq)dn/4, 


can be expanded in spherical harmonics, corresponding 
to transitions into the states of appropriate angular 
momentum. Using the relation’? 


1/(z—cosd) = >-,(2/+1) P:(cos?)Q;(z), 


we see that 


M=).(2/+-1)P:(cosd) X | [Q.(z)—Qx(z1) J 


Cr G4 
42 —_oventoie)—ane:)I}, (14) 
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Fic. 4. Additive corrections to the inelastic cross section caused 
by neutron-proton interaction in the final states of angular 
momenta / >1, when the same potential is effective in states of all 
angular momenta (Wigner), and when the potential acts only in 
states of even angular momenta (Serber). (a) Correction to the 
total cross section of Fig. 1; (b) Correction to the total cross sec- 
tion of Fig. 2. 


1” E. W. Hobson, The Theory of Spherical and Ellipsoidal 
Harmonics (Cambridge University Press, Cambridge, 1931), p. 
58. 
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where cos? = k-q/kq, z and 2; are abbreviations (11), and 
a! =[a?+ (3q)?+? ]/9x, 
a1 =[7°+ (3q)?-+«"]/9«, 
oo = [B+ k?+4? |/ 2k. 


The integral in (14) has been transformed into a proper 
integral over a finite range by introducing a new variable 
of integration: 


=«/k for 
x 
=k/x for 


|x| <k, 
|x| >k. 


The quadratures were then performed numerically. The 
resulting corrections to the inelastic cross section de- 
crease very rapidly with increasing angular momentum, 
so that the calculation has been performed only for 
l=1, 2, 3; the magnitude of the correction to be ex- 
pected from neutron-proton interaction in these final 
states is indicated in Fig. 4. Two possibilities have been 
considered : when the same potential (13) acts in states 
of all angular momenta /=1, 2, 3 (Wigner force) ; when 
it acts only in the state of even angular momentum /=2 
(Serber force). The results obtained here are only 
approximate, since the Born approximation has been 
used and only the Yukawa-type interaction has been 
considered. 


IV. DISCUSSION 


In the preceding calculation we have shown that the 
elastic cross section is somewhat sensitive to the 
presence or absence of the hard core in the interaction 
and that the inelastic cross section is somewhat sensi- 
tive to the presence or absence of the neutron-proton 
interaction in the final *P state. However, the calcu- 
lation has been made using bare nucleons to represent 
the proton and the neutron. Actually, since the wave- 
length associated with our recoil momentum is of the 
order of the meson Compton wavelength, the finite size 
of the nucleons should be felt. Since the deuteron is a 
weakly bound structure, the proton and neutron spend 
most of the time outside the range of nuclear forces, 
and we can roughly describe the charge and current 
distributions around each nucleon. as if they were free. 
In this approximation previous expressions for the 
matrix elements remain unchanged except that the 
nominal values for the charges and magnetic moments 
have to be replaced by effective charges and effective 
magnetic moments that depend upon the recoil mo- 
mentum g. Then numerical values for the cross sections 
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can easily be obtained if the form factors for the proton 
and neutron are known separately. Assuming, as an 
example, that the effective charge of the neutron 
vanishes and the charge of the proton has an rms radius 
0.7X10-" cm, as favored by present experimental 
evidence," and that the form factors for the magnetic 
moments are the same as the form factor for the proton 
charge, we find that both elastic and inelastic cross 
sections are to be multiplied by the factor [1—$(qX0.7 
X10-* cm)?+ --- P. This factor lowers the elastic cross 
section more than does the introduction of.a hard core. 

However, spreading out the charges and magnetic 
moments of the nucleons accounts only for one-particle 
terms in Foldy’s phenomenological theory.” The charge 
and current distribution terms that depend on the 
coordinates of both particles are significant only within 
the range of the nuclear forces, and some idea about the 
contribution of these terms can be obtained by ex- 
panding the exponential exp(iq-r’) in power series of 
q and taking only the lowest nonvanishing terms. Of 
these, the exchange moment operators, which contribute 
to the magnetic moments of nuclei, have been investi- 
gated in more detail.!* They are not important for the 
elastic cross section, since their contribution to the 
magnetic moment of the deuteron is very small. The 
contribution of exchange moments to the inelastic cross 
section has been evaluated following Berger,’ and has 
been found to be small for the moderate disintegration 
energy considered. 
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The radiations of Te!’ and Te’ have been examined by beta-ray spectrometry and gamma-ray scintil- 
lation spectrometry. Te”? (9.35+0.10 hr) decays predominantly (99%) by a beta transition of end-point 
energy 695+10 kev to the ground state of I'?’. The remaining 1.0+0.2% of the decay is accompanied by 
gamma rays of energies 58.541, 145+2, 20343, 21544, 36044, and 418+2 kev. By means of gamma- 
gamma coincidence measurements, these gamma rays have been fitted into a consistent decay scheme which 
involves levels in I? at 58.5, 203, and 418 kev. Te?’ (1052 days), which decays predominantly by the 
well-known 89-kev isomeric transition, also has a 1.5++0.5% beta branch which populates the 58.5-kev level 
in I? and another beta branch of total intensity ~0.013% which is accompanied by a gamma ray of 
energy 665+5 kev. Plausible spin and parity assignments for the excited levels of I'?? are discussed. 





INTRODUCTION 


HE nuclide Te’ is known to exist in two isomeric 

states.! The upper state, for which half-lives of 

90 days' and 115 days* have been reported, decays by 

isomeric transition to a beta-emitting ground state of 

half-life 9.3 hours.’ From conversion electron measure- 

ments?~* the isomeric transition energy has been found 
to be 88.5 kev and the multipolarity M4. 

Until the past year, the only radiation measurements 
reported on the ground state were those obtained by 
the absorber method; they indicated a beta energy of 
0.7 Mev, with no gamma radiation.® Recently, the 
ground-state radiations have been examined by beta- 
and gamma-scintillation spectrometry. The investi- 
gators’ report a single beta-ray group of energy 683+ 10 
kev and no gamma radiation. 

Since, however, other investigators**® have found a 
series of excited states of I’ populated by electron- 
capture decay of Xe’, which is presumed to have a 
d32 ground-state configuration," and since the Te”’, 
with a ground-state configuration presumed to be 
dzj2, would be expected to decay in part by beta 
transitions to some of the same [’*’ excited states, it 
appeared worthwhile to re-examine the Te”’ radiations 
with particular attention to possible Jow-intensity beta 


+ Work done under the auspices of the U. S. Atomic Energy 
Commission. 
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and gamma transitions. This paper reports the results 
of such an examination. 


EXPERIMENTAL TECHNIQUES 


Two types of Te’ sources were used in this study. 
The first type was obtained by milking from Sb!’ 
which had been isolated from fission products. In the 
preparation of these sources, the fission-product 
mixture was allowed to stand about 90 hours after 
the end of the uranium irradiation to allow for decay 
of Sb”, the remaining fission-product antimony was 
isolated, and the Te’ was separated from it after a 
growth period of the order of 10-15 hours. Since the 
Sb”? has a 93-hour half-life, several successive Te!?’ 
sources could be obtained from a single batch of the 
parent material. The second series of sources consisted 
of a Te”’™— Te"? equilibrium mixture produced by a 
three-month neutron irradiation" of electromagnetically 
enriched Te”*®.* These m,y sources were radiochemically 
purified after irradiation, but were slightly con- 
taminated with Te’, Te!5™, and Te!?®” from neutron 
capture in the small amounts of other tellurium isotopes 
remaining in the enriched Te’”®. 

Beta counting for measurement of half-life and 
absolute source strength was carried out with methane- 
flow beta proportional counters. The beta-ray spectrum 
was measured with a short-lens beta-ray spectrometer 
set for a momentum resolution of 2.2%. Conversion 
lines were examined with a 141-gauss, 180° beta-ray 
spectrograph of energy resolution approximately 0.2% 
and upper energy limit ~500 kev. Gamma rays were 
studied with NaI(TI) scintillation spectrometers used 
in conjunction with a 100-channel pulse-height ana- 
lyzer and coincidence circuitry. 


1%8The neutron irradiation was carried out at the Materials 
Testing Reactor, operated by Phillips Petroleum Company, 
Atomic Energy Division, Idaho Falls, Idaho. 


4 The enriched Te!** was obtained from the Isotopes Division, 
Oak Ridge National Laboratory, Oak Ridge, Tennessee. The 
isotopic composition reported was: 122, 0.1%; 124, 0.6%; 125, 
0.7%; 126, 95.4%; 128, 2.6%; 130, 0.5%. 
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MEASUREMENTS AND RESULTS 
Half-Lives 


The Te’ and Te!’ half-lives were measured by 
beta counting a source derived from fission-product 
antimony as described in the preceding section. The 
only radioactive tellurium contaminant, Te”, was 
calculated to constitute less than one atom percent 
of the Te’ obtained at separation time. The half-life 
of the Te”’™, measured over a span of 13 months, was 
10542 days. The half-life of the ground-state Te’, 
taken from the first week of decay of the same sample, 
was 9.35+0.10 hours. 


Beta Spectra 


The beta-ray spectrum of Te!’ was measured with 
the use of a fission-product source of thickness ~2 
mg/cm’. Within the limits imposed by spectrometer 
resolution and source thickness, no conversion lines 
were observed, and the spectrum appeared to consist 
of a single beta group of maximum energy 695+ 10 kev. 

A more careful search for conversion lines was made 
by examining a Te”’"— Te”? source in the 180° beta- 
ray spectrograph. Two exposures were made, the first 
long enough to produce considerable beta-continuum 
blackening of the low-energy portion of the film, and 
the second long enough to produce darkening out to the 
400-kev region. No conversion lines other than those 
associated with the Te", Te!" Te?’ and Te!™ 
isomeric transitions were observed. 


Gamma Spectra 


Examination of the Te’ fission-product source by 
scintillation spectrometry revealed a weak gamma 
spectrum with photo-peaks at 418+2, 360+4, 208+5, 
and 58.5+1 kev, together with the K x-ray of iodine. 
Scintillation measurements of this source taken under 
identical conditions at intervals of about 10 hours 
showed that all parts of the gamma spectrum decayed 
with the Te’ half-life. Examination of the Te?’™— Te?’ 
source showed, in addition to the Te”’ gamma spectrum, 
photopeaks at 89+2, 159+4, 580+15, and 665+5 
kev, and about a 12-fold enhancement of the 58.5-kev 
peak. Typical scintillation spectra of the two types of 
sources, measured through 16 mils of copper absorber 
to suppress x-rays, are plotted in Fig. 1. 

The intensities of the gamma rays from Te’ were 
determined by two absolute measurements on a single 
fission-product source. First, the disintegration rate was 
measured by beta counting under conditions of known 
counting efficiency; then, the intensities of the photo- 
peaks were measured in a scintillator arrangement, the 
detection efficiency of which had previously been 
calibrated with a series of gamma emitters of known 
disintegration rates. The 418-kev gamma ray, which 
was the most abundant, was found to occur in 0.8 
+0.1% of the beta disintegrations. Measurements of 
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Fic. 1. Gamma scintillation spectra of Te!?’™"—Te!’ and 
Te!’ sources, measured with a 14 inchX14 inch NaI(TI) crystal 
through 16 mils of copper absorber. The partial spectra of the 
>400-kev region represent longer counts taken to emphasize 
weak high-energy gamma rays. 





the abundances of the gamma rays of lower energy 
were subject to somewhat greater error because of the 
combined effects of the Compton background from 
the 418-kev gamma ray and the bremsstrahlung from 
the relatively intense beta radiation of the source. 
The shape of the Compton background was estimated 
by measuring the 412-kev gamma-ray “‘spectrum”’ of a 
Au’®® source of similar size and in similar geometry. 
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KNIGHT, 
From the spectrum remaining after subtraction of 
the aforementioned Compton spectrum, with proper 
correction for the slight difference in energies, the 
bremsstrahlung background was taken out empirically 
in such a way as to leave reasonable peak-to-valley 
ratios in the remaining spectrum. 

The relative intensities of the gamma rays from 
Te7™— Te!? were measured with the same calibrated 
scintillator arrangement, with the 418-kev gamma ray 
used as the intensity reference standard. The results 
of the gamma intensity and energy measurements on the 
Te? and Te?’™—Te”’ sources are summarized in 
Table I. The 208-kev photopeak is listed both singly, 
as observed in the singles spectrum, and as the 203—215- 
kev doublet which is believed to constitute its actual 
composition. In addition, an intensity is cited for a 
145-kev gamma ray which was not clearly observable 
in the singles spectra. Both these pieces of information 
are based on gamma-gamma coincidence work to be 
described in the next section. 

The gamma rays of 580 and 159 kev are listed sepa- 
rately at the end of the table because they are believed 
to be due to impurities. The energy of the gamma ray 
following electron capture decay of Te™ (which would 
have been in equilibrium with any Te”! produced in 
the n,y sample) has been reported as 575 kev. The 
energy of the gamma ray following the 89-kev isomeric 
transition of Te” has been reported as 159 kev. The 
similarity of the Te™™ and Te! half-lives to the 
half-life of Te”’" made an identification based on 
decay rates uncertain. 


Coincidence Measurements 


The positions of the excited levels of I’ produced 
by Te!’ decay, together with upper limits for the 
intensities of beta branches leading to two of these 
levels, were deduced from a series of gamma-gamma 
coincidence measurements on Te”’"— Te? sources. In 
order to minimize the possibility of false coincidences 
resulting from registration in one crystal of Compton- 
scattered gammas from the other, the gate and analyzer 
crystals were placed in the same quadrant and shielded 


TABLE I. Gamma rays from Te!’ and Te!” — Te!’ sources. 








Relative intensity* 
Teltim —Te27 


1.7+0.3 
100 


iS +3 
11 +2 


Energy (kev) Te!?? 


665 +5 <0.06 
418 +2 100 
360 +4 15 +3 


203-43) 
208{ 7S 44) 11 +2 





145 +2 
89 +2 
58.541 
580 +15(Te™) 
159 +4(Te™) 


0.8+0.2 
<1 
5.6+1.4 
<0.2 
<1 


0.8-40.2 
13 +43 
72 +18 
(0.60.2) 
(39 +7) 








* Absolute intensity: (418y)/ (total 8) =0.008 +.0.001. 
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by ¢% inch of lead in such a manner that they could 
“see” the source but not one another. 

The coincidence spectrum with the 360-kev photo- 
peak used as the source of gate pulses showed photo- 
peaks at 2842 kev and 5942 kev; there was no 
evidence for gammas of higher energy. The 28-kev 
peak is evidently produced by iodine x-rays from 
internal conversion of some of the 58-kev transitions. 
Because of partial absorption of the lower energy 
radiations by the crystal housing materials, the ratio 
of the observed intensities of the 28- and 59-kev peaks 
is considerably lower than their true intensity ratio. 

The coincidence spectrum with the 58-kev peak 
used as the source of gate pulses showed photopeaks 
at 155410, 208+10, and 365410 kev. Within the 
limits imposed by counting statistics, the 155-kev peak 
appeared to be too broad to have been produced by a 
single gamma ray. It was interpreted as probably 
consisting of the summed effect of the photopeak of a 
145-kev gamma ray and the Compton peak from the 
360-kev gamma ray. 

A third set of coincidence measurements was con- 
ducted to elucidate the gamma transitions involved in 
the 208-kev photopeak. With the gate channel set to 
cover the 175-240-kev region, the coincidence spectrum 
showed a weak peak at 145+10 kev and a strong peak 
at 208+5 kev, with no indication of any photopeaks 
above the latter. A coincidence peak at 58 kev, which 
would be expected on the basis of the preceding coin- 
cidence experiment, was too weak to be distinguishable 
above background. 

The absence of the 418-kev peak in any of the 
coincidence spectra suggests that the corresponding 
gamma transition goes directly to the ground state 
of I'*?, The low intensities of the 580- and 665-kev 
gamma rays precluded definite conclusions as to their 
presence or absence in the coincidence spectra. Since 
the Te”’™ is about 785 kev above the ground state of 
T?7, it is energetically possible for both gammas to 
represent transitions to the 58-kev level. 

Levels in I'?? at 56-57 and 200-203 kev, with a weak 
transition between them of 145 kev, have been proposed 
by Bergstrém*® and by Mathur’ from Xe!’ decay 
studies. The postulate of these same two levels, plus 
another at 418 kev, provides a level scheme which is 
consistent with the results of the present work. In 
terms of this scheme, the 360-kev and 145-kev gamma 
rays represent transitions to the 58-kev level from 
levels at 418 and 203 kev, respectively, and the 208-kev 
photopeak is produced by gamma transitions from the 
418-kev level to the 203-kev level and the 203-kev level 
to the ground state. Neither of the aforementioned 
investigators found any 418-kev gamma radiation 
from Xe’ decay, but both found evidence for an [I'27 
level at about 370 kev which decayed to the 203-kev 
level and to the ground state. In Te!’ decay, on the 
other hand, the absence of definite indications of a 
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170-kev peak in the gross gamma-scintillation spectrum 
shows that the 370-kev level in I'”’ is not populated 
to an extent comparable with the 418-kev level, though 
the data do not exclude the possibility of a small 
contribution from the corresponding 370- and 170-kev 
gamma rays. An upper limit to this contribution was 
estimated on the basis of the coincidence data. In the 
Te’ coincidence spectrum gated by the 208-kev 
photopeak [ Fig. 2(c) ], the intensities of the gamma rays 
corresponding to the 145-, possible 170-, and 208-kev 
peaks are approximately in the ratio 1: <0.4:13; with 
the total internal conversion coefficients taken as 0.4, 
0.23, and 0.14, respectively (an estimate based on a 
compromise between £2 and M1 multipolarity assign- 
ments), the relative numbers of transitions are then in 
the ratio 1: ¢0.35:11. From these intensity figures it 
may be calculated that the 203-kev level decays ~15 
percent via the 145-58 cascade and ~85 percent by 
direct transition to the ground state, and that the 
170-kev transitions are <0.063 as abundant as the 
215-kev transitions. The 215-kev transitions, in turn, 
cannot contribute more than ~1/1.85=0.54 of the 
208-kev photopeak in the singles spectrum (Fig. 1), and 
thus the 170-kev transitions are <0.043 as abundant 
as the 418-kev gamma rays. From the Xe”? gamma 
scintillation spectra shown in the paper of Mathur,’ 
the relative gamma-peak areas indicate that ~3 of 
the 370-kev states decay by way of 170-kev transitions; 
this figure, taken in conjunction with the datum 
(170 trans)/(418y)<0.043 and with the measured 
intensity ratio (418y)/(total 8) =0.008+0.001 for Te’, 
indicates that not more than about 0.05 percent of the 
Te”? beta disintegrations populate the 370-kev state 
of I’, Similarly, if 3} of the 370-kev states decay 
directly to the ground state, the corresponding gamma 
rays cannot contribute more than about 12 percent to 
the observed ‘360-kev” radiation. 

The relative contributions of the 203- and 215-kev 
gamma rays to the 208-kev peak could not be deter- 
mined exactly. In principle, the calculation could be 
made from the data given above, together with gamma 
intensities from the coincidence spectrum gated by the 
58-kev gammas; in practice, this gate channel contained 
such a large component of radiation from brems- 
strahlung and from Compton-scattered radiation that 
the coincidence spectrum derived from it had only 
qualitative significance. Another coincidence experi- 
ment, in which the 208-kev peak was used as the gate, 
and in which the gate counting rate was compared with 
the counting rate of the 208-kev peak in the coincidence 
spectrum under conditions where the effective counting 
efficiencies of both scintillation crystals were known, 
showed that the major part of the gammas of the 
208-kev peak were in coincidence. In terms of the level 
scheme proposed, this means that the 203-kev level 
is fed mainly by gamma transitions from the 418-kev 
level. 
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Fic. 2. Gamma-coincidence spectra obtained with the gate 


channel set to accept pulses from photopeaks at (a) 58 kev; (b) 
360 kev; (c) 208 kev. 


Intensities of Beta Branches 


The fraction of the Te’ beta disintegrations leading 
to the 418-kev level was calculated from the measured 
ratio of 418-kev gammas to total betas by taking into 
account the three paths by which this level is de- 
populated. With the assumptions that the 215-kev 
gammas contributed half of the 208-kev peak and that 
the 360-kev gammas contributed all of the 360-kev 
peak, and with the total internal conversion coefficients 
of the 418-, 360-, and 215-kev gamma rays assumed to 
be 0.017, 0.025, and 0.14, respectively, the fraction of 
418-kev levels decaying by emission of 418-kev gammas 
was found to be 0.8. The fraction of the Te’ beta 
disintegrations leading to the 418-kev state is then 
0.008/0.8=0.01, which leads to a logfot=6.1 for the 
beta transition. 

If it is assumed, in the limiting case, that all of the 
observed ‘‘208-kev” gammas represent transitions from 
the 203-kev level to the ground state, i.e., that the 
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203-kev level is fed only by beta decay, the fraction 
of Te”? beta transitions leading to this level is ~0.0012, 
and logfof=7.8. Since as mentioned in the previous 
section, the gamma-gamma coincidence results indi- 
cated that the 203-kev level is populated mainly from 
the 418-kev level, the true beta branching to the former 
is probably several-fold smaller and logfot>7.8. 

The observation that the relative intensity of the 
58-kev gamma ray is more than tenfold greater in the 
Te!?7™— Te’ spectrum than in the Te!’ spectrum led 
to the conclusion that the 58-kev level is fed by a direct 
beta branch from Te”. The fraction of the Te’ 
decaying by way of this branch was derived from the 
data of Table I and the total internal conversion 
coefficient of the 58-kev transition. The latter number 
was not measured directly, but was estimated from the 
Te? gamma intensity data by comparison of the 
intensity of the 58-kev gamma with the sum of the 
intensities of the 145- and 360-kev transitions, by one 
of which it is always preceded. By this approach, 
(1+) 5s = (15X 1.025+-0.8X 1.4)/5.62.95. The frac- 
tion F of the Te’ decaying by way of beta transitions 
to the 58-kev level was then obtained from the 
following expression : 


1 


Nay N sey Ney 
=) (+a)e|(—") -(—) 
N 8 0 N 41877 m N 41877 0 
where the subscripts 0 and m refer to Te’ and Te!”’™ 


—Te!’, respectively; substitution of the appropriate 
data gave 
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Fic. 3. Level spacings of iodine isotopes as a 
function of mass number. 
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The corresponding log fof value was 9.7, which suggests 
a Aj=2 (yes) transition. Calculation of the comparative 
half-life in terms of the function given by Davidson" 
for first-forbidden unique transitions, viz., fit, where 
fi/fo=a(Z)(WP—1)+ b(Z) (Wo—1), gave a logfit=9.0, 
in good agreement with the corresponding values of 
8.60, 8.96, and 8.85 for the odd-A beta emitters Sn’, 
Sn”™, and Cs’, respectively. 

Similar calculations were made for the Te” beta 
branch presumed to precede the 665-kev gamma ray. 
The fraction of Te’ decays which lead to production 
of this gamma ray is 1.3X10~. With the assumption 
that the 665-kev gamma represents a transition to the 
ground state, log fof and log/;¢ were 11.2 and 9.4, respec- 
tively; for the assumption that the gamma transition 
terminates at the 58-kev level, the corresponding 
numbers were 10.3 and 8.2, respectively. 

The calculated beta branching ratios from the 
foregoing discussion are summarized in Table IT. 


Level Assignments 


Of the three lowest excited states of I'*? shown to be 
produced in the decay of Te’ and Te’, only the 


TABLE IT. Beta transitions of Te!’ and Te’, 








Percent 
branch 


Spin and 
parity change 


Beta energy 
(kev) 


Tel??: 
695+10 99%, 
492 <0.12% 
325 <0.05% 
277 ~1.0% 
Tel2™™ : 
726 1.5% 
119 0.013% 





Aj=1, no 


(4j=1, no) 


Aj=2, yes 
(Aj=2, yes)? 








first, at 58.5 kev, can be characterized as to spin and 
parity with any degree of certainty. Its direct 
production by beta decay of Te’ with logfit=9.0 
leads to an assignment of 7/2+ (with the configuration 
of Te?’ taken as 11/2); from the crossover of ground 
states from dsy2 in T'5 and [*" to gz7/2 in I’ and I, it 
may be concluded that the state is g7/2. The ds/2—g7/2 
level spacing as a function of iodine mass number, for 
the cases where the levels can be assigned with reason- 
able confidence, is shown in Fig. 3. 

The logfot=6.1 for the Te’ beta branch to the 
418-kev state of I®’ is somewhat large for an allowed 
transition but is probably too small for a first-forbidden 
transition. If it is considered to be of the allowed type, 
the spin and parity possibilities for the 418-kev level 
are 5/2+, 3/2+, and 1/2+. The occurrence of gamma 
transitions from this level to the 58-kev level eliminates 
the likelihood of 1/2+, leaving 5/2+ and 3/2* as the 
best possibilities. 

The 203-kev level may be characterized as probably 


18 J. P. Davidson, Jr., Phys. Rev. 82, 48 (1951). 
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3/2+ or 5/2* by the following argument : the gamma ray 
intensity data of Mathur® and the conversion electron 
intensity data of Bergstrém® indicate than an 
appreciable fraction of the Xe"? electron capture decay 
goes directly to this level, limiting it to 5/2+, 3/2*, or 
1/2+. Direct gamma transitions from this level to the 
58-kev level eliminate the choice of 1/2*+. Either of the 
remaining choices is consistent with the gamma 
intensity data from Te”’, but both create problems in 
the interpretation of the beta decay in that the 
log fot>7.8 deduced for possible direct beta decay from 
the Te!” ground state to the 203-kev level of I’ is 
apparently too high for the allowed transition expected. 
The source of this anomaly may lie in the influence of 
the nuclear core, as discussed by de-Shalit and Gold- 
haber.'* Their explanation of the core effect may be 
applied by postulating that the apparent forbiddenness 
of the beta transition is due to a difference in population 
of the /1/2 neutron orbitals in the initial and final 
states involved. First of all, the ground-state neutron 
configurations of Te'’, I’’, and Xe!’ may plausibly 
be assigned as hy/2"° d3;2!, hy1/2'° d3;2°, and hy28 d3/2', 
respectively. The proton states are presumed to be 
made up of configurations involving gz2 and ds5/2 
orbitals and need not be specified in detail for purposes 
of the argument. If now the 203-kev state of I°’ has a 
neutron configuration /11/2° d3/2", electron capture decay 
of Xe’ could proceed normally to this state whereas 
beta decay from Te’ should be impeded by the 
necessity for transferring two neutrons from h orbitals 
to d orbitals. A further result, for which the experi- 
mental evidence is lacking, is that the decay of Xe!’ 
to the ground state of I’ should be suppressed. 

In the same way, characterization of the neutron 
configurations of the 370-kev and 418-kev states of 


16 A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 


Tei27 


AND 


Teltim 

















Fic. 4. Energy levels of I"? from decay of Te!?"™—Te!”’ and Xe!?’, 


T?7 as hiryo® dso? and Ayo! dy2°, respectively, could 
account for apparent forbiddenness of Te'?’ beta decay 
to the former and of Xe’ electron-capture decay to the 
latter. 

It is of interest to compare the spacings of the 
proposed levels of I’? with those of the probably 
analogous levels of some of the other odd-A iodine 
isotopes, as deduced from published material on the 
gamma spectra of the corresponding radioactive 
tellurium or xenon isotopes. The energy differences, 
plotted with reference to the ds;2 level, are shown in 
Fig. 3. Although insufficient information is available 
to characterize the excited states, it is noteworthy 
that the energy spacings deduced for “comparable” 
levels appear to be a smooth function of iodine mass 
number. ; 

A decay scheme which is consistent with the present 
work and with the published information on Xe!’ 
decay is outlined in Fig. 4. 
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The electron beam removed from a 50-Mev betatron and a total absorption scintillation spectrometer 
containing a sodium iodide crystal 5 in. in diameter and 9 in. long were used for the measurement of brems- 
strahlung cross sections that are differential in photon energy and angle. Thin targets of beryllium, 
aluminum, and gold were bombarded by electrons with kinetic energies of 2.72, 4.54, and 9.66 Mev. The 
bremsstrahlung spectra from thick tungsten targets were also studied. 

The results were compared with the differential cross-section predictions of Sauter, Schiff, and Gluckstern 
and Hull. The spectral shapes obtained with the beryllium and aluminum targets agreed with those expected 
from theory for the electron energies of 2.72 and 4.54 Mev. The 9.66-Mev experiment gave 20% more 
low-energy than intermediate-energy photons when compared with theory. For gold the experimental cross 
sections for the high photon energies are larger than theory with the differences increasing with decreasing 
electron primary energy. Evidence for electron-electron bremsstrahlung is obtained from the absolute 
magnitude of the differential cross sections, which are (Z+-1)/Z times larger than theory within the experi- 
mental errors. The thick-target tungsten spectra produced by 9.66-Mev electrons decreased more rapidly 


with increasing photon energy than did the thin-target cross sections derived by Schiff. 





INTRODUCTION 


CATTERING of electrons in a nuclear Coulomb 
field results in a deceleration of the electrons and 
the production of x-rays, called bremsstrahlung. In the 
present experiment, the energies of individual x-ray 
photons were measured by a scintillation spectrometer 
in order to determine the absolute cross sections as well 
as the shapes of the angular and energy distribution of 
the x-rays. The results were compared with nuclear 
bremsstrahlung predictions for electrons with energies 
between 2.7 and 9.7 Mev. 

At present, an exact bremsstrahlung theory exists 
only for very low incident electron energies. Sommerfeld! 
used the exact nonrelativistic wave functions for the 
electron and obtained a cross section which is differ- 
ential in the x-ray energy and angle as well as in the 
scattered electron angle. Numerical integration of this 
cross section over the electron angle to obtain the cross 
section d’o/dQdk, differential in photon energy and 
angle, was performed by Kirkpatrick and Wiedmann.’* 

Exact theories for incident electron energies of the 
order of, or greater than, the electron rest energy, moc’, 
are complicated because the use of the exact Dirac 
wave functions necessary at these energies has not yet 
been successful. In addition, the screening of the 
nuclear field by the atomic electrons becomes important 
for high electron energies and materials of high atomic 
number and must be included in any theoretical cal- 
culations. Bethe and Maximon® have made an attempt 
at the use of Furry-Sommerfeld-Maue wave functions 
at extreme relativistic energies and provide an excellent 
review on the use of wave functions that are more exact 


* On leave from the Radiation Physics Department, University 
of Lund, Lund, Sweden. 

1A. Sommerfeld, Ann. Physik 11, 257 (1931); Atombau und 
Spektrallinien (Friedrich Vieweg und Sohn, Braunschweig, 1939). 

2P. Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 (1945). 

3H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 


than those assumed in the Born approximation.*® 
However, the Bethe-Maximon formulas are not valid 
for primary energies less than about 20 Mev.® 
Therefore, the only predictions of d’o/dQdk that 
are directly comparable with the present experiment 
are those obtained by means of the Born approximation. 
There are three such solutions available. Sauter’ derived 
a cross section which gives the energy and angular dis- 
tributions of bremsstrahlung, but without the screening 
correction. Gluckstern and Hull,* whose primary efforts 
were devoted to polarization calculations, also derived 
the Sauter formula with a crude correction for screening 
at low photon energies. Their results at other photon 
energies are not applicable when screening is important. 
Schiff® integrated the Bethe-Heitler differential cross 
section‘ over the outgoing electron angles in order to 
obtain a cross section that is differential in the photon 
energy and angle. He took the screening into account 
through the assumption of an atomic potential 
(Ze/r) exp(—r/a). However, the calculation is re- 
stricted to energies that are large compared to myc”. 
The general magnitudes of the errors to be expected 
in the theoretical bremsstrahlung predictions of the 
differential cross sections at energies larger than moc 
can be inferred from the few experimental results.! 
For example, Curtis" at 60 Mev and Fisher” at 247 Mev 
found that their absolute cross sections near the upper 


4H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 
5 W. Heitler, The Quantum Theory of Radiation (Oxford Univer- 
sity Press, New York, 1954). 
( ® See also the comments of H. Olsen, Phys. Rev. 99, 1335 
1955). 
7F, Sauter, Ann. Physik. 20, 404 (1934). 
§ R. L. Gluckstern and M. H. Hull, Phys. Rev. 90, 1030 (1953). 
°L. I. Schiff, Phys. Rev. 83, 252 (1951). 
( 1D. R. Corson and A. O. Hanson, Ann. Rev. Nuc. Sci. 3, 67 
1953). 
uC. D. Curtis, Phys. Rev. 89, 123 (1953). 
#2 P. C. Fisher, Phys. Rev. 92, 420 (1953). 
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part of the x-ray spectrum were 7 and 8.7%, respectively, 
below the Bethe-Heitler predictions. Hagerman and 
Crowe’ in a similar experiment at 500 Mev agreed with 
theory to within the combined experimental errors of 
25%. The relative shapes of the x-ray spectra that have 
been measured show reasonable agreement with theory 
in the range from 10 to 500 Mev.'*~*! The more extensive 
measurements of the spectral and angular distribution 
of bremsstrahlung at 0.5 and 1 Mev by Motz” were 
made with a large-crystal sodium iodide scintillation 
spectrometer and thin targets. His cross sections were 
larger than the Born approximation cross sections’ in 
this energy region. The exact bremsstrahlung calcu- 
lations of Jaeger™ for lead, which were done numerically 
for an electron total energy, Eo, of 1.53 Mev confirm the 
general results found by Motz. Jaeger found that the 
results of his exact, but limited, calculations were 
larger than the Born approximation values of 31% at 
a photon energy, k, of 0.76 Mev and by 350% at a 
photon energy of 0.99 Mev. 

These results'-* show that the bremsstrahlung 
cross-section values are larger than theory at low 
incident electron energies and smaller than theory at 
high energies. Pair production cross sections when 
compared to theory show the same trend with a definite 
cross-over at about 5 Mev.” Therefore, the electron 
energy range from 2.7 to 9.7 Mev selected for study in 
this experiment might encompass a transition region 
for bremsstrahlung. This range should also help to 
bridge the gap between the energy of 1 Mev at which 
Motz” obtained detailed data and the energy band 
from 10 to 30 Mev in which detailed spectra for the 
interpretation of photodisintegration experiments are 
needed and lacking. 


EXPERIMENTAL ARRANGEMENT 


The experimental arrangement for the measurement 
of the bremsstrahlung cross sections is shown in Fig. 1. 
The electron beam in the National Bureau of Standards 
50-Mev betatron was expanded and extracted from the 
acceleration tube by means of an electromagnetic 
extractor. The electron pulse thus obtained had an 
approximate duration of 0.1 microsecond at a repetition 
rate of 180 pulses per second. 

The beam was passed through a plastic foil 2 mg/cm? 
thick into a system of three Lucite collimators in order 


( 18 oh C. Hagerman and K. M. Crowe, Phys. Rev. 100, 869 
1955). 
14 Motz, Miller, and Wyckoff, Phys. Rev. 89, 968 (1953). 
16H. W. Koch and R. E. Carter, Phys. Rev. 77, 165 (1950). 
16V, E. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1955). 
17E. V. Weinstock and J. Halpern, Phys. Rev. 100, 1293 (1955). 
18 R. H. Stokes, Phys. Rev. 84, 991 (1951). 
19 J. W. DeWire and L. A. Beach, Phys. Rev. 83, 476 (1950). 
2 Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951). 
211. H. Cooper, California Institute of Technology, thesis, 
1955 (unpublished) ; Leiss, Hanson, and Yamagata, University of 
Illinois Report, 1954 (unpublished). 
22 J. W. Motz, Phys. Rev. 100, 1560 (1955). 
3 J. C. Jaeger, Nature 140, 108 (1937). 
* R. S. Foote and B. Petree, Rev. Sci. Instr. 25, 694 (1954). 
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Fic. 1. Experimental arrangement for the 
measurement of bremsstrahlung spectra. 
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to make the angular aperture of the beam small (0.80°) 
compared to the half-intensity angle of the brems- 
strahlung angular distribution to be studied. The Lucite 
collimators were succeeded by lead collimators, the 
holes of which were made large enough so that the 
electron beam would not strike the lead. 

After passing through the collimator system, the 
beam was focused on the bremsstrahlung target by an 
iron-cored magnetic lens. In order to suppress the 
background counts produced by radiation from the 
betatron and the collimator system, the beam was 
bent 3° around a vertical axis by means of a small 
electromagnet before the electrons struck the target. 
The target chamber consisted of a cubic aluminum box 
50 cm on a side. The targets were mounted on aluminum 
rings 1 mm thick with 52 mm inside diameters. These 
rings were supported by aluminum rods, 196 mm long 
and 3 mm in diameter, mounted on a table that could 
be rotated from the outside of the box. Thus, it was 
possible to have four targets inside the box and place 
any one of them in the beam. 
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Fic. 2. Pulse-height distributions produced by the 0.66-Mev gamma rays from Cs" and the 1.17- and 1.33-Mev 
gamma rays from Co® in a NaI(T]) scintillation spectrometer 5 in. in diameter and 9 in. long. The sources were 
located at the target position in the experimental arrangement of Fig. 1. 


The beam, having passed through the thin target, 
passed out into an extension of the aluminum box, 
which was in the vertical field of an electromagnet 
having pole faces of 24 cm diameter. Here the beam 
was bent 45° and passed into an aluminum tube which 
ended in a Faraday cage consisting of an aluminum 
cylinder supported by Lucite insulators. The walls and 
bottom of the cage were 1.5 cm and 7.5 cm thick, re- 
spectively. The type of Faraday cage was previously 
studied by Laughlin.» His experience and that of 
Berman and Brown” showed that the loss of charge 
caused by bremsstrahlung is negligible in the energy 
range of interest. The vacuum system consisting of the 
Faraday cage, target chamber, and collimator tube was 
kept at a vacuum better than 10“ mm Hg by an oil 
diffusion pump. The electrons caught by the Faraday 
cage were collected on a condenser and the voltage of 
this condenser was measured with a calibrated vibrating 
reed electrometer. After small corrections were made 
for leakage currents, which were measured daily, the 
condenser voltage gave the absolute electron charge. 
These measurements showed that the electron currents 
were of the order of 10-" ampere. A NalI(T]) scintilla- 


6 J. S. Laughlin (private communication). 
2 A. I. Berman and K. L. Brown, Phys. Rev. 86, 83 (1954). 


tion counter was mounted at the back of the Faraday 
cage in order to give a continuous indication of the beam 
intensity. The output from the counter was fed into a 
chart recorder. 

The bremsstrahlung emitted from the target left the 
vacuum through an aluminum window 0.035 mm thick, 
passed through a cadmium filter 0.81 mm thick and a 
lead collimator, which was pointed at the target, and 
was finally absorbed by the NalI(TI) crystals of the 
total absorption spectrometer. The aperture of the 
collimator was a hole 1.5 cm in diameter in a total 
lead thickness of 46 cm. The end of the collimator hole 
subtended an angle of 0.7° at the target. 

The collimator-spectrometer system was mounted on 
a rigid table which could be rotated around a vertical 
axis through the target. The range of rotation was 
from 4° on one side of the direction of the electron 
beam to 12° on the other side. The angle was measured 
by means of a precision scale at the back of the table. 

The total absorption scintillation spectrometer con- 
sisted of two NalI(Tl) crystals together forming a 
cylinder of 5-in. diameter and 9-in. length.” The light 
from the front crystal was detected by four DuMont 


27 R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954). 
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6292 photomultipliers separated from the flat circular 
surface of the crystal by a glass plate. The beam entered 
the crystal at the center of the surface where the glass 
had been made thin and was not covered by the photo- 
multipliers. The light from the back crystal was 
detected by a DuMont 6364 photomultiplier 5 in. in 
diameter. The spectrometer system was shielded by at 
least 20 cm of lead on all sides. 

The pulses from the photomultipliers were added and 
amplified in a Chase-Higinbotham nonoverloading am- 
plifier** and a post-amplifier giving an extra gain of 
three. The amplified pulses were analyzed in three 
ten-channel pulse-height analyzers (Los Alamos model 
No. 103) which were gated on for 15 microseconds by a 
pulse from the betatron expansion circuit. 


EXPERIMENTAL PROCEDURE 


The alignment of the electron beam collimating 
system and the focusing magnet was accomplished by 
photographic films that detected the electron beam at 
various parts of the vacuum system. Thus, it was shown 
that the diameter of the focal spot at the target holder 
position was less than 6 mm for all the energies used. 
The collimator and spectrometer were accurately aligned 
with the focal spot by the aid of a zirconium-arc source 
which projected the images of temporary cross hairs, 
located on the target holder and at the back aluminum 
window position, on to the spectrometer. 

The response of the scintillation spectrometer to a 
single gamma-ray line was involved in the evaluation 
of the photon spectrum from the measured pulse-height 
distribution. To determine the response experimentally 
at two gamma-ray energies, an evaporated Cs'*’ and a 
calibrated Co® source were placed at the center of the 
target holder and the pulse-height distributions ob- 
tained from the spectrometer were recorded (Fig. 2). 
The Co® source used was absolutely calibrated® and 
the total counting rate of this source thus provided a 
means of measuring the spectrometer total efficiency 
for a radiation source at the target position. The 
measured counting rate gave an efficiency 3% lower 
than the calculated efficiency. Another test of the 
gamma-ray measurements was obtained from a com- 
parison of the photofraction, p*, obtained from Fig. 2 
and from the Monte Carlo calculations of Berger and 
Doggett.” The quantity p* is defined as the ratio of 
the area under the “photopeak” of the pulse-height 
distribution to the area under the entire pulse-height 
distribution. At 0.662, 1.17, and 1.33 Mev the values 
of p*, according to Berger and Doggett, for the present 
spectrometer were 0.89, 0.78, and 0.77, respectively, 
which are 5% greater than the p* calculated from the 


28 R. L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 23, 34 
(1952). 

2 The calibration was performed by G. Minton who used a 
coincidence measurement of the Co source activity. A report 
on this work is in preparation. 

3 M. Berger and J. Doggett, J. Research Natl. Bur. Standards 
(to be published). 
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distributions for Cs’ and Co® in Fig. 2. The experi- 
mental errors due to background and scattering in the 
collimator were estimated to be of this same order of 
magnitude. 

The spectra from 2.63-mg/cm? Be, 0.878-mg/cm’ Al, 
and 0.209-mg/cm? Au targets were measured for elec- 
tron kinetic energies of 2.72 Mev, 4.54 Mev, and 9.66 
Mev at angles between the direction of the incoming 
electron beam and the axis of the scintillation spec- 
trometer ranging from 0° to 6°. The target thicknesses 
corresponded to electron energy losses of 6 kev for Be, 
2 kev for Al, and 0.6 kev for Au. Furthermore, the 
radiation from three thick W targets (240 mg/cm’, 
489 mg/cm’, 5800 mg/cm?) was studied at 4.54 and 
9.66 Mev at 0° and 12°. 

The direction of the electron mean was determined 
by a measurement of the angular distribution of the 
total number of bremsstrahlung photons above a 
certain energy. Measurements were taken with the 
spectrometer on both sides of the electron beam as 
shown in the angular distribution for beryllium in 
Fig. 3. The 0° direction of the photons was determined 
with an accuracy of +0.2°. 

Each spectrum consisted of 40 000 to 50 000 counts 
divided into 40 pulse-height analyzer channels. To get 
a better measurement of the absolute bremsstrahlung 
cross section, the integrated number of counts in these 
different spectra was measured several times. Examples 
of two of the experimental spectra are given in Fig. 4. 
Also shown on this figure are the background counts 
obtained with no target in the electron beam. This 
background was measured separately for each com- 
bination of electron energy and photon angle and was 
analyzed into no-beam and beam background. 

The energy of the bremsstrahlung photons was deter- 
mined by comparison with the 1.11-Mev gamma-ray 
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Fic. 3. The angular distribution of the total number of photons 
above 0.5 Mev for a 2.63-mg/cm? Be radiator and 9.66-Mev 
primary electron kinetic energy. 
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(b) 


Fic. 4. Experimental pulse-height distributions (open circles), 
and background pulse-height distributions (filled circles) for 
(a) Be, 9.66 Mev, 0° (an example of relatively low background) 
and for (b) Au, 2.72 Mev, 0° (an example of relatively large 
background). The solid line in (a) is the double pulse spectrum, 
which was negligible for the 2.72-Mev case in (b). 


line from Zn®. For this purpose the pulse-height dis- 
tribution of this line was measured at least twice a day, 
with a Zn® source in front of the lead collimator. The 
position of this peak was determined in terms of the 
height of the pulse from a mercury switch precision 
pulser connected to the input of the nonoverloading 
amplifier. Pulses from this pulser were then used to 
determine the boundaries of each 10-channel pulse- 
height analyzer. This energy calibration was stable to 
+0.5% over a period of 24 hours. The width of the 
pulse-height analyzer windows were measured, with the 
above mentioned precision pulser used as a sliding 
pulser. This window width varied less than +3% 
during 24 hours. 


KOCH 


In order to measure the energy of the electrons in the 
beam, one of the spectrometer crystals was placed close 
to the aluminum window (Fig. 1), and the electron 
beam was focused on the crystal. Voltage pulse-height 
distributions shown in Fig. 5 were produced by the 
individual detection of electrons. The position of the 
peaks of these distributions were compared with those 
obtained with the gamma rays from Co™. To obtain 
the energy of the electrons, a correction for the energy 
loss in the aluminum container and the magnesium 
oxide surrounding the crystal was made. Because the 
amount of MgO was unknown, the total amount of 
matter intercepting the electron beam was measured 
by means of the absorption of the 22-kev x-ray line 
from a Cd™ source. The most probable energy loss of 
the electrons was calculated to be 300 kev. The electron 
kinetic energies measured in this manner were 2.72, 
4.54, and 9.66 Mev for the three different operating 
energies of the betatron that were used. These energies 
were estimated to be constant and known with a 
probable error of less than +0.5%. 

The measurement of the thickness of the targets was 
of primary importance in the determination of absolute 
cross sections. This thickness was chosen small enough 
to make the average scattering angle of electrons small 
compared to the full width at half-intensity of the 
angular distribution of the bremsstrahlung. That this 
was the case was proved by measuring the angular 
distribution using two targets the thicknesses of which 
differed by about a factor of two. Both targets gave the 
same angular distribution. This should be a sensitive 
check because in the case of appreciable multiple scat- 
tering the angular distribution would be broadened. 
The thinnest of the two targets was used in the final 
experimental determinations. 

The average thickness of a target was determined by 
weighing. The uniformity of the foils was studied by 
measuring the transmission of beta rays from a S* 
source through different parts of the foil. The Be foil 
used appeared to be uniform to +1.5%. The Al target 
which consisted of four superimposed foils unfor- 
tunately showed variations of as much as +5% within 
the area of interest. The Au target was still more non- 
uniform. Therefore, in the case of gold, the total number 
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Fic. 5. Pulse-height distributions produced by individual 
electrons in a scintillation spectrometer containing a NalI(TI) 
crystal 5-in. in diameter and 4 in. long. The electron kinetic 
energies inferred from these peaks after correction for the energy 
loss in the spectrometer window were 2.72, 4.54, and 9.66 Mev. 
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of counts above a certain pulse-height level was 
measured using twenty different points on the same 
foil as targets. The average counting rate thus obtained 
was used to normalize the measured spectral distri- 
bution. The error in the absolute cross section was 
decreased by this method to +2%. 

The chemical purity of the Be target is of great 
importance because of the low atomic number. There- 
fore, the target used in the experiment was spectro- 
chemically analyzed.*! It was found to contain 8.0% O, 
0.14% Cr, 0.14% Fe, and 0.25% Si. Almost all of the 
oxygen was found in a layer of BeO on the surface of 
the Be foil. 


EVALUATION OF THE BREMSSTRAHLUNG SPECTRUM 
FROM THE MEASURED PULSE-HEIGHT 
DISTRIBUTION 


A number of corrections had to be applied in order 
to convert the measured pulse-height distributions into 
differential cross sections. The most important of these 
corrections took into account the following effects: (1) 
pileup of counts, (2) background counting rate, (3) 
response of the spectrometer to different photon ener- 
gies, (4) absorption of photons between target and 
spectrometer, and (5) collimator effects. 

(1) The short duration of the betatron burst (ap- 
proximately 0.1 microsecond) compared to the length 
of the delay-line shaped pulse entering the pulse-height 
analyzer (approximately 1 microsecond) made the cal- 
culation of the spectrum of double pulses possible, 
because the height of a double pulse was simply the 
sum (€:+¢2) of the two single pulses. Therefore, the 
spectrum of double pulses is given by 


J " P(a)P(e—edes 


where P(e;) is a spectrum of single pulses and p is the 
ratio of the probability during a spectrum experiment 
of recording two photons in the same burst in the 
spectrometer to the probability for recording only one 
photon. p was obtained from the expression p=} 2°/ 
2> x, where x was the average number of spectrometer 
pulses per betatron burst as inferred from the current 
record from the Faraday cage scintillation counter and 
the sum is performed over all betatron pulses. P’’(e) 
can be calculated by successive approximations by using 
the measured spectrum as a first approximation for 
P(e:). In the present case, the first approximation was 
shown to give sufficient accuracy. 

The pulse spectrum P”(e) was subtracted from the 
measured pulse-height distribution and the remaining 

31 Spectrochemical analysis by B. F. Scribner, National Bureau 


of Standards; thickness of oxygen layer determined by J. Stone- 
house, The Brush Beryllium Company. 
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spectrum was multiplied by (1+2) to correct for the 
loss of single pulses through the pileup. Since p was 
kept below 5% throughout the experiment, the pile-up 
correction was important only for photon energies close 
to the upper end of the spectrum, as can be seen from 
Fig. 4(a). 

(2) The next step was to subtract the background 
counts. Fortunately most of the background was brems- 
strahlung and so the background spectrum had approxi- 
mately the same shape as the spectra to be studied. 
Figure 4 shows the background correction for two dif- 
ferent spectra. The relative background varied from 10 


_ to 30% of the total counts measured and was largest 


for the lowest electron energy of 2.72 Mev. The back- 


* ground correction was approximately the same for Be, 


Al, and Au and much less for W at a given energy. 

(3) If the spectrum of the photons incident on the 
spectrometer is N(k)dk, where & is the photon energy, 
the pulse height distribution P(e)de obtained from the 
crystal photomultiplier system is given by 


kmax 
P(de=de f K (k,e)N (k)[1—e*# |dk, (2) 
0 


where u is the total absorption coefficient of NaI at the 
energy k, L is the length of the crystal, kmax the maxi- 
mum energy in the spectrum, and K(k,e), the response 
function of the crystal to a single gamma-ray line of 
the energy &, i.e., the pulse-height distribution produced 
in the spectrometer by the gamma-ray line. 

P(e) being the measured pulse-height distribution, 
Eq. (2) above had to be solved with respect to N(R). 
This can be accomplished in different ways.”:” In the 
present investigation Eq. (2) was transformed into a 
matrix form. 

Integration over the interval Ae; of the variable « 
and replacement of the integral over k in Eq. (2) by a 
sum of integrals over intervals Ak;, gives 


ej+} Ace; ej+ hdc; s 
f P(ode= f de>. 
ej—h Ae; ~$Aej 1=0 


€j-3 


kithaky 


K (k,e) 


ki—}Ak; 
XN (k)[1 = el idk. (3) 


On the assumption that P(e) and N(R) vary only slowly 
within an interval, Eq. (3) can be written 


(P(e) ,Ag=E wie) f aef K (k,e)[1—e-*" ]dk. 
im Aci | YAR; 4) 


The angular braces ( ) denote the average value of the 
function in the interval under consideration. (P(e)) and 
(N(k)) can be represented as matrices, and Eq. (4) 
representing a set of simultaneous equations can be 
rewritten as 
(P(€))=M(N(R)), (5) 
32K. Liden and N. Starfelt, Arkiv Fysik 7, 427 (1954). 
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Tasxe I. The significant elements of the 15th, 35th, and 55th rows of the transpose of the 56X56 response matrix, M,;, and of the 
inverse matrix, M;;~!. ki and ¢; are the photon energy and pulse height corresponding to the midpoint of the respective intervals. 
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where the elements of the square matrix M are given by 


Se f de f K(bo [erik / in. © 


The matrix used in the present calculation was com- 
posed of 56 rows and 56 columns and covered the energy 
region 0 to 10 Mev. Because the half-intensity width 
of the photopeak of a single gamma-ray line is propor- 
tional to \/k the intervals Ak and Ae were chosen to be 
proportional to \/k and 1/e respectively. The matrix 
elements M;,; were obtained by numerical integration 
of K(k,e) in the regions where this function varied fast 
with & or «. In the case of slow variation of K(k,e), Mj; 
was calculated as 


M s=K (hi,€;)[1—e-**” JAR,. (7) 


The function K was calculated by Berger and 
Doggett® for energies up to 4.45 Mev using the Monte 
Carlo method. Above 4.45 Mev there exist no detailed 
calculations and no suitable single gamma-ray lines 
that can be used for the determination of K. However, 
at k=11 Mev, Koch and Wyckoff* determined K by 
a synthesis procedure based on experimental data 
obtained with monoenergetic electrons. Therefore, at 
k equal to 5 and 8 Mev, K was calculated by a com- 


es 


MAX ENERGY 
9.66 Mew 


CORRECTION FACTOR, N/P 


PHOTON ENERGY, Mew 


Fic. 6. The correction factor V/P calculated for bremsstrahlung 
spectra with maximum photon energies of 2.72, 4.54, and 9.66 
Mey, respectively. 


33H. W. Koch and J. Wyckoff, J. Research Natl. Bur. Standards 
(to be published). 


bination of the Berger and Doggett data and the Koch 
and Wyckoff procedure. 

In order to obtain the photon distribution, N(k), 
from Eq. (5), the matrix M was first inverted by the 
National Bureau of Standards automatic computer, the 
SEAC. Examples of elements of the transpose of the 
matrix, M;;, and the inverse, M;;", are given in 
Table I. The elements of the transpose are given in 
order to show the shape of a pulse-height distribution 
due to a monoenergetic gamma ray. The function P(e) 
obtained by fitting a smooth curve to the measured 
points of a pulse-height distribution was then multiplied 
by M~ in the SEAC in order to give N(k). After this 
procedure had been tried for a number of test spectra, 
it became apparent that the correction factor V (k)/P(e) 
was almost the same for the extremes of the spectral 
shapes obtained in this experiment for a given electron 
energy. Therefore, curves of the correction factor as 
given in Fig. 6 were used to convert individual points 
on P(e) into points in N(R). 

(4) To obtain the bremsstrahlung spectrum emitted 
from the target, the spectrum obtained above was 
corrected for the absorption in the Cd filter and the 
glass window of the spectrometer. 

In calculating the solid angle of the spectrometer as 
seen from the target, a correction for transmission of 
photons through the walls of the collimator had to be 
applied. The fractional increase, A, of the solid angle 
due to this process is given by 


Qn? po? 
A= wi e- singdd, (8) 


%1 


where / is the distance between the target and the 
spectrometer end of the collimator, x= (1/cos@) 
—(r/sing), S the area and r the radius of the hole in 
the collimator, u the total absorption coefficient of the 
collimator material, and ¢ the angle between the photon 
direction and the center line through the target and the 
collimator. Taking into account that e* decreases 
very rapidly with increasing ¢, the fraction A can be 
shown to be given by A=2/yl, which was less than 
3.5% for all energies in the present experiment. 
Furthermore, the scattering into the crystal of 
photons striking the walls of the collimator was esti- 
mated. An approximate calculation of this effect con- 
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sidering single scattering only shows that the contri- 
bution of scattered photons for the measured spectra is 
less than 1.5% at all energies. Because of the uncer- 
tainty of the calculation and the small magnitude, this 
correction was neglected. 

The measurement of the counting rate from an ab- 
solutely calibrated Co™ source located at the target 
position gave a very good confirmation of the calcu- 
lations of the solid angle of the spectrometer, the trans- 
mission of photons through the collimator material and 
the scattering of photons in the collimator for an 
energy of about 1.2 Mev. Therefore, the procedure é ed es Bi ek 
outlined was used to correct for collimator effects at PHOTON ENERGY, 
all energies. (c) 
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Fic. 8. Corrected experimental cross sections , 7 ee ——— 
d*¢/dQdk and theoretical cross sections according AY | Be Au(Z+13) Cie 
to Sauter, Gluckstern and Hull, and Schiff, os Sp ieee ene Pe bpd 
respectively, for Al(Z=13) and for electron F\\| lit --+- papell ME 
kinetic energies (a) 9.66 Mev, (b) 4.54 Mev, 
and (c) 2.72 Mev. 
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The experimental results are shown in Figs. 7-9 as 
semilogarithmic plots of the differential cross section 
versus photon energy. The logarithmic scale was neces- 
sary in order to allow the experimental and theoretical 
curves for all the angles to be plotted on the same 
graphs. An example of the data for two cases, trans- 
formed into curves of intensity, k(d’c)/(dQdk), is given 
in Fig. 10. Analyses of these data will be given when 
specific comparisons are made with theory in a later 
section. 
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Fic. 9. Corrected experimental differential ; 
cross sections d’¢/dQdk and theoretical cross ; Au(Z+79) 
sections according to Sauter, Gluckstern and oe 
Hull, and Schiff, respectively, for Au(Z=79) art ia 
and for electron kinetic energies (a) 9.66 Mev, —-—= GLUCKSTERN & HULL (WITH SCREENING) 
(b) 4.54 Mev, and (c) 2.72 Mev. 








of the spectra and the absolute magnitude of the cross 
sections, and (b) those influencing only the latter of 
these quantities. 

Included in group (a) are errors due to counting 
statistics, uncertainties in the energy calibration, uncer- 
tainties in the pile-up correction, and errors in the 
response function K. Furthermore, at the uppermost 
end of the spectrum where the intensity varied very 
rapidly the width of the intervals in the 56X56 matrix 
M caused an error which together with the counting 
statistics made the points above 97% of the maximum 
energy of the spectrum unreliable. 

The errors under group (b) are larger than those of 
group (a). The uncertainty of +0.2° in the determina- 
tion of the angle between the electron beam and the ‘PHOTON ENERGY, Mev 
spectrometer axis caused appreciable errors at certain (©) 
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experimental errors for three of the measured spectra. (E)—moc*) is the electron kinetic energy, & the photon 


energy, Z the atomic number of the nucleus, and 6 the photon angle. The errors in group (a) influence both the shape of the spectra and 
the absolute magnitude of the cross section. Group (b) influences only the absolute magnitude. 








(E,—m,c*) =9.66 Mev, Z =4, 6 =0.00° 


(E, —m,c*) =4.54 Mev, Z =13, @ =6.03° 


(E, —m,c*) =2.72 Mev, Z =79, 6 =0.00° 





k Mev 0.965 3.864 7.726 9.178 
k/(Eo—mec?) 0.1 0.4 0.8 0.95 0.1 


0.454 


4.312 0.272 1.088 | 2.175 2.583 
0.95 0.1 0.4 0.8 0.95 


1.816 3.631 
0.4 0.8 





Group (a) 


Counting statistics 10.0 
Energy calibration* : : ‘ 10.0 
Pile-up correction 5 y ; 2.0 
Response function 10.0 


Total (rms) (a) 17.5 


Group (b) 


Photon angles 3.0 
Target thickness 4.0 
Electron current 1.5 


Total (rms) (b) 5.2 


6.0 : 19.0 26.0 
0.5 - 2.0 2.5 
1.0 d 1.5 2.0 
6.0 : 19.0 26.0 


0.0 
2.0 
0.0 


2.0 








* Assuming +0.5% error in energy. 
> Assuming +10% error in the spectrum of double pulses. 


angles (9.66 Mev, 6° has the largest error of this kind). 
Furthermore, the finite angular interval (0.8°) involved 
in a spectral measurement caused an error which is 
important for the 0° spectra. 

Another rather serious error was caused by the non- 
uniformity of the targets. In the case of the beryllium 
foil, impurities in the target were responsible for an 
estimated error of +3%. The leakage current from the 
Faraday cage system was in most cases very small, but, 
for the spectra of 9.66 Mev and 0°, the change of this 
current could have caused an error of the order of 
+2% or less. 

A summary of the most important probable errors 
is given in Table II for three different spectra: Be, 9.66 
Mev, 0°; Al, 4.54 Mev, 6°; and Au, 2.72 Mev, 0°. These 
spectra are representative for the respective energies. 
The 2.72-Mev 6° spectra have greater statistical errors 
than the 0° spectra because of the low intensity of the 
electron beam current. The statistical errors in this 
table are the errors estimated in the measured pulse- 
height distributions with the influence of the background 
included.™ 


COMPARISON OF THIN-TARGET RESULTS 
WITH THEORY 


The cross sections for the emission of bremsstrahlung 
in the field of the nucleus, d’¢/dQdk, which are differ- 
ential in the photon energy and angle, have been 
calculated by means of the only three available theo- 
retical formulas and have been drawn in Figs. 7-9. 
These are the expressions of Sauter® (henceforth 
referred to as formula I), Gluckstern and Hull’ (formula 
II), and Schiff (formula III). A comparison of these 
predictions with the present experiments, as can be 
obtained from Figs. 7-9, should show the validity of 

* The statistical errors were not evaluated by the use of the 


inverse matrix because of the smoothing introduced in N(k) 
through the use of the correction factor V/P. 


the Born approximation and the screening correction, 
and the magnitude of the electron-electron brems- 
strahlung at these energies. These should be the gross 
effects. Other effects, such as the effects of the finite 
nuclear size and multiple bremsstrahlung have been 
shown by Biel and Burhop** and by Gupta,** respec- 
tively, to be negligible at the angles and energies studied 
in this experiment. 
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Fic. 10. Corrected experimental intensity distributions of the 
bremsstrahlung emitted in the forward direction and the cor- 
responding theoretical curves for Al(Z=13) and for the electron 
kinetic energies of 9.66 and 4.54 Mev. 


3S. J. Biel and E. H. S. Burhop, Proc. Phys. Soc. (London) 
A68, 165 (1955). 
%S. N. Gupta, Phys. Rev. 99, 1015 (1955). 





MEASUREMENTS OF THIN-TARGET BREMSSTRAHLUNG 


The process of electron-electron bremsstrahlung refers 
to the production of an x-ray photon in the field of an 
electron of an atom. No theoretical calculation of d’¢/dQdk 
exists for this process. However, it is known from both 
theory®*’ and experiment** that the cross section do/dk 
for this process integrated over photon angles is of the 
same order of magnitude or smaller than the cross 
section for bremsstrahlung in the field of a proton. 
Therefore, this effect can roughly be included in a 
prediction of do/dk by replacing the Z* coefficient by 
Z(Z+1). Thus, in the case of high-Z targets the experi- 
ments give almost pure nuclear bremsstrahlung. How- 
ever, for a beryllium radiator, the electron-electron 
bremsstrahlung should contribute about 20% of the 
total radiation yield. The only other guide on the 
electron-electron bremsstrahlung is the maximum 
photon energy, Ko, which varies with the total energy, 
Eo, of the electron and the photon angle, 6, according 
to the expression” 


Ko=moeF/(1—cos/F), 
where 
F= (Eo—moc*) /(Eo+moc’). 


Table III shows some typical examples of Ko applicable 
to the present experiments. 

For the purpose of comparing the experimental cross 
sections with theory, it would be desirable to have a 
theoretical curve which includes an accurate screening 
correction and which is not based on any other restric- 
tions on the electron and photon energies than the Born 
approximation. Since no adequate formula exists, the 
comparison will be made with the one of formulas 
I-III which is closest to fulfillment of these require- 
ments in a specific photon energy range. 

The three theoretical formulas (I-III) (Figs. 7-9) 
are different largely because of differences in the 
screening correction. This is obvious from a comparison 
of formulas I and II at large photon energies where 
screening becomes unimportant and the two expres- 
sions should be the same. Because of the large differ- 
ences at large photon energies, formula II is considered 
unreliable at photon energies that are not small. 
Indeed, it is only at k approaching zero that Gluckstern 
and Hull feel their expression, corrected for screening, 
should be valid. 

Other comparisons of the theoretical curves obtained 
from the formulas I-III show that formula III gives 
higher values than formula II for photon energies close 
to the high energy end of the spectra. This is most 
likely due to the high-energy approximations used in 
III, since the deviation appears to be independent of 
the atomic number. 

Therefore, formula II should represent well a Born- 
approximation theory for low photon energies and 
formula I for high photon energies, while formula III 
should be reasonably good at intermediate energies 


37 J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939). 
38 |, Lanzl and A. O. Hanson, Phys. Rev. 83, 959 (1951). 
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TABLE III. Maximum energy Kp of the electron-electron brems- 
strahlung for the electron kinetic energies Eo—moc* and the 
photon angles @ which were used in the experiments. 








Eo—mec? =9.66 Mev Eo —moc? =2.72 Mev 


6 Ko Mev () 
0.00° 9.06 0.00° 
0.62° 9.05 1.45° 


3.00° 8.82 3.01° 
5.90° 8.25 6.03° 


Eo —moc? = 4.54 Mev 
Ko Mev 0 


3.83 ~0.00° 
3:81 


6.03° 
3.78 














where the electron and photon energies involved in the 
bremsstrahlung process are much larger than myc’. 
Since formulas IT and III give almost the same results 
at low photon energies (see Figs. 7-9), formula IIT will 
be used for Eo=4.54 and 9.66 Mev for all photon 
energies up to the point where formula I starts to give 
lower values than formula III. For higher photon 
energies, comparison will be made with formula I. 
Thus, the comparison theoretical curve is a composite 
of two theories. 

A similar composite is used for the spectra produced 
by 2.72-Mev electrons. At this energy the extreme 
relativistic calculations resulting in formula III cannot 
be expected to give a good representation of the theory. 
Therefore, the comparison of the experiment with 
theory is made only with formulas I and II. At photon 
energies as low as 10% of the primary electron energy, 
the screening correction in formula IT should be correct. 
Therefore, the measured cross sections are compared 
with this formula at k/(Eo—moc?)=0.1. At photon 
energies above those for which screening is estimated 
to be unimportant, the experimental points are com- 
pared with formula I. These photon energies were 
estimated by an examination of formulas I and III for 
the higher electron energies. 

The procedure outlined for obtaining composite theo- 
retical cross sections should give a good representation 
of the Bethe and Heitler theory’ with the screening 
correction. These cross sections are compared with the 
experiment in two parts. 

In Figs. 11(a) to 11(c) the ratio of the experimental 
curves to the composite theoretical curves is given, with 
the ratio normalized to be equal to 1 at k/(Eo— moc?) 
=0.5. After normalizing the ratios, the shapes of the 
experimental curves obtained for one target and one 
electron energy at the different photon angles were very 
similar in shape. Therefore, the ratio curves at the dif- 
ferent angles were averaged and plotted as one of the 
curves in Figs. 11(a) to 11(c). The experimental errors 
calculated for single points on the experimental curves 
of Figs. 7-9 are drawn on Figs. 11(a) to 11(f). Since 
each of the points in Figs. 11(a) to 11(c), in the energy 
range below k/(Eo—moc*)=0.6, represents several ex- 
perimental points, the errors in the normalized ratios 
should be somewhat smaller than the estimated errors 
shown on the figures. 

The normalized ratio curves of Figs. 11(a) to 11(b) 
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Fic. 11. Comparison between the experimental and the theoretical cross sections for Be, Al, and Au. For the 9.66- and 
4.54-Mev spectra the theory is represented by Schiff’s formula for k/(E)—moc*) less than approximately 0.8 and by 
Sauter’s formula for higher photon energies. For the 2.72-Mev spectra Sauter’s formula is used for all &/(Eo—moc*) 
except 0.1 where Gluckstern and Hull’s formula including screening is used. In (a)—(c) the ordinate is the ratio between 
experiment and normalized theory and the abscissa is the fractional photon energy. In (d)-(f) the ordinate is the normaliz- 
ing factor used in (a)—(c) at k/(EZo—moc*) =0.5. The abscissa scale is the photon angle times the electron kinetic energy. 


show that below a fractional photon energy of 0.8, the 
9.66-Mev spectra for the three targets studied are 
steeper than the theoretical spectra represented by for- 
mula III (Schiff).** The 4.54-Mev and the 2.72-Mev 
spectra agree with theory within the experimental 
errors for fractional photon energies less than 0.8. 

The ratio between experiment and normalized theory 
does not change appreciably at a given electron energy 
with either the atomic number of the target or the 
photon angle below k/(Eo— moc”) =0.8. Thus, there can 
be little difference in shape between the electron- 
nuclear and the electron-electron bremsstrahlung 
spectra, since electron-electron processes would have 
affected the shapes of the Be spectra but not the Au 
spectra. 


*® Similar indications were obtained for an electron kinetic 
energy of 11 Mev by Motz, Miller, and Wyckoff in reference 14. 


The great differences between experiment and theory 
occur for fractional photon energies larger than 0.8. 
Theory is here represented by formula I (Sauter) for 
all the spectra. For the low-Z materials (Be and Al), the 
experimental points lie below theory in 90% of the 
cases. This fact can be explained to some extent by the 
high-energy cutoff of the electron-electron brems- 
strahlung (Table IIT). However, the experimental errors 
are too large here to permit any definite conclusions. 
For the high-Z radiator (Au), the experimental points 
lie without doubt above theory for the 4.54-Mev 
spectra and still more so for 2.72 Mev. This effect is 
ascribed to the nonvalidity of the Born approximation 
for large atomic numbers and for low outgoing electron 
velocities. It is interesting to see that the experiments 
at 9.66 Mev agree with theory for fractional energies 
as high as 0.95. This is in agreement with other experi- 








MEASUREMENTS OF THIN-TARGET BREMSSTRAHLUNG 


ments as described in the introduction, which indicate 
that the Born approximation theory should give too 
large values for the bremsstrahlung cross section inte- 
grated over photon angle and energy for low primary 
electron energies and too small values for high electron 
energies with the transition energy close to 5 Mev. 

It should be pointed out that the Born approximation 
is supposed to be valid if 2rZ/1378«1 both for the 
incoming and the outgoing electron. This requirement 
is never fulfilled for Z=79. However, it implies that 
points in the different spectra corresponding to the 
same velocity of the outgoing electron should be inter- 
compared. In this respect k/(Eo—myc?)=0.95 in the 
9.66-Mev spectrum corresponds to k/(Eo— myc?) =0.89 
in the 4.54-Mev spectrum and to #/(Eo— myc?) =0.82 
in the 2.72-Mev spectrum. None of these points shows 
any definite deviation from theory. 

In Figs. 11(d) to 11(f) an attempt is made to compare 
the absolute yield of bremsstrahlung with theory. The 
normalizing factor used for the comparison of the 
spectral shapes, that is the ratio between experiment 
and theory at k/ (Eo— moc”) =0.5, is plotted as a function 
of the product of the photon angle and the electron 
kinetic energy in order to allow the data for different 
electron energies to be intercompared on one graph. 
In the case of the 4.54-Mev and the 2.72-Mev spectra, 
where the experimental and theoretical shapes agree, 
this factor, of course, represents very well the ratio 
‘between the measured and the theoretical value of the 
total energy radiated in a certain direction. Because 
of the shape differences [see Figs. 11(a) to 11(c) ], this 
ratio is of the order of 10% larger than the normalizing 
factor for the 9.66-Mev spectra. However, this differ- 
ence is unimportant because the experimental errors 
for these spectra are larger than 10% for all angles 
except 0°. The errors result from the great influence of 
the small error in the measurement of the photon 
angle @. This error appears mainly in the determination 
of the 0° direction and should thus give almost the 
same errors for all the three elements studied. 

Because of the magnitude of the errors it is fairly 
difficult to conclude anything about the angular dis- 
tribution of the bremsstrahlung. However, the variation 
of the normalizing factor with angle in Figs. 11(d) to 
11(f) is similar for all the three values of Z and thus 
should not be due to a difference between the angular 
distribution of the nuclear and the electron-electron 
bremsstrahlung. The variation implies that the theory 
gives somewhat too large values at @=0° and somewhat 
too small values at other angles studied. 

As was pointed out above, the measured cross sections 
integrated over photon angles should be approximately 
(Z+1)/Z larger than theory because of the effect of 
electron-electron bremsstrahlung. The experimental 
results support this assumption, since Figs. 11(d) to 
11(f) show that the Be normalizing factor is always 
about 25% larger than the factors for Al and Au at cor- 
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Fic. 12. Corrected experimental photon spectra for three thick 
W targets for an electron kinetic energy of 9.66 Mev at the photon 
angles of 0° and 12°. The solid line represents Schiff’s thin-target 
— normalized to the experimental points at k/(Eo—moc*) 


responding angles. The factors also cluster around the 
(Z+1)/Z line drawn for comparison on the figures, 
although the experimental errors are large. The fact 
that all of the Al points lie below the (Z+1)/Z line, 
while the Be and Au points for angles different than 0° 
lie above the line, is most likely due to the error in the 
target thickness which is larger for Al than for the 
other two elements. 

In a comparison of the present measurements with 
the bremsstrahlung cross-section measurements by 
Motz for 0.5- and 1.0-Mev electrons, certain of his 
findings are confirmed. For example, he concluded that 
in the case of high-Z (=79) nuclei, the departure from 
the theoretical curves increases as (a) the photon angle 
of emission @ increases, (b) the photon energy increases, 
and (c) the initial electron kinetic energy decreases. 
The trends (b) and (c) are in very good agreement with 
the present results. The point (a), however, is not so 
obvious at the higher electron energies and the smaller 
angles used in the present experiment. 

The experimental procedure used in the present 
experiment for primary electron energies between 2.5 
and 10 Mev probably could be extended to an energy 
of 20 Mev. Above this energy the difficulties in deter- 
mining the response function of the spectrometer 
increase. Also with increasing electron energy, the 
deviations between experiment and theory are in 
general assumed to decrease. Therefore, an experiment 
with higher accuracy would be required to determine 
these deviations. One difficulty that increases with 
energy is the determination of the photon angle. The 
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Fic. 13. Comparison between the experimental thick-target W 
spectra and Schiff’s thin-target spectra normalized to the experi- 
ment at k/(Eo—moc*) =0.5. The curves labeled 0.0002 g/cm? are 
data for gold obtained from Fig. 11. 


accuracy in this quantity would have to be increased 
directly as the energy, and the spread of the electrons 
in the beam and the angular aperture of the spectrom- 
eter would have to be decreased in the same proportion. 
Another problem connected with higher energies would 
be the serious background of neutrons caused by photo- 
neutron reactions in the Faraday cage, defining aper- 
tures, and shielding walls. 

The most needed spectrum characteristic at energies 
above 10 Mev is the shape of the high photon-energy 
part of the spectrum. Unfortunately, the technique used 
in the present experiment would be unsuitable for 
defining the shapes for fractional photon energies larger 


than 0.95. All of the experimental errors are consider-. 


ably larger in this energy range than in the rest of the 
spectrum. 
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COMPARISON OF THICK-TARGET RESULTS 
WITH THEORY 


In the experiments with the thick tungsten targets, 
the number of electrons passing through the target 
during a spectrum determination was not measured. 
Therefore, only the shapes of the spectra were obtained. 
Figure 12 shows the experimental results and the theo- 
retical thin-target cross sections according to Schiff’s 
formula for an electron kinetic energy of 9.66 Mev and 
x-ray photon angles of 0° and 12°. The data for an 
energy of 4.54 Mev have been omitted. The theoretical 
curves were normalized to the experimental results at 
k/(Eo— moc?) =0.5. Figure 13 shows the ratios between 
the experimental and the normalized theoretical thin- 
target curves for an electron energy of 9.66 Mev and 
4.54 Mev. As was expected, the deviation from the 
thin-target theory increases with target thickness 
because of the energy loss of the electrons in the thick 
targets. Also the self-absorption of the x-rays in the 
targets tends to reduce the experimental values for low 
photon energies and increasing target thicknesses. 
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The level sequence and shell structure for the bound single-particle states of nucleons moving in the spheri- 
cally symmetric potential V (r) = — Vo/[1+expa(r—a) ] have been examined. For protons, a Coulomb poten- 
tial was added corresponding to a uniform charge distribution out to the “nuclear radius,” @, and the poten- 
tial depth was increased to give sufficient binding energy for the last proton level in the nucleus under 
consideration. For a= 1.45 10+ cm™ (implying a surface layer of approximately 3X 10~" cm, which is 
constant for all A), a spin-orbit coupling 39.5 times the Thomas term and a=1.34!X10~ cm, good shell 
structure is obtained for both neutrons and protons. The level sequénces obtained are in close agreement with 
experiment except in the region of strong distortion from sphericity. For Vo=42.8 Mev the neutron binding 
energies are in reasonable agreement with experiment. With these parameters the 3s and 4s giant resonances 
in the low-energy neutron scattering cross section occur at A = 56 and 166 respectively. The neutron and 
proton distributions in 7sAu"*’ are examined. With the values of a, ro, and A given above, the thickness of the 
surface layer on the proton distribution is 1.92 10-" cm and the radius is 6.77 X 10-8 cm. 





INTRODUCTION 


HE nuclear shell model,! which is based on the 
assumption that nucleons move independently 
in some average potential and experience a strong spin- 
orbit interaction, has had great success in predicting 
many of the ground-state properties of nuclei. It has 
generally been assumed that the collective nuclear 
potential is either a square well or an infinite harmonic 
oscillator, since for these potentials the wave equation is 
readily solvable. However, it is well known that neither 
a harmonic oscillator nor a finite square-well potential 
yields a satisfactory structure and sequence of bound- 
state neutron levels for the shell model. The harmonic 
oscillator, with spin-orbit coupling, is in fact only useful 
up to the twenty-nucleon shell. Thereafter the higher 
angular momentum states are too lightly bound and 
there is not even a shell at twenty-eight nucleons. The 
heavier nuclei are better represented by a finite square 
well with spin-orbit coupling, but, in contrast to the 
harmonic oscillator, the states of high angular momen- 
tum lie too low. It is possible to obtain shells every- 
where except at 126, although the level sequence is far 
from satisfactory. At 126, the 1731/2 level still lies below 
the 31/2 level even with a spin-orbit coupling forty 
times as large as the Thomas term. Also at 82 neutrons 
the shell is a little indefinite because the 1/92 level lies 
too low. The shell structure cannot be improved by 
increasing the spin-orbit coupling because for larger 
values the level with 7=/—} is shifted less than the 
level with j=/+-} since the lower level has a wave func- 
tion with a larger value at the surface of the nucleus. 
For example, the 1713/2 level would encroach on the 82 
shell before the 1711/2 level is raised enough to create a 
shell at 126. 


* Work supported in part by the Office of Ordnance Research, 
U.S. Army. 

t Whiting Fellow in Physics, Department of Physics, Univer- 
sity of California. 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949); Haxel, Jensen, 
and Suess, Phys. Rev. 75, 1766 (1949). 


It has been pointed out by several authors’ that the 
true level sequence for the shell model should lie some- 
where between that of the harmonic oscillator and the 
square well; i.e., a diffuse well might give reasonable 
results. The structure and sequence of levels depends 
on the size of the surface region. The aim of this in- 
vestigation is to find a diffuse potential and a magnitude 
for the spin-orbit coupling which is in good agreement 
with the experimentally determined nucleon level 
sequence. 

Recently Green and Lee*® have investigated an ap- 
proximate solution of the potential V=— Vo for ra, 
V = — Vo exp(a—r)/éa for r> a in an effort to determine 
a potential with an improved level sequence. However, 
their analysis was carried out neglecting spin-orbit 
coupling so that definite conclusions about nuclear 
shell structure could not be drawn. Green‘ has pointed 
out that in order to obtain the general trend of binding 
energies it must be assumed that 6 decreases with in- 
creasing A (mass number). The fact that the “nuclear 
radius,” a, is proportional to A! would indicate that the 
thickness of the surface layer of the potential should be 
approximately constant, in agreement with the recent 
analysis carried out by the Stanford group.® Although 
only the proton charge distribution has been investi- 
gated experimentally, it can be shown by WKB ap- 
proximation that a constant surface layer for the 
nucleon distribution implies a constant surface layer 
for the potential. The surface layer, A, is defined as 
the distance from the point where the potential (or 
nucleon distribution) has 90% of its maximum value 
to the point where it has 10%. 


? See for example, M. G. Mayer and J. H. D. Jensen, Elementary 
Theory of Nuclear Shell Structure (John Wiley and Sons, Inc., 
New York, 1955); W. Heisenberg, Die Physik der Atomkerne 
(Friedrich Vieweg und Sohn, Braunschweig, 1949). 

3 Alex E. S. Green and Kiuck Lee, Phys. Rev. 99, 772 (1955). 

* Alex E. S. Green, Phys. Rev. 99, 1410 (1955). 
| 5Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 

1956). 
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In the present work the bound states of the poten- 
tial V=—V>/[1+expa(r—a)] have been studied. 
If a is chosen to be constant, then the surface layer is 
independent of A, in agreement with the electron 
scattering experiments. Further, since the nuclear 
radius is roughly proportional to A!, we choose a= 1A}, 
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where fo is a constant. It is well known that in order to 
get nuclear shell structure a strong spin-orbit interaction 
is needed; this is taken to be the usual Thomas term’ 
multiplied by an appropriate constant. Therefore, in 
dealing with neutrons the radial Schrédinger equation 
which must be solved is 


Ah? aVo, expla(r—a) ] 








— (2 (- 
2m Pr dr =)+ 


where / is the orbital angular momentum of the particle. 
Von is the neutron well depth, A is the spin-orbit 
coupling constant, and the operator @-I in the spin- 
orbit coupling has been replaced by / and —(/+1), 
its eigenvalues when operating on a state with 7=/+}3 
and j=/—}, respectively. 

On the other hand, a proton in the nucleus moves not 
only in the specifically nuclear potential, but also 
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experiences a strong Coulomb repulsion. For simplicity 
it has been assumed that this repulsion is derivable 
from a uniform charge distribution which extends to the 
nuclear radius, a. Thus for a nucleus with Z protons, the 
Coulomb repulsion exerted on a proton is derived from 
the potential [(Z—1)/2a]e*[3—(r/a)?] for rga@ and 
[(Z—1)/r]e* for r>a. Therefore, for protons the radial 
wave equation to be solved is 
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4m??? {1+-exp[a(r—a) }}*r ini r 


where Vo, is the proton well depth. The spin-orbit 
coupling parameter, A, is assumed the same for neutrons 
and protons. 

Although in an actual nucleus there are fewer protons 
than neutrons, the Coulomb energy is so large that the 
proton potential must be assumed to be stronger than 
the neutron potential in order to avoid a large neutron 
excess. For neutrons a value of Vo, can be chosen which 
gives reasonable agreement with the experimental 
binding energies in the region A= 90 to 208. However, 
for protons, Vo, must be adjusted for each nucleus 
studied in order to give the observed (7y,p) threshold. 


® This potential has been used by various authors: R. D. Woods 
and D. S. Saxon, Phys. Rev. 95, 577 (1954); R. M. Sternheimer, 
Phys. Rev. 97, 1314 (1955); Yennie, Ravenhall, and Wilson, 
Phys. Rev. 95, 500 (1954); D. G. Ravenhall and D. R. Yennie, 
Phys. Rev. 98, 277 (1955) ; Hahn, Ravenhall, and Hofstadter, 
reference 5. 

TL. H. een Nature 117, 514 (1926); D. R. Inglis, Phys. 
Rev. 50, 783 (193 6). 
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METHOD 


Equations (1) and (2) are difficult to solve analyti- 
cally. The differential analyzer at UCRL has therefore 
been used to study the eigenvalue problem. The 
machine can be programmed to generate the solutions 
of Eqs. (1) and (2) for an arbitrary potential plotted 
on the input table. The eigenvalue problem is solved 
by setting boundary conditions corresponding to 
different binding energies into the machine and gener- 
ating the solutions for these energies. The eigenvalue 
is approximately equal to the energy for which the solu- 
tion most closely satisfies the boundary condition at 
larger. 

Three initial conditions must be set into the machine: 
the binding energy, the value of the wave function at 
some point inside the potential, and the slope at the 
same point. For s-states these conditions were set at 
r=0 so that no approximations were involved. For 
higher angular momentum states the potential curves 
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cannot be plotted to r=0 since the centifugal and the 
spin-orbit potentials are singular at the origin. It has 
been assumed, therefore, that for small values of 
r(r<b) the solutions of the equation are spherical 
Bessel functions (that is, the potential near the origin 
is a square well of depth Vo,). The slope and value of the 
Bessel function were calculated® at r=) and set into 
the machine, which then solved the differential equation 
for r>b. The radius, 6, is chosen as small as possible 
in order to minimize the error involved in this procedure 
(b ranges from 2 10-" cm for p states to 4X 10-% cm 
for i states). The error introduced by this approximation 
was estimated by first-order perturbation theory and 
was found to be less than 0.001 Mev. ° 

The same procedure is applied to find the energies of 
the proton levels except that now the initial conditions 
at r=b are more difficult to obtain since the solutions for 
a square well with a uniform charge distribution are 
not tabulated. The initial conditions were obtained by 
assuming that the solution in the region 0<r<b is 
ji(kr), where & is as yet undetermined. The Coulomb 
potential introduces a difference, AEc, in energy from 
the square well solution. This is estimated from first- 
order perturbation theory, which gives 


b 
AEc=N f je(kr) 
0 


Zé r\2\ wR 
| — Yor-#4+—(3-(“) ae rdr, (3) 
a 


a 2m 


where 4/N is the normalization factor of the wave 
function. The number & is then chosen so that AEc¢ 
vanishes. For small value of kr, 7:(kr) can be replaced 
by® 
(kr)! 
1-3---(2I-+1)' 


and when the indicated integration is performed, the 
following equation for k is obtained: 


2m 3Ze® Ze (21+3) 

RP =—} V.p>+ E—-—_+—*—_ 

h? 2a 2a® (2/+5) 
where E<0. 


The remaining error is identical to that obtained in the 
neutron approximation and is of the order of 0.001 Mev. 
The eigenvalues quoted are accurate to approximately 
0.1 Mev. This error is primarily due to inherent inac- 
curacies in setting the initial conditions into the 
differential analyzer. The magnitude of this error was 
determined empirically. Other errors arising from 
improper functioning of the machine and from approxi- 
8 Tables of Spherical Bessel Functions, National Bureau of 
Standards (Columbia University Press, New York, 1947). 


® See for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1955), second edition, p. 78. 
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mations made in the boundary conditions are small 
compared to this. 


RESULTS 
Neutrons 


The top levels of various nuclei were first investigated 
with a= 2.02X 10+ cm™, A= 30.74, ro= 1.35 10-8 cm, 
and Vo,=39.7 Mev. As pointed out by one of us,’ 
this value of a (which corresponds roughly to a surface 
layer of 2.18X10—" cm) is similar to one which gives 
the low-energy giant s-wave resonances in the neutron 
scattering cross section at A=63 and 183. The value of 
X corresponds to a spin-orbit splitting which has 
appeared, in the course of other calculations, to give 
the best over-all fit in the case of the finite square well 
of this radius. The well depth was chosen to give 
roughly the right binding energy for the 39; level in 
Pb*®. Since all subsequent work was carried out 
using a radius of 1.34!X10-" cm, the results have 
been presented as if the radius were 1.34!X10-" cm. 
This is easily done by noting that Eq. (1) is invariant 
under the transformation 


Vo'ro? = Vore’, ’ Vo’ =} Vo, 


, /  - . 
ro'=ro'r, Eo'ro?=Eore’, 


| a 
ato =aro, 


(5) 


that is, if it is desired to maintain the same level 
sequence, then the values a, A, Vo, and E depend on 
ro in the above way. According to Eq. (5) the original 
parameters become a=2.098X10" cm™, A=28.51, 
Von= 42.8 Mev under this transformation. The results 
for the level orderings are shown in Fig. 1. 

It may be seen from Fig. 1 that the situation is 
considerably improved from that in the square well. 
In order to demonstrate the shift of the levels as a 
function of the potential slope alone the square wells 
have the same depth as the diffuse potential, Von. 
This value is somewhat deeper than the one which 
would give the proper binding energy of the top level 
in the square well. A shell is now obtained at N= 126 
and the one at N=82 is improved. The states of higher 
angular momentum have been raised relative to those 
of lower angular momentum as demonstrated, for 
example, by the fact that the 1712/2 level is now less 
bound than the 2f7/2 level. However, the high angular 
momentum states are still too low. From single- 
particle assignments deduced from experimentally 
observed ground-state spins and parities," the last 
level in the N=20 shell should be 1d3;2 rather than 
2512. The first level appearing beyond V= 28 should be 
2ps2, not 1fs2, and the first level beyond N=5S0 
should be 2d5/2, not 1g7/2. The last level before N= 82 
should be 2d3/2, not 351/2; and the first level after 
N=82 should be 2f7/2, not 1hg,2. 

In order to see whether the experimental level 
sequence could be obtained, both a and \ were varied. 


” R. D. Lawson, Phys. Rev. 101, 311 (1956). 
4M, G. Mayer and J. H. D. Jensen, reference 2, pp. 74-81. 
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Fic. 1. Top neutron levels in nuclei with N =20, 50, 82, and 126. The diffuse well levels have been calculated for Vo=42.8 Mev, 
A=28.51, a=2.098X 108 cm, and r>=1.3X10- cm. The square well levels have been determined for the same Vo, A, and ro. The 
level shifts shown in this figure are less pronounced than those obtained with the smaller value of a in Fig. 4. The dotted lines indicate 
unfilled levels. Notice that the unfilled 1111/2 level in Pb®* is actually below the top (31/2) neutron level in the square well, a defect 


which is corrected by sloping the potential. 


Some idea of the manner in which different states 
shift with varying surface layer, A, may be obtained 
from Fig. 2. First-order perturbations calculations, 
which treat the sloping of the side as a perturbation 
from the square well (but do not take into account the 
diffusity of the spin-orbit term), are inadequate to 
estimate the positions of the levels. The magnitude of 
the error depends on the angular momentum, the 
thickness of the surface layer and on the binding energy 
in question. For example, in Ce! with a= 2.098X 10" 
cm™~, A= 28.51, ro= 1.3 10-" cm, and Vo=42.8 Mev 
perturbation theory underestimated the shift of the 
2 fr2 level by 40%, the 1hg/2 by about 9% and the 2ds5/2 
by about 12%. For small a (large surface layer, A,) 
perturbation theory overestimates the shift. Both 
effects may be understood by noting that the diffuse- 
well eigenfunctions (some examples of which are given 
in Fig. 3) tend to extend out further than those in 
the square well. Thus for large a the state tends to 
be bound more loosely than the perturbation estimate, 
since the wave function increases more in the interior 
region than the exterior region. On the other hand, for 
small @ the state is more tightly bound, since the 


increase of the wave function in the exterior region 
becomes more important. 

The possible changes in a and ) can be seen by bearing 
in mind that an increase in surface layer raises levels 
by an amount roughly proportional to the orbital 
angular momentum.” On the other hand, increasing the ~ 
spin-orbit coupling will shift levels by amounts again 
roughly proportional to the orbital angular momentum 
but will lower levels with j=/+-} and raise levels with 
j=Il—}4. It should also be remembered that the magni- 
tude of the spin-orbit splitting for a level of given 
orbital angular momentum / depends not only on / 
and the number of nodes, but also, as in the square 
well, upon the binding energy of the level, and decreases 
as the binding becomes tighter. Thus a knowledge of 
the separation and even the sequence of a group of 
tightly bound levels gives no more than a crude idea 
of their behavior when they are the top levels in a 
nucleus. A comparison of the neutron levels shown in 


12Tt is interesting to note that the binding energy is not always 
decreased for increasing surface layer since a sufficiently lightly 
bound state feels an increase in binding energy because a large 
proportion of its wave function lies outside the nuclear radius. 
The 3ds/2 level in Pb™ in Fig. 4 is an example of this. 
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Fig. 4 with those for neutrons in Au” shown in Fig. 5 
illustrates this point clearly. 

In the square well the “center of gravity” of two 
levels with the same orbital angular momentum, /, 
and different total angular momentum, /, shifts down- 
wards as the spin-orbit coupling is increased. For 
example, in Ce, for ro= 1.3 10- cm, Vo= 42.8 Mev, 
and A= 28.51, the splitting of the /-states is 4.24 Mev 
and the center of gravity of the split levels has descended 
0.48 Mev from its position when A=0. If A= 39.5, the 
splitting is proportionally increased to 5.96 Mev and 
the center of gravity has now descended an additional 
0.43 Mev. However, in the diffuse well with the same 
parameters, except that A=2.1, the splitting of the 
h-states is 4.70 for \=28.51, and for \=39.5 the 
splitting is proportionally 6.5 Mev but the center of 
gravity is now shifted down only by an additional 
0.01 Mev. This means that in a diffuse well (for A~2—3 
X10-" cm) it is easy to estimate the effect of changing 
d when one set of solutions is known. However, since 
the square-well center of gravity descends, it also implies 
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Fic. 2. The energy shift of three representative levels as the 
surface layer of the potential is increased. The solid curves show 
the shifts estimated from first-order perturbation theory, and the 
dotted lines show the actual level shifts obtained with the differ- 
ential analyzer. 
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that curves such as those shown in Fig. 2 will be different 
for two different )’s. 

Although the absolute shift in a level is not linear in 
A, in the interesting region of A it is as good and much 
quicker to estimate the relative shifts of neighboring 
levels on a linear basis, rather than to perform a 
perturbation calculation. This is especially true if the 
levels also have angular momenta which are close. 
Actually the curves showing the shift of levels as the 
surface layer is increased show the following general 
form: the derivative is zero at A=0, the curve becomes 
gently concave upwards, then passes through a turning 
point and gradually flattens off. In addition, for smaller 
binding energies, lower angular momenta, or larger 
number of nodes, the flat region is reached sooner. 
Making rough allowances for this, it is not difficult to 
make a reasonably good guess of relative level shifts 
when solutions are known for some value of @ and \ in 
the region of interest. 

If one requires that in Ce the 2d3,2 level be the last 
bound state and that the 11/2 level lie between it and 
the 3s1/2, at the same time keeping \ as small as possible, 
then there is little choice but to take values close to 
a= 1.45X10" (A~3X10-" cm) and A= 39.5. The results 
with these parameters and Vo= 42.8 Mev are shown in 
Fig. 4. It is noticeable that all the desired crossovers of 
levels have now occurred. In fact, the only region which 
now does not exhibit close agreement with level 
sequences deduced from single-particle assignments is 
the middle of the N=82-126 shell. This might be 
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Fic. 3. Wave functions for a diffuse (a= 1.46510" cm) and 
square potential for the 3s1/2 and the 1/»/2 states in Ce™, In each 
case, the wave function in the diffuse potential has a larger ampli- 
tude outside the nucleus. The diffuse-potential wave functions 
were taken directly from curves generated ,by the differential 
analyzer. 
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Frc. 4. Top neutron levels with NV =20, 28, 50, 82, and 126. The diffuse well levels have been calculated for Vo=42.8 Mev, \=39.5, 
a=1.45X10" cm™, and ro>=1.3X10- cm. The dotted lines indicate unfilled levels. 


expected, since it is the region of strong distortion” 
where a spherically symmetric potential should bear 
little resemblance to reality. 

The requirement that the 11/2 level lie between the 
2d3y2 and 35,2 levels is possibly too stringent, since 
presumably two nucleons in this level have a large 
pairing energy. If this condition is relaxed, then either 
the spin-orbit coupling can be decreased somewhat or 
the slope can be increased without impairing the 
sequence elsewhere. 

The well depth, Von, was chosen to be 42.8 Mev from 
consideration of the (y,z) threshold’ in Pb?’ Since 
the top state in this nucleus is a low-/ state, 31/2, 
presumably the pairing energy is small.'® The binding 
energy of the 2d3/2 particle in Ce is then approximately 
8.95 Mev, in agreement with the experimental value of 
(9.05+0.2) Mev. For the lighter elements, the calculated 
binding energies are smaller than the (y,m) thresholds. 
However, in Zr® the top state is 1g. and in V® the 


4A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

44 See for example, Sher, Halpern, and Mann, Phys. Rev. 84, 
387 (1951), and the references quoted in their paper. 

18 One can perhaps get some idea of the magnitude of the pairing 
energy in this state by comparing the (y,) threshold in Pb” 
and Pb**. The threshold in Pb*®® is approximately 0.6 Mev 
greater than in Pb’, so that one might argue that the well depth 
chosen was approximately 0.6 Mev too deep. 


top neutron is in a 1f7/2 level, so that perhaps pairing 
energy becomes more important. However, if pairing 
energy is neglected, then the potential well depth for 
neutrons increases for light nuclei. This would improve 
the spacing of the 23,2 and 1fs2 levels in V®™ by 
bringing them closer together, since both would then 
experience less spin-orbit splitting because of their 
tighter binding. 

For a=1.45X10" cm, ro=1.3K10-" cm, and 
Vo=42.8 Mev, the 3s and 4s giant resonances in the 
low-energy neutron scattering cross section occur at 
A=56 and A= 166, respectively, in good accord with 
experiment.'® If a is further decreased, these resonances 
will occur for smaller A. 


Protons 


For protons it was assumed that a, A, and ro had the 
same values and in addition that the Coulomb repulsion 
was derivable from a uniform charge distribution 
extending out to the nuclear radius, a. The required 
well depths are, however, somewhat larger than for 
neutrons. Since the (y,p) thresholds are somewhat 
more uncertain than the (y,m) thresholds, the values 


16 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953), 
and 96, 448 (1954). 
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Fic. 5. Proton and neutron levels in Au*’. The proton levels 
have been calculated assuming a uniform charge distribution out 
to the nuclear radius. The values of \, a, and ro used are the same 
for both wells (A=39.5, a=1.45X10" cm™, and r>=1.3X10-" 
cm). The different potential well depths necessary to give the 
proper neutron and proton binding energies are shown in the 
drawing. 
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of Vo, chosen for the various nuclei are not significant. 
The only well depth which was chosen to agree with 
the (y,p) threshold was in Pb** which gave a binding 
energy of 7.3-7.4 Mev, in agreement with the experi- 
mental results of Weinstock and Halpern.’ The level 
sequences obtained are illustrated in Fig. 6. In contrast 
to the neutron levels, it is noticeable that the last level 
at the Z=82 shell is 3s,/2, in agreement with the 
assignment for the ground state of Tl, and that the 
next level is 1/92, in agreement with the ground state 
of Bi. In general, close agreement is again obtained 
with experiment except in the middle of the Z=50 
to Z=82 shell, which, for protons, is the region of 
large distortion. 


Nucleon Densities 
In order to gain some idea of the self-consistency of 
this potential, the density of neutrons and of protons 
was calculated assuming 


DL lvel(r)|?, en(r)= 2 


protons neutrons 


pp(r) = \Wn(r) |’, 


where yw», is the shell-model wave function neglecting 
interparticle interactions, and assuming that all 
nucleons in the nucleus move in the same potentia!. In 
view of the recent electron scattering experiments, it 
was felt that it would be interesting to examine the 
charge distribution obtained for Au'®’, the case for 
which the most theoretical work has been carried out. 
The neutron potential depth was chosen to be 43.8 Mev, 
which yields a binding energy of 7.9-8 Mev for the top 
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Fic. 6. Top proton levels in nuclei with Z=19, 28, 50, and 82. The ordering of the top three levels in Pb®* (Z=82) is changed from 
the ordering of the top three neutron levels in Ce (N =82) (see Fig. 4). The low angular momentum levels (3s1/2 and 2d3/2) are raised 
with respect to the 1/11/2 level because of the additional Coulomb potential. 


17 FE, V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954). 
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Fic. 7. Proton and neutron density distributions in Au’ ob- 
tained by the WKB approximation and by actually summing the 
squares of all particle wave functions. The potentials used to 
compute these distributions are also displayed. 


neutron, in agreement with work of Nathans and 
Halpern.'* For protons the depth was taken as 55.1 Mev, 
which implies the last proton is bound by 5.8 Mey, in 
agreement with Weinstock and Halpern.'’ 

The proton and neutron densities are shown in Fig. 7. 
The proton distribution as derived from > protons|Wp|? 
has a decided hole at r=0. This effect is due to at least 
two causes: first, the Coulomb repulsion at the center 
of the nucleus tends to push particles away from r=0; 
second, for the gold nucleus, the 35,2 state is not yet 
bound. Since only the s-state wave functions have a 
value different from zero at r=0, this will cause a dip 
in the distribution. The proton and neutron surface 
layers, defined in the usual way in terms of the edge 
peak value, are 1.92X10-" cm and 2.2010-" cm, 
respectively. The radius of the proton distribution is 
6.77 X 10—* cm (corresponding to an ro of [6.77/(197)*] 
X10-"= 1.16 10-" cm), and for the neutron distribu- 
tion, 6.98X10-" cm (ro==1.2K10-" cm). According 
to the latest Stanford calculations® the electron-scatter- 
ing results can be best explained by a proton distribution 
which has a dip in the center (although not as pro- 
nounced as the one found here), a radius of (1.07+-0.2) 


18 R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 
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X10~* A? cm and a surface layer of approximately 
2.4X10-" cm. It therefore appears that the radius 
we have chosen for our potential, 1.3 10-"X A}, is too 
large to give a change distribution in agreement with 
experiment and should be decreased by approximately 
8%. The radius of the Coulomb potential should also 
be taken, for greater consistency, as less than the radius 
of the potential. On the other hand, the surface layer 
on the charge distribution is too small and consequently 
a smaller value of a must be chosen (a+1X10" cm-) 
to agree with electron-scattering results. Although the 
differential equation describing the proton, Eq. (2), 
does not have the same invariance properties as Eq. (1), 
the effect of changing ro will be to modify only slightly 
the energy level sequence and thus the density. 

The fact that the neutron distribution lies outside 
the proton distribution is in agreement with the predic- 
tion of Johnson and Teller.’ The effect, however, is 
somewhat smaller than they estimated, for two reasons: 
first, the last proton in gold is bound approximately 
2 Mev less tightly than the last neutron, whereas in 
Johnson and Teller’s estimate the neutron and proton 
had the same binding energy; second, their nuclear 
potential was assumed to be the same for neutrons and 
protons, whereas in this work the proton potential is 
considerably deeper. However, the neutron distribution 
does have a considerably longer tail than the proton 
distribution. This is because the neutron wave functions 
are not damped out by the Coulomb barrier. 

The proton and neutron distributions have also been 
calculated using the WKB approximation (also shown 
in Fig. 7). For protons the radius is 6.87X10-" cm 
and the surface layer is 1.71X10~* cm, whereas for 
neutrons the radius is 6.98X10~ cm and the surface 
layer 2.38 X 10—* cm. Both these results are in reasonable 
agreement with the exact calculation, so that the 
qualitative features at least of the surface region can be 
obtained from WKB approximation. The neutron and 
proton potential have also been plotted on the same 
diagram to show the relationship between the nucleon 
density and the potential. It will be noted that the 
nucleon density follows reasonably well the form of the 
potential. 
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A thermal-neutron fission cross section of 4.40.5 barns for isotopically pure Pu, formed by the B~ 
decay of U*, has been measured in the thermal column of the Materials Testing Reactor. 





HE measurement of the fission cross section of 
Pu™° is dependent upon the availability of an 
isotopically pure sample of this isotope, since fissions 
from small amounts of Pu” or Pu would overshadow 
those occurring in the Pu™°. The quantities of Pu? 
necessary for the measurement can be obtained by 
chemically separating it from either of two sources: as 
the alpha-decay daughter of Cm™ or through the 6-- 
decay chain of U“° and Np™®. In the results reported 
here, it was obtained by the latter method from a 
sample of uranium that had suffered a short but very 
intense neutron irradiation. After the irradiation nearly 
all of the U* formed must be allowed to decay to 
Np**, then the uranium is purified, and Pu is grown 
and eventually separated from the uranium. 

Approximately nine hours after the formation of the 
uranium samples, containing U™’, the 6.7-day U**? 
and 14.1-hour U*”°, the following chemistry was per- 
formed: separation of the uranium from plutonium, 
neptunium, and all fission products by use of anion- 
exchange resin, ether extractions, precipitation of 
lanthanum fluoride from uranium VI, and the reduction 
and coprecipitation of uranium IV with lanthanum 
fluoride.' In the final step of the chemical purifications 
uranium was left as the chloride complex in a column of 
anion-exchange resin. At time intervals up to three days 
the Pu was removed from the uranium and Np*’ by 
reduction and elution of the plutonium from the anion 
resin with 10M hydrochloric acid made 0.5M with 
hydroiodic acid. Further chemical separations of the 
plutonium resulted in pure samples of Pu. 

The Pu™® thus obtained was combined and volatilized 
in vacuo onto a platinum plate and the plate attached to 
a graphite shuttle which was then seated into an 
ionization-type fission counter. Measurements of the 
fission counting rate were made in a thermal-neutron 
flux of approximately 5X 10" neutrons/cm? second. The 
fission counter was the double-chamber type with one 
chamber, containing an isotopically pure Pu standard, 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Manfred Lindner, University of California Radiation Labora- 
tory (Livermore) Report UCRL-4377, 1954 (unpublished), p. 42 


acting as a flux monitor. In the second chamber alter- 
nate counts were taken on the Pu sample, blank back- 
ground plates, and Pu and U*® standards. The count- 
ing rates of the various samples were measured at 
different discriminator voltages over the counter pla- 
teau. The weights of Pu” and of Pu** deposited on the 
plates were determined by their alpha-disintegration 
rates and using a half-life of 6580 years’ for Pu and 
24 360 years*® for Pu**. Comparing the ratio between the 
weights and net fission counting rates of Pu™° and Pu” 
yields a slow-neutron fission cross section of 4.4+0.5 
barns for Pu™®, using 750 barns for the thermal-neutron 
fission cross section of Pu. 

A small fraction of the Pu“ sample was removed 
from the platinum counting plate and mass-analyzed to 
determine if Pu” contamination was responsible for 
the observed fissions. Since an upper limit of only 0.1% 
was found for the 239 mass, it is very unlikely that 
Pu” contributed any of the fissions in the Pu sample. 

We would like to express our appreciation to Dr. W. 
B. Lewis, Dr. R. R. Smith, and the staff of the Phillips 
Petroleum Company at the Materials Testing Reactor 
for their assistance in making these measurements, 
and to Dr. G. W. Barton of this laboratory for making 
available to us the mass spectrometer used in this work. 

Note added in proof.—The authors have recently re- 
ceived a letter from Dr. B. R. Leonard and co-workers, 
with their kind permission to publish the pertinent 
information, reporting measurements of the fission cross 
section of Pu at two neutron energies in the thermal 
region and an investigation of the fission cross section 
in the energy region around the known 1-ev resonance 
in the total cross section. Their values, obtained in the 
thermal region are consistent, within the limits of error, 
with the 4.4 b reported here; however, from the reso- 
nance data they have derived a thermal value of 0.05 b 
using the Breit-Wigner one-level formula. 


2 Inghram, Hess, Fields, and Pyle, Phys. Rev. 83, 1250 (1951). 

3J. C. Wallmann, Ph.D. thesis, University of California 
(unpublished). 

4 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 


. Commerce, Washington, D. C., 1952), second edition (1955). 
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An analysis is oe of the pulse distribution produced by antiprotons of 1.2 Bev/c momentum enter- 


ing a lead-glass 


erenkov counter. The calibration of the counter is described. Estimates of the efficiency of 


containment of the relativistic secondary particles and electronic showers from annihilation events are dis- 
cussed and shown to be compatible with the observed pulse-height spectrum. Attenuation effects in a copper 
absorber preceding the counter, and in the first of two sections of the glass counter, demonstrate interaction 
and absorption cross sections that are nearly twice geometric and which probably increase as the antiproton 


kinetic energy decreases below 400 Mev. 





I. INTRODUCTION 


HE work of Chamberlain, Segré, Wiegand, and 
Ypsilantis' and their co-workers has demon- 
strated the production of particles in a target in the 
Bevatron which were identified by a charge- and mass- 
selector system as negative particles of protonic mass. 
The momentum interval selected centered at 1.2 Bev/c. 
Coincident with their identification experiments, a 
study with a lead-glass Cerenkov counter of the inter- 
action of these particles in matter was pursued by the 
present authors and has been reported in a preliminary 
letter.* It was shown in that letter that the interaction 
cross section is greater than geometric, and that the 
energy release observed from the interactions in the 
glass is on the average considerably greater than that 
associated with the x~ mesons of the same momentum 
passing through the glass. i 
In subsequent work alterations in the Cerenkov 
counter were made in order to permit a better estimate 
of energy release and to extend the study of the proper- 
ties of the negative protons in their interaction with 
matter. 


Il. EXPERIMENTAL ARRANGEMENT 


In Fig. 1 is displayed the relation of the counters 
to the beam of particles emerging from the mass- 
identifying system of reference 1. Three changes have 
been made from the apparatus employed in reference 2. 
First: the black, light-absorbing face described in 
reference 2 on the downstream face of the counter was 
replaced by reflecting aluminum foil. (The reason for 
that light “sink” was explained in reference 2.) Second: 
another Cerenkov counter, identical with the first, 
was mounted as shown in Fig. 1 to increase the detection 
volume. Third: the 6-in.-diameter scintillation counter 
S which preceded the Cerenkov counter in reference 2, 
has been replaced by a 13-in. diameter counter, so as to 
cover completely the entrance face of the glass and 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Chamberlain, Segre, Wiegand, and Ypsilantis, Phys. Rev. 
100, 947 (1955). 


* Brabant, Cork, Horwitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 101, 498 (1956). 


possibly provide a means of identifying antineutrons 
conceivably formed by charge-exchange scattering in 
material ahead of S. 

Each Cerenkov counter consists of a cylinder of glass 
12 in. in diameter and 14 in. long, viewed from one 
end by four 5-in.-diameter photomultiplier tubes with 
outputs combined. The composition of the glass, by 
weight, is 52% PbO, 42% SiOz, 3% NaO, and 3% 
K,0: its density is 3.89 g/cm’; and its refractive index 
for light of the sodium D-line is 1.649. The foregoing 
composition and density account for a radiation length 
of 2.77 cm (1.09 in.) and a critical energy of 17.5 Mev. 
Thus, in terms of the radiation length, each counter 
is 12.85 units long and 5.5 units in radius. 

The outputs of each Cerenkov counter and of the 
preceding scintillation counter were separately dis- 
played on an oscilloscope whose sweep was triggered 
by a signal from the mass-selector system indicating 
the passage of a possible antiproton. The oscilloscope 
traces were photographed, and subsequent indentifica- 
tion of particular traces could be made for those cases 
which Chamberlain, Segré, Wiegand, and Ypsilantis 
finally designated as antiprotons after examination of 
their oscilloscope records. 


III. CALIBRATION 


In a manner similar to that previously described,’ a 
calibration was established by passing the negative 
pion beam at minimum ionization through the counters, 
the passage through being determined by scintillation 
counters placed before and behind the glass. Rotation 
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Fic. 1. Schematic diagram of the lead-glass Cerenkov counters 
with associated scintillation counter and absorber. 
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of the equipment through 180° permitted calibration 
of both counters, and measurement of the anisotropy 
of each, with regard to Cerenkov light collection from 
particles moving parallel to the axis. 

The pions lost about 200 Mev in each counter, 
essentially all at minimum ionization (61); the 
average of the Cerenkov light pulses obtained from the 
two directions of passage was associated with 200 Mev 
of energy delivered by a shower or by relativistic 
particles into the glass. 

It was calculated that the average cosmic-ray muon 
passage through the glass (the counter axis remaining 
horizontal) delivered about 160 Mev. Its Cerenkov 
light pulse was compatible with this energy loss on the 
basis of the pion calibration as described, though there 
was a minor dependence upon the distance of the 
muon trajectory from the phototube face in either 
counter. Time constancy of electronic sensitivity was 
maintained by daily monitoring with the cosmic-ray 
muons. 

Since the center-of-mass velocity of an annihilation 
event involving an antiproton and a nucleon in the 
glass has 8< ~0.4 (the antiprotons enter the glass at 
450 Mev, or below, depending upon absorber), the 
annihilation products do not depart far from spherical 
symmetry; the fact that most events occur in large 
nuclei further tends to reduce directional predominance. 
Consequently the average calibration described above 
is taken to be appropriate to the annihilation products. 

We must recognize that not all the annihilation 
particles or shower will usually be contained within 
the glass, and also that a considerable fraction of the 
energy may be carried away in uncharged or slow 
particles, which produce no Cerenkov light. Clearly, 
then, the assignments of energy to events in the glass 
will represent only lower limits to the energies released. 


IV. OBSERVED PULSE SPECTRA 


Figure 2 displays the spectrum of the total energy 
release, as summed from both counters, for particles 
that were identified by the system given in reference 
1 as antiprotons and that interacted in the glass. 
Spectra taken with and without absorber ahead of the 
counter are closely similar, and the data are combined 


TABLE I. Tabulation of observations on particles identified by 
the mass selector as antiprotons. S refers to the scintillation 
counter preceding the glass, and S>0O means that the particle 
(or a charged secondary) registered itself in the scintillation 
counter. ““Pulse~0” means that the pe did not register in 
the glass, implying that it produced less than about 30 Mev 
equivalent of electronic shower or of path length at minimum 
ionization. 








No absorber 3-in. copper absorber 
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Fic. 2. Histogram spectrum of Cerenkov pulses. Pulse-height 
spectrum for events produced in the glass by particles mass- 
selected as antiprotons. Data obtained with and without absorber 
are combined. Smooth solid curve is spectrum in Counter 1 for 
particles in total beam without absorber (i.e., 1.2-Bev/c negative 
pions) ; dashed curve is same with absorber. Neither of the smooth 
curves is normalized. 


in Fig. 2. The strong interaction in matter is manifested 
by the fact that nearly all the energy comes from the 
first counter, and the interpretation of this is discussed 
in the following section. 

The largest energy release observed here is about 
1100 Mev, and to such a lower limit on the total energy 
release we attach a 30% uncertainty owing to calibra- 
tion problems relating to unknown locations of interac- 
tion events and unknown directions of the trajectories 
of the secondary particles. The most probable pulse 
height is about 450 Mev. A discussion of the pulse- 
height spectrum to be expected in this system, and its 
comparison with that which is observed, follows in 
Sec. VI. 


Vv. COMMENTS ON INTERACTION CROSS SECTIONS 


In our earlier communication? evidence was pre- 
sented which demonstrated that the absorption cross 
section for the selected particles was about 1.5 to 2 
times the geometric nuclear cross section. The work 
reported herein has developed further data in agree- 
ment with those results. 


A. Attenuation in Copper 


Because of divergence of the beam emerging from 
the mass-selecting system, and because of scattering 
and absorption in counters and accessory equipment 
ahead of the glass, not all the particles identified by 
mass selection as antiprotons enter the Cerenkov 
counter even when no absorber is in position. Even 
though some particles miss the counter, the transmission 
of the 3-in. copper absorber may be calculated from 
the fraction of the selected antiprotons counted in the 
glass when the absorber is present compared to the 
count without absorber. The relevant data appear in 
Table I, and are interpreted as follows: When the 
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Fic. 3. Energy division between counters. Number of events is 
plotted vs ratio of energy observed in Counter 2 to that in 
Counter 1. 


copper absorber was absent, a total of 75 particles 
identified as antiprotons passed through the mass 
selector. Because of the divergence with which they 
emerged, only the fraction 45/75 was collected and 
counted by the glass. While the copper was in position, 
out of 98 passing through the mass selector the glass 
counter registered the fraction 25/98; but calculation 
of the multiple Coulomb scattering in the copper leads 
to a 12% upward correction of this fraction to 28/98. 
The transmission of the copper is then obtained from 
the ratio of the last fraction to the first, namely, 
6.48+0.12. 

This attenuation of the beam is due to absorption 
and to nuclear scattering through angles greater than 
7°, and the mean kinetic energy at which these events 
are occurring in the copper is about 450 Mev. The 
attenuation cross section is thus 1.20.4 barns, where 
the uncertainty quoted is statistical standard deviation. 
This is approximately 1.50.5 times geometric nuclear 
cross section when the latter is calculated from a radius 
of 1.25X10-"A'cm. In our earlier communication, 
based upon independent data but comparable geometry, 
the copper-attenuation cross section was found to be 
1.7+0.7 times geometric. 


B. Attenuation in Lead Glass 


It was stated above that although Fig. 2 displays the 
spectrum of the combined pulses registered simul- 
taneously by both Cerenkov counters, nearly all the 
contribution is from the first counter. When no absorber 
is employed, protons or antiprotons of initial momen- 
tum 1.2 Bev/c that survive interaction and scattering 
penetrate at least one inch into the glass of Counter 2; 
and when the 3-in. copper absorber is in place, surviving 
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protons penetrate about two-thirds the thickness of 
Counter 1. In Fig. 3 we summarize the observed pulses 
in terms of the energy division between the two 
counters; and it is seen that only about 10% of the 
interactions counted at all in Counter 2, whether or 
not absorber was used. Moreover, in no case is the pulse 
from Counter 2 greater than that from Counter 1. 

These results imply that all interactions observed 
occurred in the first piece of glass, even with absorber 
absent, and moreover that the locations of the interac- 
tions were well before the boundary between counters, 
since events near the boundary would in some cases give 
the larger energy release in Counter 2. The fact that 
only about 10% of the observed interactions registered 
at all in the second counter is consistent; for example, 
with the 10% solid angle subtended by Counter 2 at the 
center of Counter 1, all interactions being assumed to 
occur near the central region of the first counter and 
to produce, on the average, one secondary particle 
with range enough greater than 80 g/cm’ of lead glass 
to give an observable pulse in the second counter. 

If we attempt to estimate the probability of finding 
no event for which the second counter pulse is larger 
than the first (with the copper absorber removed), 
we find that an average absorption cross section of 
twice geometric would give only a 10% probability, 
and an average cross section three times geometric 
would give a 37% probability for obtaining no such 
event. The average kinetic energy of the antiprotons 
in the glass was considerably lower than their energy 
in the copper for the copper-attenuation experiment ; 
and the low transmission of the lead glass can be under- 
stood, in view of the copper-attenuation result, by 
assuming the average cross section to be about twice 
geometric for energies in the 400- to 500-Mev region 
and to average possibly three or four times geometric 
for enérgies between 150 and 400 Mev.® 

It is to be noted that the attenuation observed 
within the glass is seen with “poor” geometry, and 
thus includes very little contribution from scattering. 


VI. DISCUSSION OF OBSERVED PULSE SPECTRUM 


Quantitative inferences of energy release from the 
interaction events should involve attention both to the 
upper limit on observed pulse size and to the average 
size. On either basis estimates of expectations from 
antiproton annihilation events can be compared with 
observations. These estimates will require recogni- 
tion of the annihilation modes and the likely nature and 
multiplicity of secondary products, and of the factors 


*The rough value of 1.9+0.6 times geometric cross section 
obtained in reference 2 for absorption in the lead glass is a lower 
limit, because those axially collimated antiprotons producing 
“zero” pulses in the counter were there assumed to have passed 
through without interaction, whereas they could have failed to 
survive passage through accessory material ahead of the glass or 
they might have interacted in the glass but failed to deliver 
products yielding enough Cerenkov light therein. 
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affecting containment of the Cerenkov light-emitting 
secondary particles within the lead glass. 


A. Expected Characteristics of Annihilation Events 


It will be assumed that the fundamental annihilation 
processes for an antiproton in combination with either 
a proton or a neutron proceed through emission of 
pions with conservation of isotopic spin.‘ It follows 
that, on the average, one-third of the pions are neutral, 
and thus over a large number of events one-third of 
the energy should be released as photons if the annihila- 
tion took place with free nucleons. Also, in view of 
phase-space weighting,® selection rules,‘ and the statis- 
tical theory of such high-energy events,® the multiplicity 
of pions produced in the free-nucleon case would be 
most probably about three, though with decreasing 
probability it may extend up to several pions. 

In the situation discussed here, however, the annihila- 
tion processes are occurring with nucleons bound in 
nuclei, and the pions produced virtually must interact 
strongly with the adjacent nucleons, causing frequent 
production of nuclear stars. Also, the proximity of more 
than one nucleon in the annihilation would be expected 
to relax the selection rules,‘ which rather strongly 
suppress two-pion annihilation. 

The fact that considerable energy may be released 
in star fragments is unfavorable toward the present 
detection system, since neutrons are not seen and 
protons below 190 Mev produce no Cerenkov light in 
the glass. Even a 500-Mev proton entering along the 
beam axis produces a pulse in the “zero” category 
under the electronic gain settings here employed. 


B. Efficiency of the Glass Counters 


Since the contribution of the second glass counter 
to the pulse sizes was small, the following calculations 
of counter efficiency relate to the first counter alone. 
They treat separately the detection of neutral pions, 
charged pions, and nucleon secondary particles. 

1. Neutral Pions——The decay modes that yield 
neutral pions and thus give rise to electronic showers 
in the glass can produce the largest Cerenkov-light 
pulses. The fraction of a shower that will be contained 
in the glass can be calculated from shower theory and 
experimental data. The experimental curves given for 
several elements by Kantz and Hofstadter’; and data 
from Monte Carlo calculations by Yamagata and 
Yoshimine® for a lead-glass medium, and by Wilson® 
for lead, have provided useful information. Containment 
fractions were averaged over the volume of Counter 1 

*D. Amati and B. Vitale, Nuovo cimento 2, 719 (1955). Also 
T. D. Lee, and C. N. Yang (to be published). 

5 D. H. Holland, University of California, Radiation Laboratory 
(private communication). 

6 J. V. Lepore and M. E. Neumann, Phys. Rev. 98, 1484 (1955). 

7A. Kantz and R. Hofstadter, Nucleonics 12, No. 3, 36 (1936). 

8 T, Yamagata and M. Yoshimine, University of Illinois (private 


communication). 
®R. R. Wilson, Phys. Rev. 86, 261 (1952). 
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for all directions of emission of shower particles initiated 
by photons of a few hundred Mev energy. The average 
containment factor obtained in this way was 50% to 
60%. Since the neutral pions are expected to possess 
considerable kinetic energy, so that their decay photons 
will have energies Doppler-shifted into the hundreds- 
of-Mev region, this fraction is believed to be typical of 


. the efficiency for observing the annihilation energy 


delivered to the glass in the form of neutral pions. 

2. Charged Pions——The threshold for charged-pion 
detection is 40 Mev. By averaging over the directions of 
trajectories initiated within the volume of the glass of 
one counter, it is found that the average observable 
energy rises to 100 Mev as the pion kinetic energy 
increases to 200 Mev, and remains nearly constant at 
this value for higher kinetic energies. Thus the observed 
energy will depend upon multiplicity and energy 
division among the pions; but if, for example, the energy 
of the annihilation were carried away by three charged 
pions, the maximum observed energy could hardly 
exceed 300 Mev. 

3. Nucleons—The efficiency for observing energy 
released in this form is essentially zero. (See the com- 
ments on detection of nucleon secondaries made at 
the end of Sec. VI.A.) 


C. Expected Pulse Spectrum 


Under the assumption of annihilation with the typical 
release of about 2 Bev (since some kinetic energy of the 
antiproton is typically available), we may estimate 
the average pulse height to be expected upon the basis 
of the energy calibration described in Sec. III for 
selected distributions of secondary products. 

In events where no nuclear star is formed, we expect 
on the average that one-third the energy will be carried 
by neutral pions which will induce showers 50% to 
60% contained in the glass. The charged pions are 
expected to contribute an average of 100 Mev each in 
pulse size. Thus for a 3-pion event, in which one pion 
is neutral, an average pulse size would be about 550 
Mev. Actually it might be somewhat lower than this 
because such a 3-pion event, occurring in flight, would 
be directed somewhat away from the photomultipliers 
of Counter 1, and the light collection would be less 
favorable than normal. (The counter anisotropy, i.e., 
the pulse-height ratio for pions moving toward and away 
from the photomultipliers, is 1.5 to 1.) 

If all the pions were charged, an average pulse of 
300 Mev would be expected for a three-pion event, and 
about 400 Mev for a five-pion event. 

The more realistic assumption that star formation is 
likely will of course lower both these averages. Con- 
sequently it is to be expected that the most probable 
pulse size will be in the vicinity of 400 Mev, and this is 
in conformity with the data we obtain on the basis of 
our calibration. 

The largest pulses must be produced by favorable 
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multiplicities of neutral pions. However, even if all the 
annihilation energy should be carried by a few neutral 
pions which developed showers with random direction 
of particles, the 50% containment factor would limit the 
expected pulse size to about 1 Bev. 

The observed pulse spectra are consistent with this 
picture with respect to the value of the average pulse 
height; and the fact that the largest pulse observed is 
about 1100 Mev is understandable. That the particles 
producing these pulse spectra are indeed antiprotons— 
rather than another proton-mass particle of negative 
charge—is indicated, since a particle other than an 
antiproton could surrender a self-energy of only about 
1 Bev, and if its decay patterns were to yield both 
charged and neutral pions it would be essentially im- 
possible for it to yield an average pulse size of about 
450 Mev as observed here. Only if practically all the 
energy of such an hypothesized particle were delivered 
always into photons or neutral pions could this result 
be obtained. 


VII. ATTEMPT TO OBSERVE ANTINEUTRONS 


In spite of the small solid angle (1/20 steradian) 
subtended by the lead-glass counter at the absorber, it 
was hoped that antineutrons from the charge-exchange 
scattering of antiprotons in the copper absorber might 
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be detected. Antineutrons would not count in the 
13-in. diameter scintillation counter ahead of the glass, 
and yet would give a sizable pulse in the lead-glass 
counter. The effect could be separated from that due 
to occasional energetic y rays from annihilation in the 
absorber by interposing a converter of high-Z material 
just ahead of the scintillation counter. 

Table I shows that of the 25 particles detected when 
the copper absorber was in place, each was accompanied 
by a pulse in the scintillation counter. These results 
yield an upper limit of about 60 mb for the production 
in copper of antineutrons from 450-Mev antiprotons 
into a solid angle of 1/20 steradian. This part of the 
experiment should of course be repeated with a larger 
solid angle and better statistics. 
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Total Electron Compton Cross Section at 319 Mev* 


Joun D. ANDERSON, ROBERT W. KENNEY, AND CHARLES A. McDONALD, Jr. 
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(Received March 13, 1956) 


The total cross section for Compton scattering of 319-Mev photons by electrons was measured in an 
indirect manner to be 2.80.4 mb per electron. This result is 8% smaller than the theoretical cross section 
given by the Klein-Nishina formula, but agrees within the experimental error. 

The data also yield the triplet-production cross section for beryllium, which was found to be 36.0+3.5 mb 
per beryllium atom. The theoretical value is 30.2 mb per beryllium atom. 

The total-absorption cross sections for 319-Mev photons in beryllium and lead were found to be 161.3+1.0 
mb per beryllium atom and (37.620+0.225) X 10-* cm? per lead atom. The ratio of the pair-forming cross 
sections in beryllium to those in lead, for 319-Mev photons, was found to be (3.986+0.020) x 107. 

The deviation from experiment of the Bethe-Heitler theory for pair production can be expressed by 
¢p*=¢>"(B.H.)[1—aZ*], and a value a= (1.50+0.08) X 10~ is derived from the measured absorption cross 


section for lead. 


Tables of the principal photon interaction cross sections in beryllium at 319 Mev are included. 


I. INTRODUCTION 


ARLY investigations of soft x-ray scattering essen- 
tially confirmed Thomson’s theory' of elastic 
photon scattering by free electrons. In 1922, Compton? 
discovered that hard monochromatic x-rays undergo 
* This work was done under the auspices of the U. S. Atomic 


Energy Commission. 

1E. O. Wollan, Phys. Rev. 37, 862 (1931). ‘ ° 

2A. H. Compton, Bull. Natl. Research Council, Washington, 
October, 1922; Phys. Rev. 21, 483 (1923); Phys. Rev. 22, 409 
(1923); Phys. Rev. 21, 207 (1923); Phys. Rev. 21, 715 (1923). 


inelastic scattering from light elements, and he also 
observed this scattering to be preferentially forward. 
These deviations from Thomson scattering led Compton 
to formulate his well-known photon scattering theory. 
The ejection of an electron in the scattering event was 
predicted by Compton and was first seen by Wilson® 
and Bothe in 1923.4 


3C. T. R. Wilson, Proc. Roy. Soc. (London) 104, 1 (1923). 
‘W. Bothe, Z. Physik 20, 237 (1923). 





TOTAL ELECTRON COMPTON CROSS SECTION 


In 1929, Klein and Nishina® gave a theoretical treat- 
ment of the Compton effect, and after a small radiation 
correction® their expression predicts quite accurately the 
results of photon scattering experiments within the 
entire energy range below 300 Mev. Figure 1 shows the 
energy dependence of the Klein-Nishina formula after 
integration over all photon scattering angles. Previous 
to Lawson’s experiment’ in 1949, the Klein-Nishina 
formula had been quite generally used to account for 
Compton scattering at high energy without adequate 
experimental verification, even though the theory might 
be expected to break down at very high energy.® 

Experimental checks by Lawson’ have shown that 
the Klein-Nishina formula deviates from the measured 
Compton cross section by less than 15% at 88 Mev. 
Observations of the Compton effect over wide energy 
intervals up to 200 Mev by Emigh® have shown that 
the average difference between theory and experiment 
over the 50- to 200-Mev interval is negligible, within the 
experimental error of 3.4% in aluminum. The latter 
result weights the cross-section observations essentially 
as 1/E in the interval, thereby emphasizing the lower 
energy interactions. Coensgen,'® at this laboratory, has 
observed the Compton scattering of 250-Mev photons 
directly by counting the scattered photon in coincidence 
with the recoil electron. His measurements of the differ- 
ential cross section, in the angular interval from 4° to 
25° for the scattered photon, verify the relative angular 
dependence of the Klein-Nishina formula to within 10% 
experimental error. The theoretical total cross section 
is 17% smaller than the value obtained from integrating 
Coensgen’s data over all angles. The two total cross 
sections are equal within the experimental error, 
however. 

The total-interaction cross section for photons of 
energy >>moci in matter has been subjected to extensive 
experimental investigation over the last 7 or 8 years. 
In the work reported to date,'' interest has centered 
principally about the electron pair-production process, 
which dominates all other high-energy photon inter- 
actions. It has been found that the early calculations of 
Bethe and Heitler,'* together with those of Wheeler and 
Lamb" and Klein and Nishina,’ quantitatively predict 
the observed total absorption cross sections at all 
energies up to 300 Mev in certain light elements. 


50. Klein and Y. Nishina, Z. Physik 52, 853 (1929). 
6 L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 
7 J. L. Lawson, Phys. Rev. 75, 433 (1949). 
8 R. Serber, University of California Radiation Laboratory Re- 
port BP-96, 1947 (unpublished), p. 27. 
9C, R. Emigh, Phys. Rev. 86, 1028 (1952). —_ 
 F, H. Coensgen, University of California Radiation Labora- 
tory Report UCRL-2413, November, 1953 (unpublished). : 
1 J, L. Lawson, Phys. Rev. 75, 433 (1949); Dewire, Ashkin, 
and Beach, Phys. Rev. 83, 505 (1951); R. L. Walker, Phys. Rev. 
76, 527, 1440 (1949); G. D. Adams, Phys. Rev. 74, 1707 (1948) ; 
C. R. Emigh, Phys. Rev. 86, 1028 (1952); A. I. Berman, Phys. 
Rev. 90, 210 (1953). 
12H, Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 83 
1934). 
; ad ? A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939). 
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Fic. 1. Total Compton cross section per electron in units of 
(8/3) «ro? versus incident photon energy. 


Adams" first pointed out the discrepancy between 
theory and the measurements at 20 Mev in lead, and 
suggested that the first Born approximation, employed 
in the pair-production calculations, is not valid for lead. 
Since then, several investigators!’ have compared the 
theoretical pair-production cross sections given by 
Bethe and Heitler,” ¢,*(B.H.), with measured values, 
¢,’, in the energy range between 19.5 Mev and 300 
Mev by writing 


oy'=$>'(B.H.)[1—aZ*], (1) 


where 1.4X10™°<a@<1.55X10~*. More recent theo- 
retical investigations by Bethe, Maximon, and Davies'® 
have successfully accounted for the observed pair pro- 
duction and bremsstrahlung cross sections. 

The subject of this paper is the measurement of the 
total cross section for the Compton effect at 31944 
Mev without recourse to absolute monitoring of the 
photon beam intensity. This method, employed by 
Lawson,’ is less difficult and more indirect than the 
definitive procedure of observing the Compton recoil 
fragments themselves. The method of this paper yields 
additional information, however. The absolute photon- 
attenuation cross sections for beryllium and for lead 
(see Table I), which were measured during the investi- 
gation, and the derived value for a in Eq. (1) (see 
Table III) agree with previously published work in this 
energy range." The ratio of pair-forming cross sections 
in beryllium to those in lead was also measured (see 
Table I), and a value was derived for the triplet cross 
section which agrees with the results of a somewhat 
more accurate and independent determination (see 
Table III) reported by Anderson et al.'* 


Il. METHOD 


The total photon-attenuation cross section ¢,* for 
element Z can be written as the sum of the following 


4G. D. Adams, Phys. Rev. 74, 1707 (1948). 

16H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954); 
Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 

16 Anderson, Kenney, McDonald, and Post, following paper 
(Phys. Rev. 102, 1632 (1956) ], henceforth referred to as AKMP. 
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total cross sections for photon interactions: 


¢,’*, total nuclear pair cross section, 
¢:*, total atomic triplet cross section, 
¢-*, total atomic Compton cross section, 
> ¢%*, total atomic cross section for all other photon- 
scattering and photon-absorption processes ; 
thus 
oa'=op' +o +¢0+), ¢;”. (2) 


For 319-Mev photons, the binding energy of electrons 
in the atom is negligible, so that the free electron total 
Compton scattering cross section ¢ is then given by 
o=¢,.'/Z. The cross section ¢,* is related to measurable 
quantities by Eq. (2). It is required that element Z be 
a light element in order to minimize the pair-production 
background. 

The indirect approach, taken in the work reported 
here, was to determine for beryllium both ¢,®° and the 
sum ¢,"°+¢,"* and to estimate >> ¢,®* from existing 
data on the processes involved (see Table II). 

Rewriting Eq. (2) in a form to show the terms that 
were determined experimentally, and putting in a factor 
containing the lead cross sections, we have 


op?*+o,"° 
496=92*=9,2— ae omy o.°(1—f)—-D oP, (3) 
dp?>+¢,P 


where the calculated fraction f is f= (¢.P+)0 ¢,?)/ 
$q*”=0.0691. 

The ratio (¢,®°+¢,2*)/(¢,?+¢,"") is determined by 
finding the relative electron pair yields from thin con- 
verters of beryllium and of lead. Detailed consideration 
of the spectrometer scattering losses is avoided by de- 
termining the yields from several converter thicknesses 
of each element and using the extrapolated zero- 
thickness values in calculating the ratio. The vertical 
“scattering” losses due to wide-angle pair production 
are sufficiently independent of Z to be included in the 
Z-independent spectrometer efficiency. 

At photon energies much greater than the electron 
rest energy, nearly the whole momentum of the photon 
appears as negatron and positron momenta in pair 
production. The same relationship holds in triplet pro- 
duction,” since the energy of one of the negatron 
fragments is nearly moc* for photon energies much 
greater than myc’. In practice, a high-energy triplet and 
a high-energy pair are then indistinguishable to the 
spectrometer, and therefore one measures the sum of 
the pair and triplet cross sections by counting the yield 
of high-energy electron pairs from the converter. 

The spectrometer geometry yields the pair cross sec- 
tion ratio for nearly equal pair-fragment energies. This 
equipartition ratio is not equal to the ratio of total 
cross sections because of slightly different relative 
shapes of the lead and beryllium differential cross sec- 
tions, ¢,*(Z+-) and ¢,*(£+-). These cross sections were 


17K. M. Watson, Phys. Rev. 72, 1060 (1947). 
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calculated by the method given in AKMP"* and were 
used in correcting the equipartition ratio for the 
shape effect. 

The two total-absorption cross sections in Eq. (3) are 
determined by the usual good-geometry attenuation 
technique. 

The total cross section for triplet production in 
beryllium can be inferred from the data. An experi- 
mental value for ¢/°* compared with the theoretical 
value for ¢;4 given in AKMP"* would be a valuable 
check on the screened theory. Our experimental value 
for ¢;°° is obtained from (4). 

Be 
2° = —_—_—_——@,?(1— f) —[,®¢ (calculated) ] 
dp +7” 


=36.0+3.5 mb.!8 


In AKMP,!* the theoretical value given for ¢," is 
7.68 mb. Apart from screening differences in hydrogen 
and beryllium, one can writé 


P= 49,4, (S) 


The numerical values given in Table III are seen to 
satisfy Eq. (5) within experimental error. Experimental 
uncertainties preclude the derivation of an accurate 
value for ¢,8* from our data, and the errors would have 
to be smaller by approximately a factor of 6 in order to 
detect any departure from Eq. (5) due to screening 
effects. 


Ill. APPARATUS 


The synchrotron beam was collimated to }-inch di- 
ameter at a distance of 56 inches from the internal 
synchrotron target. The collimated portion of the beam 
then passed through the experimental apparatus, which 
was arranged as shown in Fig. 2. The secondary col- 
limator served to define the scattering geometry. At the 
secondary collimator the beam diameter was somewhat 
smaller than the 0.5-inch collimator aperture, so that 
in the region between the primary collimator and pair 
spectrometer converter the beam was intercepted by 




















SYNCHROTRON 


Fic. 2. Schematic arrangement of apparatus. The approximate 
locations of counters in the spectrometer for each of the double- 
coincidence channels are marked with the channel numbers. 


181 mb=10-? cm?, 
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nothing but the absorber and the air column. The 
absorption and scattering effects due to both the air 
column and the thin entrance window of the vacuum 
system can be lumped with the spectrometer efficiency, 
which cancels in determining counting-rate ratios. The 
observed value for ¢,"° was corrected for absorption by 
the air column displaced by the absorber. Charged- 
particle contamination in the beam was reduced to 
negligible proportions by the monitor magnetic field. 
Charged particles from the absorber were removed by 
the sweeping field so that the spectrometer counting 
rate fell to zero when the converter was removed. 

The pair spectrometer magnet was provided with six 
scintillation counters connected to three independent 
energy channels, each sensitive to the same photon 
energy interval. (See Fig. 2.) Electron-positron coinci- 
dences were observed independently and simultaneously 
in each channel by Neher diode bridge coincidence 
circuits’ with resolving time of 1.2 10~* second. 

The spectrometer channel width was determined by 
folding the electron radiation straggling in the converter, 
multiple scattering of electrons in the converter, and 
geometric channel width. The full width at half-maxi- 
mum was 8 Mev for the converter used during the 
measurement of 2° and @,P. 

The correction for cascade shower effects in the 
absorber was negligible. 

The beryllium absorber and beryllium converters 
were analyzed for impurities by Mr. Conway and Mr. 
Tuttle of the spectrochemical group of this laboratory. 
Corrections of less than 1% for impurities were made 
to the observed beryllium cross sections. The corrections 
to the lead data were negligible. 

The monitor was located in the photon beam between 
the main collimator and the absorber,.and it was .re- 
quired to be relatively transparent to high-energy 
photons. It was sensitive only to photon energies in the 
region of 300 Mev, and consisted of a magnet which 
deflected approximately 300-Mev positrons from a con- 
verter into a channel observed by a sodium iodide 
crystal and a 5819 photomultiplier. The 5819 output 
was integrated by an electrometer circuit. The positron 
flux into the monitor detector was greater than the pair 
spectrometer counting rate by a factor of at least 20, 
making it unnecessary to consider statistical variations 
in monitor readings in the reduction of the data. The 
ratio of pair-spectrometer counting rate to monitor 
integration rate was independent of changes in the 
shape and quantum limit energy of the spectrum to 
two parts in 10* over a range of spectrum variations 
which was wider, by a factor of 3, than was observed 
during normal operation. The monitor-spectrometer 
counting-rate ratio was essentially independent of 
variations in beam intensity over a factor of 20. This 
satisfactory operating condition was achieved by adjust- 


11. Neher, University of California Radiation Laboratory 
Report UCRL-2191, April, 1953 (unpublished). 
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ing the monitor’s mean channel energy while its be- 
havior was observed as a function of synchrotron oper- 
ating parameters. A detailed account of this monitor 
will be submitted to The Review of Scientific Instruments. 


IV. EXPERIMENTAL PROCEDURE 


All quantities determined experimentally were count- 
ing-rate ratios. The two experimental conditions, repre- 
senting numerator and denominator counting rates 
respectively, were accurately reproducible. A typical 
day’s running schedule consisted of alternating the two 
conditions approximately 20 times, including a periodic 
determination of the accidental counting rates. In this 
way, all data were collected in a uniform manner over 
the running period, and long-term drift effects tended 
to be minimized. 

The total-absorption cross section was determined 
for two beryllium absorbers which differed in thickness 
by a factor of 2. The observed values were equal within 
statistical error of 0.3%. This time-consuming measure- 
ment was not repeated with the lead absorber. 


V. ESTIMATE OF ©@;2e 


In order to estimate >> ¢,2* in Eq. (3), all photon 
interaction processes having cross sections greater than 
approximately 75¢-®*, i.e., greater than 1 mb, must be 
considered. It will be seen that photoproduction of pions 
and stars are the principal contributing effects. Crude 
estimates of other photo processes having smaller cross 
sections are also contained in Table IT. 

Estimates of the charged-pion production in beryl- 
lium are based upon the total cross section for photo- 
production of pions from hydrogen measured by Walker 
et al.”° and Tollestrup et a/.”" to be 0.21 mb per 319-Mev 
photon. Littauer and Walker” give the photoyields of 
positive and negative pions from beryllium relative to 
the photopion yield from hydrogen as 2.39 and 5.39, 
respectively. These data are for 65-Mev pions observed 
at 135° from 310-Mev bremsstrahlung. Medicus* has 
found the ratio of negative to positive photopion yields 
from 322-Mev bremsstrahlung incident on beryllium 
to be 2.0 at 90°. Motz, Crowe, and Friedman™ observe 
no strong angular or energy dependence of the m~/xt 
ratio in carbon. Assuming a mean ratio of 2.1 for 
beryllium, the total production of charged pions then 
becomes 1.6 mb per 319-Mev photon, accurate to 
approximately 20%. 

The total neutral-pion production in beryllium is 
given by Panofsky, Steinberger, and Steller®® as 0.555 
mb per 260 Mev photon, accurate to a factor of 2. 
Correcting this value to 319 Mev, using the observed 


2 R, L. Walker et al., Phys. Rev. 99, 210 (1955). 

21 A. V. Tollestrup et al., Phys. Rev. 99, 220 (1955). 

2R. M. Littauer and D. Walker, Phys. Rev. 82, 746 (1951). 
23H. A. Medicus, Phys. Rev. 83, 662 (1951). 

*%4 Motz, Crowe, and Friedman, Phys. Rev. 98, 268(A) (1955). 
al Panofsky, Steinberger, and Steller, Phys. Rev. 86, 180 (1952). 
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Taste I. Experimental values measured in this work, with 
values from DeWire ef al.* for comparison. 








Photon 
energy 


Experimental cross section 
(Mev) 


per photon Source 


Quantity 





This work 

DeWire et al. 

DeWire et al., cor- 
rected to 319 
Mev by Bethe- 
Heitler excita- 
tion function 


This work 

DeWire et al. 

DeWire et al., cor- 
rected to 319 
Mev by Bethe- 
Heitler excita- 
tion function 


161.3+1.0 mb 319 
(0.01060+-1.2%) cm?/g 280 
163.0+2.0 mb 319 


$aB° 


oa" 
oa” 


(37.6202+0.225) X10-* cm? 319 
(0.1069+1.2%) cm?/g 280 
(37.220+0.447) X10 cm? 319 


Soto —(3.98640.020)X10-* 319 This work 
opr? +g:F : f 








* See reference 11. 


excitation function of Goldschmidt-Clermont e¢ al.”* for 
neutral pions from hydrogen, we find the neutral pion 
production to be 0.78 mb per 319-Mev photon in 
beryllium, accurate to a factor of 2. 

The sum of cross sections for production of charged 
and neutral photopions is then 2.4 mb per 319-Mev 
photon, accurate to approximately 30%. 

The production of photostars in emulsion has been 
investigated by Miller®’ and Peterson.’* Miller derives 
an excitation function for stars of three or more prongs 
in carbon and in silver, and the integral of this excitation 
function over the bremsstrahlung spectrum gives a total 
cross section in agreement with Peterson’s data. Experi- 
mental conditions prevented the determination of cross 
sections for stars of one and two prongs so that Miller’s 
star cross section should be increased to account for 
one- and two-prong star production. This is done by 
including the cross section for high-energy photopro- 
tons, which is estimated below. 

The beryllium photostar cross section was derived 
from Miller’s carbon data by assuming that the cross 
section is proportional to A. The value is 0.75 mb per 
319-Mev photon, accurate to approximately 50%. 

The photoproton yield from beryllium is obtained 
from data on carbon by assuming that the cross section 
varies as Z/ko!. Normalizing the carbon angular dis- 
tribution found by Feld et al.” to the absolute value of 
do/d2\ 60°, 190 Mev for carbon obtained by Weil and 
McDaniel,’ and integrating over solid angle, one obtains 
a value of 0.36 mb per 319-Mev photon for the beryl- 
lium cross section, accurate to approximately 100%. 


26 Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 97, 
188 (1955). 

27R. D. Miller, Phys. Rev. 82, 260 (1951). 

% V. Z. Peterson, Phys. Rev. 96, 850 (1954). 

*B. T. Feld ef al., Phys. Rev. 85, 680 (1952). 

J. W. Weil and B, D. McDaniel, Phys. Rev. 92, 391 (1953). 
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No other processes contribute significantly to the 
interaction of 319-Mev photons in beryllium. The vari- 
ous low-energy photoeffects and Compton scattering 
from the nucleus as a whole contribute less than 10-* mb 
per 319-Mev photon to the 319-Mev photointeraction 
cross section in beryllium and are therefore neglected. 
It is assumed that the neutrons that are observed at 
high energy arise from events discussed above. It seems 
reasonable that the principal mechanisms for photon 
interactions with nuclei and with nucleons involve 
photon coupling to nucleons through their Coulomb 
and meson fields. At photon energies near 300 Mev the 
ejection of a neutron unaccompanied by a charged 
particle or a neutral meson seems relatively improbable. 


VI. RESULTS 


The total interaction cross sections for 319-Mev 
photons incident on beryllium and on lead were deter- 
mined in good-geometry attenuation experiment. The 
values are given in Table I. The ratio (¢,®*+¢,*)/ 
(¢p°+¢,"") was inferred from relative electron-pair 


TABLE II. Contributions to the term 2¢;®e= 3.5+1.0 mb 
in Eqs. (2) and (3). 








Cross section in 
millibarns per 
319-Mev photon 
per beryllium 
atom 


Estimated 


Process error 





20% 


Charged ‘an production (x* 1.6 


and + 
Neutral photopion production (7°) 
Photostars of 3 or more prongs 
Photoproton production 
High-energy tails of low-energy 
photoeffects, and Compton scat- 
tering from the nucleus as a whole 


0.78 
0.75 
0.36 


<10-% factor 5 








yields from thin converters of beryllium and of lead 
placed in the pair spectrometer. This ratio appears in 
Table I. The estimated value of >> ¢,2° is given in 
Table II. 

From these data Eq. (3) yields a value for ¢®*, the 
319-Mev total cross section for electron Compton 
scattering in beryllium. The experimental value for 
o=¢%*/4 is given in Table III. The Klein-Nishina 
cross section per electron per 319-Mev incident photon 
is given for comparison in Table III. 


VII. DISCUSSION 


Real deviations of the measured total Compton cross 
section from the Klein-Nishina formula would be of 
interest. Figure 1 shows the energy dependence of the 
Klein-Nishina formula integrated over solid angle. 
Brown and Feynman* have calculated radiative correc- 
tions to the Klein-Nishina formula by considering 
Compton scattering when the electron emits and re- 
absorbs a virtual photon in the scattering event. The 
leading radiative correction term is of order e® and 
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therefore is small. Integrating it over all photon scatter- 
ing angles gives a correction to the Klein-Nishina total 
cross section of approximately +1.4% at 319 Mev. This 
small deviation is difficult to detect by the method 
employed in this investigation. 

The damping correction, corresponding to the class- 
ical force proportional to d’v/dé, is shown by Heitler*! 
to be negligible at all energies. 

One expects details of the electronic structure to 
enter the theory when incident photon energies k are 
given by 

k> (hc/e*)moc?= 70 Mev, (6) 


in the frame in which the electron remains at rest. In 
the Compton effect there is no such frame, since the 
electron at rest in the laboratory is usually relativistic 
after the scattering event. A covariant generalization® 
of Eq. (6) for Compton scattering shows that the inci- 
dent photon energy must be greater than approxi- 
mately 5 Bev for electronic structure effects to become 
important. 

The experimental uncertainty in ¢,* does not allow 
a detailed comparison of results with the integrated 
Klein-Nishina formula and its radiative correction. The 
reduction of our experimental error for ¢.®* by as much 
as a factor of 2 is a difficult undertaking because the 
uncertainty in the term >> ¢,8* in Eq. (3) contributes 
approximately 40% of the final error. However, the 
principal conclusion of this paper is that the Klein- 
Nishina theory appears to be correct to at least 15% for 
photon energies in the 300-Mev region. 

The value given for ¢,®* should be regarded only as a 
general check on the triplet cross section in beryllium, 
and the reader is referred to AKMP"* for a more accu- 
rate value of the fundamental triplet-production cross 
section in hydrogen. 

A second-order Born approximation calculation of 


31 W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), p. 335. 
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TABLE III. Comparison values derived from data in Table I 
together with theoretical values.* 








Cross section in millibarns 


Quantity per 319-Mev photon Source 





o=4¢.Be 2.8+0.4 Equation (3) of this 

work (experimental) 

o 3.043 Klein-Nishina Formula 
(theoretical) 

Equation (4) of this 

work (experimental) 

Table I of AKMP> 
(theoretical) 


p*=$>*(B.H.)[1— (1.50-+0.08) x 10-622] 


36.043.5 
30.72 


oB° 
4g. 








* The quoted values for experimental uncertainties include the root- 
mean-square statistical counting errors as well as our best estimates of the 
systematic effects involved. Errors in the corrections for accidental coinci- 
dences and monitor background have also been considered. 

b See reference 16. 


¢,* shows that the observed deviations of Bethe and 
Heitler’s original calculations from ¢,* should be pro- 
portional to Z’, which justifies the form of Eq. (1). The 
measured value for ¢,*> obtained in this experiment 
gives a= (1.50+0.08) X 10-5 in Eq. (1), which is in good 
agreement with the values for a obtained by other in- 
vestigators from observations of several elements. 
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Pair Production in the Field of Orbital Electrons by a Total-Absorption 
Method at 319 Mev* 


Joun D. ANDERSON, ROBERT W. KENNEY, CHARLES A. McDONALD, Jr.,f AND RicHarp F. Postt 
Radiation Laboratory, University of California, Berkeley, California 
(Received March 13, 1956) 


The attenuation of (319+4)-Mev photons in liquid hydrocarbons has been measured and has been used to 
infer the cross section for pair production in the field of the orbital electrons (triplet production). 

Targets of benzene (CsH,) and cyclohexane (CsHi2) were used in good geometry. A pair spectrometer 
with three fast counter channels was used to measure the intensity of the transmitted photon beam. The 
synchrotron was monitored with a modified pair spectrometer that was sensitive only to the bremsstrahlung 
spectrum above 300 Mev. ' 

The total absorption cross sections in hydrogen and carbon at 319 Mev have been found to be 18.0+1.8 
mb per hydrogen atom, and 321.1+2.8 mb per carbon atom, respectively. 

Subtraction of the theoretical nuclear pair and electron Compton cross sections and the experimental 
photomeson cross sections in hydrogen from the total hydrogen absorption cross section gives 6.81.8 mb 
for the experimental triplet cross section, as compared with the theoretical value of 7.68 mb. Similarly, when 
one subtracts the cross sections for competing processes in carbon, one gets for the triplet cross section at 
319 Mev the value 46.6+6.4 mb, compared with the theoretical value of 44.4 mb. The large uncertainty in 


the carbon triplet cross section is due to uncertainties in the cross sections for the competing processes. 





I. INTRODUCTION 


HE possibility of the formation of an electron 
pair in the field of an atomic orbital electron by a 
gamma ray was first recognized by Perrin.’ Landau and 
Rumer suggested for the reciprocal case of bremsstrah- 
lung by an electron in the field of orbital electrons that 
one should replace Z* by Z(Z+-1) in order to account 
for the total radiation cross section per atom. The 
first quantum mechanical calculation of the process 
was that by Wheeler and Lamb.’ They used the first 
Born approximation, which assumes that Z/137<1. 
Screening was included and was found to be less effective 
on the electrons than on the nucleus. Thus, the so-called 
“triplet production” (pair production by photons in the 
field of an orbital electron) is greater than ¢p,ir/Z. This 
is discussed in more detail below (Sec. III). Several 
nonscreened theories have been given, of which the 
most complete is that of Borsellino.* He finds that with 
increasing photon energy, pair production in the field 
of an electron very slowly approaches that in the field of 
a nucleus of unit charge. At 319 Mev, the former is 5% 
smaller than the latter. 

The first indisputable observation of triplet produc- 
tion was that reported in 1944 by Ogle and Kruger,' 
who used the 2.67-Mev gamma ray from Na*™. This 
energy is just above the threshold (4mc*) for triplet 
production, and—as has been shown by Watson® and 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Radiation Laboratory, Livermore, California. 

1F. Perrin, Compt. rend. 197, 110 (1933). 

?L. Landau and G. Rumer, Proc. Roy. Soc. (London) A166, 
213 (1938). 

3J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939); 
101, 1836 (1956). 

*A. Borsellino, Helv. Phys. Acta 20, 136 (1947); Nuovo 
cimento 4, N3—4 (1947). 

5 W. E. Ogle and P. G. Kruger, Phys. Rev. 65, 61 (1944). 

*K. M. Watson, Phys. Rev. 72, 1060 (1947). 


more rigorously by Votruba’—the three electrons tend 
to share the available energy about equally for a photon 
energy that is less than 5 Mev. For photon energies 
above this, the positron and one electron get most of 
the energy, with the third electron getting mc? in the 
extreme relativistic limit. Thus, to observe the effect 
directly, one should use gamma rays just above the 
threshold. Ogle and Kruger observed the pairs and 
triplets formed in the air in their cloud chamber. They 
detected 56 pairs and 2 triplets with excellent momen- 
tum and energy balance. More recent cloud-chamber 
work was that by Phillips and Kruger® with the 6-Mev 
gamma from photons on fluorine, by Gaerttner and 
Yeater® with the average energy of 50 Mev from the 
General Electric betatron, and by Emigh"” at the 
Illinois 300-Mev betatron. Besides these direct observa- 
tions, DeWire" at 280 Mev, Lawson” at 88 Mev, and 
Berman™ at 19.5 Mev have all found it necessary to 
introduce the theoretical absorption by triplet produc- 
tion to account for the total absorption experimentally 
observed. Only Berman, however, studied low-Z 
elements where triplet production is comparable to 
pair production, and his energy was too low to give 
rise to a pair cross section comparable to Compton 
cross section. 

The subject of this paper is the study of triplet 
production by a total-absorption method at 319 Mev. 
This specific technique was employed because the 
direct effect is difficult to observe, as the third electron 
gets very little energy. 


7V. Votruba, Phys. Rev. 73, 1468 (1948). 
8 J. A. Phillips and P. G. Kruger, Phys. Rev. 72, 164 (1947) ; 76, 
1471 (1949). 

°F. R. Gaerttner and M. L. Yeater, Phys. Rev. 78, 621 (1950). 
” C. R. Emigh, Phys. Rev. 86, 1028 (1952). 

1 J. W. DeWire, Phys. Rev. 82, 447 (1951). 

12 J. L. Lawson, Phys. Rev. 75, 433 (1949). 

13 A, I. Berman, Phys. Rev. 90, 211 (1953). 
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II. COMPETING ABSORPTION PROCESSES 
AT 319 MEV 


The absorption processes that compete with triplet 
production at 319 Mev are discussed below. The 
theoretical treatment of triplet production is given 
in Sec. ITI. 


A. Pair Production in the Nuclear Coulomb Field 


For 319-Mev gamma rays, the largest contribution 
to the total absorption cross section in all elements 
except hydrogen is that due to pair production in the 
nuclear Coulomb field. The theory for this process, 
including screening, was given by Bethe and Heitler' 
in 1934. They used the Dirac negative energy states 
and the first Born approximation, which requires that 
Z/137<1, this being the requirement that the plane 
wave representation used for the pair members remain 
undistorted by the nuclear Coulomb field. For high-Z 
‘elements the condition is not satisfied. This was first 
seen experimentally by Adams" at 20 Mev. This dis- 
crepancy with theory has since been confirmed by 
several authors, among them Lawson” at 88 Mev; 
DeWire, Ashkin, and Beach'* at 280 Mev; and Emigh,” 
who gets at 300 Mev substantially the same correction 
as that found by Lawson. The differential cross section 
in the limit of high energies, neglecting screening, has 
been calculated without recourse to the Born approxi- 
mation by Maximon and Bethe!’ and has recently 
been integrated over positron energy.'® It is shown in 
reference 18 that the correction is equally applicable to 
cases with complete, incomplete, or no screening. Just 
as the experiments had indicated, the correction term 
has a Z* dependence. It is to be noted that this correc- 
tion is completely negligible for carbon, amounting to 
less than 0.1%, and for elements of lower Z. As is shown 
below, triplet production is most readily detectable 
for low-Z elements. Thus we are justified in calculating 
nuclear pair production from the Bethe-Heitler theory, 
in view of its experimental confirmation for low Z. 

In calculating the screening of the nucleus by the 
orbital electrons, a Fermi-Thomas distribution of the 
electrons is assumed. This theory is of a statistical 
nature and becomes more applicable as Z increases. 
Fortunately, Wheeler and Lamb’ have made an exact 
calculation for hydrogen. 

A convenient form for the differential cross section, 
¢,(E£,)dE,, for the creation of a pair whose positron 
has an energy in the tange E, to E,+dE,, whose 
negative electron has an energy in the range E_ to 
E_—dE_, and for the incident quantum whose energy 


( M ny Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
1934). 
18 G. D. Adams, Phys. Rev. 74, 1707 (1948). 
16 DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 
17L, C. Maximon and H. A. Bethe, Phys. Rev. 87, 156 (1952); 
H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 
18 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 
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is ko, where ko= E,+E_, is given by the relation 


op(E,)dE, = 


x {LE?+E*][bi(y)— (4/3) InZ] 
+$E,E_[¢2(y)— (4/3) InZ]}, 


where ¢;(y) and ¢2(7) are given graphically in reference 
3 as functions of 


v= 100mC?k)/ (E,E_Z}), 
and where’? 


2 


ee ie NF 
s-—(—) =Z*X 0.5793 mb. 


137 \me? 


The authors have calculated the value of this function 
for kj=319 Mev for hydrogen and carbon as a function 
of the positron total energy, using a maximum interval 
between points of 10 Mev. The total pair cross sections 
were obtained by graphical integration of these curves 
(see Table I). From calculations such as this, a plot 
of the pair cross section vs photon energy may be 
obtained. 


B. Electron Compton Effect 


The electron Compton effect is the subject of the 
previous paper (hereafter referred to as AKM,” in 
which it was concluded that the Klein-Nishina formula 
was correct to within 16% at 319 Mev. The theoretical 
value at 319 Mev is 


Compton = 3.04 mb /elect ron. 


C. Photomeson Production in Hydrogen 
and Carbon 


Energy and angular distributions for x+-meson pro- 
duction in hydrogen have been measured at various 
laboratories. The recent Berkeley total cross section 
at 275 Mev” is in excellent agreement with that from 
California Institute of Technology. Cross sections 
published by the latter institution show the total 
a*-production cross section in hydrogen at 319 Mev 
to be 0.22+0.03 mb.” 

For 7° production in hydrogen at 319 Mev, Oakley 
and Walker® show the total cross section to be 0.23 
+0.03 mb. 

Thus, the total photomeson cross section in hydrogen 
at 319 Mev is 0.45 mb, accurate to approximately 50%. 

The ratio of x*+ production from carbon and from 


91 mb=10-" cm’. 

* Anderson, Kenney, and McDonald, preceding paper [Phys. 
Rev. 102, 1626 (1956) ]. 

21 Jarmie, Repp, and White, Phys. Rev. 91, 1023 (1953). 

22 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955) ; Tollestrup, Keck, and Worlock, Phys. Rev. 99, 229 (1955). 

%D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 
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hydrogen per equivalent quantum is given as 2.16 by 
Jakobson, Shultz, and White.* Using this result and 
the + cross section in hydrogen at 319 Mev, we find 
the total x* cross section in carbon is 0.47 mb. 

Littauer and Walker* show the ratio of x to + 
production in carbon to be 1.06 for 65-Mev mesons at 
135° and for 310-Mev bremsstrahlung. Their work, 
combined with the recent work of Motz, Crowe, and 
Friedman,”* shows no strong energy or angular de- 
pendence. Using the * total cross section in hydrogen 
at 319 Mev, one finds the z~ cross section in carbon to 
be 0.5 mb. 

In the paper by Panofsky, Steinberger, and Steller?’ 
the ratio of the cross sections per equivalent quanta 
for x production in carbon and in hydrogen is 7.7. 
From the hydrogen cross section one gets 1.77 mb per 
319-Mev photon. 

Thus the total photomeson cross section in carbon 
at 319 Mev is 2.7 mb, accurate to within a factor of 2. 


D. Other Processes 


The photoproduction in carbon of stars with three 
or more prongs has been observed by Miller.** In the 
interval of 242 to 322 Mev, the average value for the 
total cross section is given as 1.5 mb, where an addi- 
tional 10% was added to account for stars in which 
only neutrons were formed. This cross section should 
be good to within 50%. 

The photoproton yield from carbon is obtained from 
the angular distribution found by Feld, Godbole, Odian, 
Scherb, Stein, and Wattenberg,” and the absolute 
differential cross section at 60° for 180-Mev photons 
by Weil and McDaniel. With a ko! dependence 
assumed, the cross section is found to be 0.6 mb per 
319-Mev photon, accurate to within approximately a 
factor of 3. 

No other processes contribute significantly to the 
interaction of 319-Mev photons in hydrogen or carbon. 
The photoelectric effect, so important at lower photon 
energies, gives cross sections of the order of 10-** cm? 
in hydrogen and 10-cm?* in carbon. The proton 
Compton cross section is of the order of 10-* cm’. 


III. PAIR PRODUCTION IN THE COULOMB FIELD OF 
THE ORBITAL ELECTRONS (TRIPLET, 
PRODUCTION)—THEORETICAL 


Triplet production is an absorption process for 319- 
Mev gamma rays which is second in magnitude only 
to pair production. The name is derived from the fact 
that the quantum forms a pair of electrons in the field 
of an orbital electron, and the electron recoils and is 


* Jakobson, Shultz, and White, Phys. Rev. 91, 695 (1953). 

25 R, M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952). 

© Motz, Crowe, and Friedman, Phys. Rev. 98, 268(A) (1955). 

*7 Panofsky, Steinberger, and Steller, Phys. Rev. 86, 180 (1952). 

%R. D. Miller, Phys. Rev. 82, 260 (1951). 

* Feld, Godbole, Odian, Scherb, Stein, and Wattenberg, Phys. 
Rev. 94, 1000 (1954). 

* J. W. Weil and B. D. McDaniel, Phys. Rev. 92, 391 (1953). 
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removed from the atom, giving a triplet of electrons. 
An elementary calculation shows that the threshold for 
the process is 4mc’, whereas it is 2mc* in ordinary 
nuclear pair production. 

The article by Wheeler and Lamb’ is primarily de- 
voted to pair production by electrons in the field of 
orbital electrons, but by the Weizsacker-Williams 
method they obtain the result for triplet production. 
The calculation closely follows that of Bethe and 
Heitler for ordinary pair production. They employ the 
first-order Born approximation, which assumes a plane- 
wave representation for the pair members. They also 
assume that the recoil energy of the third electron is 
negligible, an assumption which has remained in more 
recent theories and has been shown to be valid by 
Watson® and Votruba.’? For screening, the Fermi- 
Thomas electron distribution is again assumed, except 
in the case of hydrogen, where exact wave functions 
were used. The differential cross section for the pro- 
duction of a pair of electrons in the field of an orbital 
electron, in which the positron has an energy in the 
interval E, to E,+dE,, and for the incident quantum 
of energy ho, is given by 

5 aE 
o:(E, dE, - = LE?+E_*] 


X Lyi(e)— (8/3) InZ]+$3E,E_[y2(¢)— (8/3) InZ]}, 


where ¥(e) and W2(e) are given graphically in reference 
3 as functions of «= 100mc*ko/(E,E_Z!). The results of 
graphical integration of this function for ko=319 Mev 
for hydrogen and carbon are given in Table I. 
It is to be noted that screening is less effective on the 
orbital electrons than it is on the nucleus. In the limit 
of very high energies and complete screening we find*! 


ZoWheeler-Lamb/Bethe-Heitler = 1.4 in hydrogen. 


In this derivation, Wheeler and Lamb have assumed 
that the probability of producing a pair in the Coulomb 
field of a free electron is the same as in the field of a 
proton. Borsellino* has shown that this assumption is 
not correct, but he has neglected screening. In the limit 
of high energies, Borsellino’s result for the total triplet 
cross section per atom is 


(28 218 1 
$t, Borsellino = 7 — In2a———_ 
Z\9 


27 a 
X[(4/3) (In2a)*— 3 (In2a)?+-6.84 In2a+21.51]}, 


where a=ko/mc*. As one goes to very high energies 
this result has as its asymptotic limit the Bethe-Heitler 
nonscreened pair-production cross section divided by the 


31H. A. Bethe and A. Ashkin in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, Part II, p. 263. 
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atomic number. That is 
| 28 218 


$t, Borsellino—— 


— In2a— =| for a>. 
9 27 


Borsellino’s result approaches this function very slowly, 
differing from it by 5% at 319 Mev. 

At the intermediate energy of 319 Mev it is necessary 
to consider both screening and the difference between 
electronic and nuclear effects. Bethe and Ashkin* point 
out that it is a good approximation to take Borsellino’s 
result for the difference between the cross sections in 
the field of an electron and in the field of a nucleus of 
charge 1, and to subtract this from the Wheeler and 
Lamb cross section. That is, 


Ptriplet = PWheeler-Lamb 
— Z(dpair (Z =1), unscreened Bethe-Heitler 
— dtriplet (Z =1), Borsellino ]. 


The justification for this method of calculation of the 
triplet cross section is that Borsellino’s difference be- 
tween the production probabilities for electronic and 
nuclear fields is due mainly to large momentum 
transfers, while the screening effect arises from small 
momentum transfers. The corrected theoretical triplet 
cross sections for hydrogen and carbon are given in 
Table I. 


IV. METHOD AND APPARATUS 
A. General 


The most direct method of obtaining the triplet 
cross section would be to detect the three electrons for 
a given photon energy. It has been mentioned pre- 
viously that the third electron gets very little of the 
energy at 319 Mev. Thus the direct observation of the 
effect, either electronically or by cloud chambers, 
would be exceedingly difficult. Superimposed upon this 
difficulty is the problem of working with a brems- 
strahlung spectrum. 

A simpler approach is to measure the total absorption 
cross section for a given photon energy in elements for 
which the triplet cross section is an appreciable fraction 
of that total absorption cross section. If from theory 
and experiment one can make reasonable estimates of 
the cross sections for the competing processes at this 
energy, a value of the triplet cross section can be 
obtained. 


B. Total Absorption Cross Sections 


The total absorption cross sections at 319 Mev for 
hydrogen and carbon were determined in a good- 
geometry attenuation experiment by use of the pair- 
spectrometer coincidence-counting equipment and moni- 
tor discussed in AKM (see Fig. 2 of that paper). 


IN FIELD OF ORBITAL ELECTRONS 


1635 


TABLE I. Theoretical pair and triplet cross sections at 319 Mev. 








Carbon 
mb/atom 


251.4 
46.7 
444 


Hydrogen 
mb/atom 
7.72 
8.05 
7.68 





Pair (Bethe and Heitler) 
Triplet (Wheeler and Lamb) 
Triplet (Corrected) 





C. Choice Targets 


It is desirable to have the triplet cross section as 
large as possible with respect to the nuclear pair cross 
section. Since the former has a Z dependence and the 
latter a Z? dependence, one chooses as small a Z as is 
practical. Hydrogen is the obvious choice, since at 
319 Mev the two effects are about equal in magnitude, 
each contributing about 40% of the total absorption 
cross section, with the Compton effect giving 18% 
and photomeson production the remainder. Unfor- 
tunately, hydrogen in gas or liquid form is difficult to 
work with, since the attenuation would be very small 
with existing targets, and the hydrogen density cannot 
be precisely determined. 

One could use other elements in liquid or solid form, 
but benzene (CsHs) and cyclohexane (CsHi2) have 
some definite advantages which ultimately led to their 
being selected. They are readily available in high-purity 
samples, and they are free of the explosion hazard and 
general handling problems inherent in hydrogen targets. 
Their hydrogen density, comparable to that of liquid 
hydrogen, can be determined to within a few parts in 
10‘. Unfortunately, their use requires a subtraction 
type of experiment to determine any hydrogen cross 
section. However, one simultaneously obtains the total 
absorption cross section in carbon to a much higher 
precision than would be possible with a graphite target, 
owing to the density uncertainties in the latter. 

From the total absorption cross section in carbon, 
one can also determine the triplet cross section. It is 
true that carbon lacks the simplicity of hydrogen, in 
which the number of possible competing processes is 
limited, but the competing reactions in carbon (other 
than nuclear pair, triplet, and Compton effect) still 
amount to less than 2% of the total. At the same time, 
the triplet effect contributes about 12%. Thus one has 
the possibility of measuring the triplet cross section 
to even higher accuracy than is possible with hydrogen. 
Owing to screening, which is a function of the atomic 
number, this will not be simply six times the cross 
section of hydrogen. 


D. Target Assembly 


The two hydrocarbons were contained in identical 
aluminum cylinders, 29 inches long and 2.5 inches in 
diameter, with 5-mil aluminum end windows. The 
absorber length was chosen so as to give approxi- 
mately 1/e attenuation of the gamma-ray beam at 
319 Mev. 
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TABLE II. Triplet cross sections in hydrogen 
and in carbon at 319 Mev. 








Carbon 
cross section 
(mb/atom) 


Hydrogen 
cross section 


Interaction (mb/atom) _. Error Error 





Nuclear pair 
(theoretical) 
Electron Compton 
(theoretical 
Photomeson 
(experimental) 
Photostar 
(experimental) tee 1.5 
Nuclear photoeffect 
(experimental) tee 0.6 


7.72 
3.04 
0.45 


251.4 
18.3 
50% 2.7 


Total 
(less triplet) 
Experimenta! total- 
absorption cross 
section 


11.21+0.23 274.545.7 


18.0 +1.8 321.142.8 

Experimental triplet 
cross section 

Theoretical triplet 
cross section 7.68 


6.8 +1.8 46.6+6.4 


44.4 








Since the method of the experiment was to measure 
the ratio of the number of 319-Mev quanta that pene- 
trate the absorber to the number reaching that point 
with no absorber, it was necessary to have a third 
target. This dummy target was identical with the other 
two except that it was evacuated to less than 15 microns. 
The dummy target provides a true measure of the 
target-out condition, and eliminates the necessity of 
subtracting the absorption due to the Al windows, and 
of correcting for the displaced air column. 


V. RESULTS AND CONCLUSIONS 
A. Data 


A total of 1 500 000 coincidence counts were taken in 
the course of three independent runs over a period of 
one year. The results of all runs were consistent within 
statistics. 

The principal data consist of observations of photon 
beam intensities transmitted by each of the three 
targets, and the results of interest are the two inde- 
pendent ratios of their intensities. Effects of slow non- 
periodic variations in the experimental conditions were 


canceled to first order by observing the three intensities 
in cyclic order with a cycle period of one hour. 

Because the absorbers attenuated the beam by a 
factor of 1/e at 319 Mev, the flux through the pair 
spectrometer in the desired energy interval would vary 
over a factor of almost 3 on switching from absorber 
to dummy target. In order to assure that the spectrom- 
eter was always operating at the same efficiency, the 
synchrotron beam intensity was varied so that the flux 
through the spectrometer was maintained at a constant 
value. — 

B. Cross Sections 


The total absorption cross sections at 319 Mev in 
hydrogen and carbon were found to be 18.0+1.8 mb 
per hydrogen atom and 321.1+2.8 mb per carbon atom. 
The errors listed are root-mean-square errors on count- 
ing statistics and the best estimate of systematic errors. 
The temperature of the targets was monitored and 
the data were corrected for density variation and change 
in target length. Over all, these latter corrections 
amounted to less than 0.1%. The accidentals were sub- 
tracted from the total counts; and they amounted to 
less than 0.5%. 

The calculations of the experimental triplet cross 
sections in hydrogen and carbon at 319 Mev are sum- 
marized in Table II, and the theoretical cross sections 
are given for comparison. It is to be noted that, with the 
exception of nuclear pair production, pair production 
in the field of the orbital electrons, and Compton effect, 
all other absorption processes in carbon contribute but 
1.5% of the total absorption cross section. This amounts 
to 10% of the total triplet cross section in carbon, and 
when the uncertainties in some of these other cross 
sections are reduced the data will then be available for 
the calculation of a better value for the triplet cross 
section in carbon. 
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Antiproton Interaction Cross Sections* 
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Using the 1.19-Bev/c antiproton beam recently discovered at the Berkeley Bevatron of the University of 
California, we have measured the attenuation cross section in beryllium and copper. These cross sections 
are compared to attenuation measurements made with the same geometry using positive protons of the 
same incident energy (497 Mev). The measurements were made at cut-off angles 8, of 12.7° for copper, and 
at 18° for beryllium. For both copper and beryllium the measured attenuation cross section for antiprotons 
is twice that for positive protons, with a statistical error of +15%. In addition, for both elements, more 
than half the attenuation events resulted in one or more fast charged secondary particles (8 20.75)— 


probably indicating that annihilations had taken place. 


The cross section results are: for copper at 0.=12.7°, 05=1.5820.22, ¢)+=0.780+0.069; and for beryllium 
at 0.=18°, o5=0.365+0.059, o,+=0.178+0.013, where the units are 10-*‘ cm*. For copper and beryllium, 
respectively, the average energies in the absorbers were 430 and 455 Mev. 





INTRODUCTION 


HE first experiments done with the recently 

discovered 1.19-Bev/c antiproton beam! at the 
Berkeley Bevatron were primarily concerned with con- 
firming the identification of the antiproton.?* We have 
now started to study those properties of the new 
particle that are not immediate consequences of its 
identity. As a first step we have performed a counter 
experiment to measure the antiproton attenuation, 
both in copper and in beryllium. 

Antiprotons, certified as to their nature by the system 
of counters described in reference 1, were allowed to 
impinge on an absorber. Two additional counters were 
used to determine how many passed through the 
absorber. One of these counters was a scintillation 
counter that was sensitive to all charged particles 
passing through it. These charged particles were (a) 
“pass-through” antiprotons, by which we mean those 
that failed to have a nuclear interaction or at most 


were scattered through an angle smaller than 6, (where, 


6, is the half-angle subtended by the counter at the 
center of the absorber); and (b) charged secondaries 
resulting from the annihilation of an antiproton with a 
nucleon. In order to determine the cross section cor- 
rectly it was necessary to recognize these charged 
secondaries, since they would otherwise simulate pass- 
through antiprotons and thereby cause the measured 
cross sections to be too small. For this purpose we used 
as a “guard” counter a water Cerenkov counter that 
counted only those particles with a velocity greater 
than 6=0.75(8=»/c). Since the incident antiprotons 
had a velocity of 8=0.75 before entering the attenuator, 
they were not counted in this guard counter. Therefore, 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Chamberlain, Segré, Wiegand, and Ypsilantis, Phys. Rev. 
100, 947 (1955). 

2 Brabant, Cork, Horowitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 101, 498 (1956). 

’ Chamberlain, Chupp, Goldhaber, Segré, Wiegand, Amaldi, 
Baroni, Caltagnoli, Franzinetti, and Manfredini, Phys. Rev. 
101, 909 (1956) ; Nuovo cimento (to be published). 


in order that a pulse in the detector counter represent 
a pass-through antiproton, we have added the stipula- 
tion that there must be no count in the Cerenkov guard 
counter. 

The antiproton cross sections were compared with 
those for protons by an experiment in which the currents 
in the analyzing magnets (M1, M2) and focusing 
magnets ((1, 02) were reversed. It was also necessary 
to change the position of the target slightly in order 
to allow the protons to pass through the fringing field of 
the Bevatron into the orbit defined by the magnets 
and counters. For these runs the Bevatron internal 
beam was accelerated to 1.1 Bev. There was no meson 
contamination of this 1.19-Bev/c proton beam because 
mesons of this momentum could not be produced by 
1.1-Bev protons. 

EXPERIMENTAL 


Figure 1 shows both the beam-selecting apparatus 
described in reference 1, and the attenuation apparatus. 
The energy of the antiprotons at counter $3 was 497 
+10 Mev, and the beam had a root-mean-square 
angular divergence of +3°, due mainly to multiple 
Coulomb scattering in counters C1 and C2. 

Table I gives the specifications of the three counters 
S3, C3, and $4. S3 and S4 were plastic scintillation 
counters, whereas C3 was the water Cerenkov guard 
counter mentioned earlier. At the suggestion of Bruce 
Cork it was placed directly behind the attenuator, 
rather than behind the detector $4, because it thereby 
subtended a larger solid angle at the absorber and thus 


TABLE I. Counter specifications. 








Diam- Thick- 
Counter Type eter (in.) ness (in.) Remarks 
S3 Plastic scintillator 4 1 
S4 Plastic scintillator 7 0.5 Used only in copper 
experiment 
13 1 Used only in beryllium 


experiment 





S54 Plastic scintillator 


C3 Water Cerenkov 7.5 3.5 
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SHIELOING 


ABSORBER 


Fic. 1. Schematic diagram of the experimental arrangement. 
(For details see reference 1 and Figs. 1 and 2 therein.) 


had a better efficiency for counting annihilation events. 
However, by placing counter C3 between counters $3 
and $4, we increased the amount of absorbing material 
through which the beam had to pass. The copper 
equivalent of counter C3 (water plus tube and base) 
was about 22 g/cm? Cu. In order to correct for the 
attenuation in this additional absorbing material it was 
necessary to take data with the primary attenuator 
out as well as in place. It should also be noted that it was 
very unlikely that an annihilation pion produced in the 
primary absorber could traverse the water without 


COPPER 
( ABSORBER 











Z J 
COUNTER $3 WATER COUNTER $4 


COUNTER 
c3 























Fic. 2. Schematic diagram of cop 


r attenuation apparatus. 
See text for details 


having sufficient energy to emit Cerenkov radiation in 
so doing. 

The three pulses from counters $3, C3, and $4 were 
displayed on an oscilloscope trace and photographically 
recorded. Another camera was simultaneously photo- 
graphing the pulses from counters $1, $2, and C1. 
These latter traces were used only for recognition of the 
antiprotons (as discussed in reference 1). The traces 
of the two films were then correlated and the S3, C3, and 
S4 pulses recorded for antiproton traces. All double 
sweeps (two or more sweeps sometimes occurred within 
the 50-millisecond duration of the beam pulse) were 
discarded because their inclusion might introduce a 
systematic error. 

The extremely low counting rate (an average of one 
antiproton every 15 minutes) limited our measure- 
ments to only two elements; we have chosen copper 
and beryllium. The thickness of the copper absorber 
was 68 g/cm?, the beryllium 37.5 g/cm’. 

A schematic drawing of the experimental arrange- 
ment is shown in Fig. 2 for the copper geometry, and in 
Fig. 3 for the beryllium geometry. 

The angle subtended by the pass-through counter 
S4 at the center of the attenuator is conventionally 
called the cut-off angle @,. However, the divergence of 
the incident beam and the thickness of the attenuators 
introduced an uncertainty in the real cut-off angle, 
especially in the copper geometry. For this reason it 
was desirable to choose an angle for which the cross 
section is not strongly dependent on @,. Thus, the cut-off 
angle was chosen larger than the angle at the first 
minimum of the diffraction pattern for protons, so that 
the detector $4 counted nearly all antiprotons that had 
suffered only diffraction and multiple Coulomb scatter- 
ing. Hence the quoted cross sections include only 
negligible amounts of diffraction scattering. This has 
been verified by calculation. In Figs. 2 and 3 the incident 
divergent beam is shown with dashed lines, and the 
rms angle 6 of multiple Coulomb scattering is indicated. 
The cut-off angles were 6,.=12.7° for copper, and 
6.= 18° for beryllium. 

An incident particle must always register a count 
in $3. In the remaining two counters, C3 and S4, there 
are only four possible different combinations of re- 
sponses. These will be labeled (C3, S4), (C3, 54), 
(C3, 84), and (C3, 84), where a bar indicates that the 
corresponding counter did not count. 

For the purposes of computing cross sections, we 
interpret these four possible combinations of responses 
as follows: 

First, we will assume that ali (C3, 54) events repre- 
sent pass-through particles. Indeed, pass-through 
particles cannot register a count in the Cerenkov 
counter, C3, but will be counted in the detector, S4. 
This combination of counts could also be obtained, 
however, if an interaction occurred in which only slow 
secondaries were produced in the forward direction 
with one of them counting in $4. As we have pointed 





ANTIPROTON 


INTERACTION CROSS SECTIONS 


TABLE II. Experimental results. Jo is the number of incident particles, J is the number of unattenuated particles, 
I, is the number of scattered particles, and 7, is the number of annihilated particles. 








Cutoff 
angle 


Incident ae 
Attenuator particle S4C3 


S4C3 S84C3 





18° 32 
18° 5 
18° 
18° 
12.7° 
12.7" 
12.7° 
¥2.7° 


8 in. Be 
none 
8 in. Be 
none 
3 in. Cu 
none 
3:in. Cu 
none 


16 17 
4 
3 
4 
58 
5 








out earlier, such an event is unlikely; nevertheless, the 
assumption made above may result in a low value for 
the attenuation cross section. 

Second, we will assume that a// annihilations produce 
a fast charged particle (820.75) into the cone of ac- 
ceptance of counter C3. Thus, we interpret the events 
(C3, S4) and (C3, 54) as representing annihilations. 
This allows us to estimate the partial cross section for 
annihilation. 

Finally, combination (C3, 84) is interpreted as an 
event in which an antiproton was scattered through an 
angle 6, without giving rise to fast charged secondaries 
into the cone of acceptance of C3. Of course, these 
events again may not give a true value for the scattering 
cross section, since this particular combination (C3, 84) 
could also result from annihilations in which no fast 
charged particle is produced in the forward direction 
and no charged particle traverses S4. 

In summary, we list the four types of events and their 
interpretations: 


(1) (€3, S4)—a pass-through particles. 
(2) (C3, S4)—an annihilation event; 
(3) (C3, 84)—an annihilation event; 
(4) (C3, 54)—a scattering event. 


For measurement of the attenuation cross section for 
protons, the above interpretation of the events was 
altered. Protons of 497 Mev are too slow to count in 
C3. Except for single-meson production, the protons 
cannot produce fast charged particles which register 
counts in C3. In fact, the very absence of counts in C3 
when protons were attenuated lends strong support to 
the assumption that counts in C3 were due to annihila- 
tions when antiprotons were used. 


RESULTS 


In Table II we have summarized the number of 
events of each type, together with cut-off angle. The 
data were taken with the absorber in and out, for both 
protons and antiprotons. 

The formulas used for computing the total attenua- 
tion cross section o and the statistical standard devia- 


tion Ag are: 


1 I, I’ te) Tae Soe Oe eS 
eee in"), ao-—( -+--—) : 

N I I NNI Ip I! I 
where J and Jo’ are the numbers of incident particles 
with the absorber in and out respectively; J and J’ are 
the numbers of pass-through particles with the ab- 
sorber in and out, respectively; and N is the thickness 
of the attenuator in atoms/cm. If we let J, (and J,’) be 
the number of scattered particles= (C3, 84), and J. 
(and J,’) be the number of annihilation events= (C3, 
S4)+ (C3, 84), then the partial cross sections for scatter- 
ing, ,, and for annihilation, o,, are given by 


1 a 
= (—),, = (—),, 
i+a it+a 


a= (Iql’—Iq'1)/(I,1’—1,'1). 


where 


Io, I, I;, and J, are also summarized in Table II. 
The resulting cross sections and statistical errors are 
given in Table ITI. 

The errors listed in Table III represent only standard 
deviations due to counting statistics. It was not possible 
to obtain better statistical results because of the low 
counting rate. Some of the partial cross sections listed 
in Table III may not be very meaningful because of the 
large statistical errors. 

A source of error, other than statistical, may be 
annihilation events in which no fast charged secondary 
passes through C3. This effect would indicate that the 
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Fic. 3. Schematic diagram of beryllium attenuation apparatus. 
See text for details. 
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TABLE III. Cross-section results. The quantity o is the measured attenuation cross section ; o_ and @, are the partial cross sections for 
tion and scattering, respectively. The errors shown are standard deviations due to counting statistics. 








Cutoff 
angle 


Incident 


¢g 
Attenuator particle (in 10-* cm*) 


op/op+ 


Ga 
(in 10-*4 cm?) 


oe 
(in 10-% cm?) 





0.365+0.059 
0.178+0.013 
1.58 +0.22 

0.780+0.069 


18° 
18° 
p 12.7° 
pt 12.7° 


8 in. Be p 

8 in. Be * 
3 in. Cu 
3 in. Cu 


0.17+0.06 
1,050.22 


0.19+0.07 


ae 2.05+0.36 
0.53+0.11 


2.020.33 








partial annihilation cross sections given in Table III 
are too low, but would not affect the measured total 
attenuation cross sections as long as there were no slow 
charged secondaries passing through counter S4. As it 
is very unlikely that a slow charged particle can get 
through counter C3, the latter source of error should 
have very little effect on the total attenuation cross 
sections. For the copper experiment, counter C3 sub- 
tended an average solid angle of w steradians at the 
absorber. Crude kinematical estimates indicate that 
probably no more than 20% of the annihilations fail to 
. produce a fast charged particle into this solid angle. On 
the other hand, in the beryllium experiment counter 
C3 subtended an average solid angle of only 2/2 
steradians. In this case counter C3 may have failed to 
detect about 30% of the annhilation events. Therefore 
the values quoted for the cross sections for annihilation 
represent lower limits. 

For both copper and beryllium the measured cross 
sections for antiprotons are twice those for protons, 
within the statistical errors of +15%. For copper 
(6.=12.7°) :o5=1.580.22X 10-* cm’, ¢,= 0.780.069 
X10-* cm?. For beryllium (6,= 18°) : e5=0.365+0.059 
X10 cm’, o,=0.178+0.013X10-* cm’. The anti- 
proton attenuation cross section for copper is in agree- 
ment with the previously reported, but statistically 
less precise, measurement of Brabant et al.? The cross 
section we obtained for protons on copper is about 14% 
greater than that obtained by Chen, Leavitt, and 
Shapiro at Brookhaven (0.68X10-*cm*) with a 
similar geometry at a somewhat higher energy (860 
Mev). Our beryllium cross section for protons is almost 
37% greater than that obtained at Brookhaven 
(0.130 10-* cm’). This apparent discrepancy could 
be due to the differences in energy and in geometry 
between the two experiments. 

It is also interesting to note that in 66% of the anti- 


“Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955). 


proton interactions in copper, each was accompanied 
by a fast charged particle in the cone of acceptance of 
counter C3. For beryllium 47% of the interactions 
resulted in a count in C3. If we assume that these fast 
particles result from annihilations, then we conclude 
that the most probable inelastic event that can befall 
the antiproton is annihilation. 

We may attempt to explain our results by assuming 
either that the antiproton has a “larger radius” than 
the proton when interacting with matter, or that the 
potential representing the nucleus is different for anti- 
protons and protons (assuming that the proton and 
antiproton have the same “size’”’). The assumption of 
a “bigger” antiproton leads to a different ratio of 
o/c, for copper than for beryllium, but this possibility 
is not conclusively ruled out on the basis of our 
experiment. 

Duerr and Teller,’ on the basis of a model of the 
nucleus first proposed by Johnson and Teller,*® predicted 
an antiproton cross section for copper that is consistent 
with our experimental result. This model is character- 
ized by a velocity-dependent term in the Hamiltonian 
describing the interaction of the incident particle with 
the nucleus. 

CONCLUSION 

The results of this experiment show two features of 

particular interest : 


(a) The attenuation cross sections of antiprotons in 
beryllium and copper are approximately twice those 
of protons. 

(b) The most probable inelastic event for antiprotons 
in beryllium and copper is annihilation with a nucleon. 
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A phase-shift analysis of the 150-Mev proton-proton scattering and polarization data has been carried out 
assuming that only waves with J <2 contribute and neglecting *P,—*F2 coupling. The formulas used to 
estimate the Coulomb-nuclear interference are essentially nonrelativistic, although they include a kinematic 
correction. Representative sets of phase shifts which fit the data reasonably are tabulated. 





I. INTRODUCTION 


URING the past few years, there have been a 
number of attempts’ to interpret proton-proton 
scattering for energies in the vicinity of 150 Mev® in 
terms of phase shifts. The essential assumption that 
has entered in all of these analyses’ has been that only 
S and P waves contribute dominantly to the scattering. 
However, recent measurements of polarization effects® 
in p-p scattering at 133 Mev and at 210 Mev as ob- 
tained at Harwell® and Rochester,"® respectively, clearly 
show that F waves must be included in any such phase- 
shift analysis. For the experimental angular distribu- 
tion of the polarization is not simply proportional to 
sin@ cos@ (which would be the case if only triplet 
P-states were included) but rather assumes the form 
sin? cos@ (bo+b2cos’#), the term in d2 arising from 
’P—%F interference." One will have such interference 
even if only one of the *F-phases, say, *F 2, is nonzero, 
and it is convenient to assume that this will be the case 
for all that follows. 


* This research was supported, in part, by the U. S. Atomic 
Energy Commission. 

1R. M. Thaler and J. Bengston, Phys. Rev. 94, 679 (1954). 

2 Thaler, Bengston, and Breit, Phys. Rev. 94, 683 (1954). 

3A. Garren, Phys. Rev. 92, 213 (1953) ; 92, 1587 (1953); 96, 
1709 (1954 

4*C.A. Elcin, Nuovo cimento 1, 581 (1955 

5 Beretta, Clementel, and Villi, Phys. Rev. 8, 1526 (1955). 

6 In this paper, energies always refer to the laboratory system, 
scattering angles to the center-of-momentum system. 

7 Thaler, Bengston, and Breit? have made a preliminary survey 
of the effects on p-p scattering of *P.—%F, coupling due to an 
intermediate state of the two nucleons and have found that the 
data indeed allow such an interpretation. However, these con- 
siderations were not extended to the case of the scattering of 
polarized protons. 

8 Whenever we speak of polarization effects, we have always in 
mind the quantity P(6) which can be defined in either of two ways 
[see L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952) ]: 
(a) Assume that the incoming particles move in the z-direction 
and that both the incident and target protons are unpolarized. 
Then P(@) is twice the expectation value of the y-component of 
the spin of an outgoing proton when scattered through the polar 
angle @, with the azimuth $= 0°. (b) Assume the incident beam to 
be completely polarized in the positive y-direction. Then P(@) 
is also given by the expression [I(¢=0°)—I(¢= 180°) /( (¢=0°) 
+J(¢= 180°) ], where J(¢) is the intensity of the outgoing beam 
(the scattering angle @ being kept fixed throughout). 

®J. M. Dickson and D. C. Salter, Nature 173, 946 (1954); 
Dickson, Rose, and Salter, Proc. Phys. Soc. (London) A68, 361 
(1955). 

10. Baskir (private communication). 

11 Coulomb-nuclear interference by itself cannot account for the 
deviation of the polarization from the simple form sin@ cos@ for 
the angular region 30°-45° 


We have undertaken to carry out a phase-shift 
analysis of high-energy nucleon-nucleon scattering that 
is based on the charge independence of nuclear forces. 
In this work, all nuclear phase shifts with total angular 
momenta J < 2 have been retained; also, for the sake of 
simplicity, the coupling between states of given J and 
different L(=J+1) has been neglected. In this report 
we describe the results obtained for the analysis of 
150-Mev proton-proton scattering; the extension to 
the neutron-proton system wil] be considered in a sub- 
sequent paper. 

In Sec. II the experimental data used in the present 
analysis are summarized. It has been found convenient 
to express the unpolarized and polarized scattering data 
in terms of expansions in Legendre polynomials and 
trigonometric functions, respectively. The method of 
least squares was employed to determine the values of 
the expansion coefficients and their errors. The various 
scattering formulas that are needed in the analysis are 
given in Sec. III. So far as Coulomb effects are con- 
cerned, the expressions that we have used are the non- 
relativistic ones except for kinematic corrections. In 
Secs. IV and V, we discuss the procedure employed in 
the analysis and the results, respectively. 


Il. EXPERIMENTAL DATA 
(A) Unpolarized Scattering 


Since the angular distribution for the scattering of 
unpolarized protons by protons is essentially isotropic 
(for 6$30°) and energy-independent (from 100- to 
350-Mev incident proton energy),® the following meas- 
urements are relevant in a phase-shift analysis at a 
nominal energy of 150 Mev: the Rochester data at 240 
Mev," the Harwell data at 147 Mev," and the Berkeley 
data at 164-174 and 250-260 Mev.'* The experimental 
points are reproduced in Figs. 1 and 2 for reference. 


2C, L. Oxley and R. D. Schamberger, Phys. Rev. 85, 416 


(1952); O. A. Towler, Jr., Phys. Rev. 85, 1024 (1952). 

18 Cassels, Pickavance, and Stafford, Proc. Roy. Soc. (London) 
A214, 262 (1952). 

14 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 
(1951); O. Chamberlain and J. D. Garrison, Phys. Rev. 95, 1349 
(1954). 

16 The absolute values of the Rochester and Harwell cross 
sections as given in Fig. 1 have been renormalized, with the 90° 
points being set equal to 3.92 and 4.05 mb/sterad, respectively. 
See the summary discussion of nucleon-nucleon scattering by 
G. Breit in the Proceedings of the Fifth Annual Rochester Conference 
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} Horwell (147 Mev) 
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Fic. 1. Unpolarized differential cross section for p-p scattering 
as measured at Rochester (240 Mev) and at Harwell (147 Mev); 
the 90° points have been renormalized to give 3.92 and 4.05 
mb/sterad, respectively. The solid curve represents the least- 
square fit of the combined data with o (90°) being set equal to 
3.90 mb/sterad. 


Upon using the method of least squares to analyze 
the experimental angular distribution in terms of 
Legendre polynomials P2_(cos@), viz., 


ka (0) = > denP2,(cosd), (1) 


where fk is the momentum of either particle in the 
center-of-momentum system, we obtain the results 
shown in Table I'*; we have here adjusted the least- 
square fit of the Rochester and Harwell data, for the 
sake of convenience, so as to give ¢(90°)=3.90 mb/ 
sterad—the original Berkeley measurements, on the 
other hand, yield a least-square value of 7(90°)= 3.63 


TABLE I. Least-square analysis of 150 Mev unpolarized p-p 
scattering in terms of Legendre polynomials [k?0(@)=Zd2nP2n, 
with ?= 1.81 X 10% cm™ for E= 150 Mev]. 








Data ao a2 a 





—0.037 +-0.067 
—0.0362-0.050 


0.087 +0.058 


—0.044+0.068 
—0.045+0.051 


0.040+0.058 


Rochester 

Rochester and 
Harwell 

Berkeley 


0.700+0.017 
0.700+0.013 


0.682+0.014 








on High Energy Physics (Interscience Publishers, Inc., New York, 
1955), p. 145; see also B. Rose, Proceedings of the 1954 Glasgow 
Conference (Pergamon Press, London, 1955), p. 32. All errors 
quoted in this paper are standard deviations. 

1 The errors which are listed in the table are those due to the 
deviation of the approximating function from the experimental 
points (“external” errors); the corresponding “internal” errors, 
which arise from the statistical uncertainties in the experimental 
observations themselves, are somewhat smaller. From a consider- 
ation of the variation of the ratio of these two types of errors as 
the number of terms in (1) is increased, it becomes evident that 
the least-square fit of the cross section will be but slightly affected 
with the inclusion of the »=3 term. Indeed, it is already clear 
from the errors listed in the table that the coefficients a2 and a, 
contribute very little to the fit. 


mb/sterad. Only the data at large angles (6> 35°) were 
taken into account in applying the expansion (1) since 
Coulomb effects may then be ignored; also, we have 
retained in (1) only those terms to which one may 
expect contributions from phase shifts having J< 2. 
The least-square fits of the Rochester-Harwell and the 
Berkeley differential cross sections as determined from 
Table I are plotted in Figs. 1 and 2, respectively. 

It will be noticed that the least-square analysis of the 
Rochester data is but slightly affected when the Harwell 
measurements are also included. It is, on the other hand, 
not clear whether or not the apparent difference between 
the Rochester-Harwell and the Berkeley angular distri- 
butions is significant, particularly in view of the 
uncertainty of the normalization. We have, therefore, 
for the sake of definiteness, chosen to use the least- 
square fit of the combined Rochester and Harwell data 
in the phase-shift analysis. 
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Fic. 2. Unpolarized differential cross section for p-p scattering 
as measured at Berkeley (164-174 and 250-260 Mev). The solid 
curve represents the least-square fit. 


So far as the measurements at small angles (@< 35°) 
are concerned—here Coulomb effects will be im- 
portant—, it is convenient to compare the experimental 
data directly with the theoretical values calculated from 
those phase shifts which fit the large-angle data 
reasonably. 


(B) Polarized Scattering 


At the time that these calculations were begun, the 
only available measurements of the angular distribu- 
tion of the scattering of polarized protons by protons 
at the energies under consideration had been carried 
out at Harwell® (at 133 Mev); the data are plotted in 
Fig. 3.7 Upon using the method of least squares to 
analyze these data, which we take to be representative 

17 There is also an additional point at 200 Mev measured at 


Rochester by Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 
806 (1954). 
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of the polarization at 150 Mev, in terms of the trig- 
onometric expansion 


P(6)= [Ro (0) > sin@ cosé > bon cos?"6, (2) 


we find d9>=0.170+0.049, b.=0.277+0.104; we have 
here set k?=1.8110?° cm? and «a(@)=3.90 mb/ 
sterad,'® since the experimental data are, in any event, 
available for large angles only (> 30°). 

The least-square angular distribution of P(@) is 
shown in Fig. 3. Once again, we have kept only those 
terms in (2) which are compatible with our assumption 
that only phase shifts with J<2 enter; also Coulomb 
effects have been neglected. On the other hand, the 
errors which are quoted here are the internal errors, 
which are now somewhat larger than the external errors. 
This last fact is of some importance since it implies 
that, within the limitations of the experimental data, 
there is no point in improving upon the approximating 
series (2) by the inclusion of terms with 22. The 
coefficients bp and 2, quoted above, were used in the 
phase-shift analysis. 

Recent measurements at Berkeley" of polarization 
effects in p-p scattering at 170 Mev have led to an 
angular distribution which is in essential agreement 
with Harwell. The experimental points and the least- 
square fit in terms of Eq. (2) are shown in Fig. 3. The 
expansion coefficients bp and 62, for this case, are given 
by 0.210+0.056 and 0.207+0.095, respectively; once 
again, we have taken the differential cross section to be 
isotropic in the angular region under consideration (in 
particular, we have set o(@)=3.72 mb/sterad'*) and 
k?= 1.81 10"* cm~ for the sake of comparison with the 
Harwell data. 

It will be noticed that the variation of p-p polariza- 
tion effects over the energy range 130-170 Mev is 
slight, particularly in view of the rather large experi- 
mental errors involved. One may therefore expect that 
phase shifts which are based on the polarization meas- 
urements at Harwell will explain equally well the 
corresponding Berkeley data. 

There is one final remark which needs to be made with 
respect to the sign of the polarization. Let us denote by 
k; the propagation vector of the incident proton in the 
center-of-momentum system; similarly, let ky refer to 
an outgoing proton. We then say that the polarization 
of the scattered beam is positive or negative according 
to whether its direction is parallel or antiparallel to 
k;Xky. In point of fact, it has been shown at Chicago” 
and at Harwell for 435-Mev and 135-Mev protons, 
respectively, that the polarization effects are positive 
in the sense just defined for protons scattered through 

18 This value is equal to the average of the least-square distribu- 
tion of o(@) over the angular range 30°<@< 90°. 

19D). Fischer and J. Baldwin, Phys. Rev. 100, 1445 (1955). 

2” L. Marshall and J. Marshall, Phys. Rev. 98, 1398 (1955). 

21M. J. Brinkworth and B. Rose, Proceedings of the Fifth Annual 


Rochester Conference on High Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955), p. 159. 
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Fic. 3. Angular distribution for the polarization in p-p scatter- 
ing as measured at Harwell (133 Mev), Rochester (200 Mev), and 
Berkeley (170 Mev). The solid curve represents the least-square 
fit of the Harwell data; the broken curve is the corresponding fit 
of the Berkeley data. 


less than 90°. The data in Fig. 3 are in accord with this 
choice of sign. 
III. THEORETICAL FORMULATION 
We introduce the following symbols: 
s=sin(0/2), 
c=cos(6/2), 
v,= velocity of the incident proton in the labora- 
tory system, 
bbe e/hv, 
6.=singlet phase shift with orbital angular 
momentum L, 
6,7=triplet phase shift with orbital angular mo- 
mentum JL and total angular momentum J, 
o,=argl' (L+1+in)=Coulomb phase shift with 
orbital angular momentum L, 
[6261 |= sind, sind ,, sin[6,—6z/+ 2(¢1—c1,) ], 
(6161)-= sind; sind; cos[6,—61/+2(¢1—c1,) |, 
ae (9) =n log(s’), 


ax(0)=n log(s!)+2 ¥: tan“'a/n) =avt2(01-0), 
Bo(6) =n log(c*), , 

81 (0)= log(c*) +2 5: tan(n/n) =Bo+2(e1—00), 

X1(0)=s~ cosar+ (cyte cosB 1, 

Y_(0)=s~ sina,+(—1)%c~ singr. 


The analysis of proton-proton scattering in terms of 
partial waves has been given by many authors.” Upon 


22 See, for example, J. Ashkin and T. Y. Wu, Phys. Rev. 73, 973 
(1948) ; also reference 23, p. 302. 
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assuming that there exists, in addition to the Coulomb 
repulsion, a nuclear interaction that does not couple 
states of different orbital angular momenta, and upon 
taking into account the identity of the particles, one 
finds, for the singlet and triplet scattering amplitudes, 
So(0) and Smm(0,6), respectively, the following expres- 
sions, valid in the center-of-momentum system: 


So(0)=(1/ik) S {(2L+1) exp(2icz) 


even L 


x Lexp(2i61)—1]P1(6)}+f-(0)+fe(r—8), 


L+1 
Smim(O,0)=(1/tk) 2 {[4e(2L+1)}! 
odd L J=L-1 


(3a) 


Xexp(2ior)[exp(2i5,7)—1] 
x (LS, m—m’', m’| LSJm) 
X (LSJm| LSOm) Y »"-™" (6,6)} 
+mm'[ fe(6)—fe(n—8) ], 
where f,(6), the Coulomb amplitude, is given by” 
fe(0)= — (n/2k)s~ exp(—in log(s*)+2ico). (4) 


The spherical harmonics Y,™ and the Clebsch-Gordan 
coefficients (LS, m—m’, m'|LSJm) are as defined in 
Condon and Shortley.** The differential cross section 
(6) for the scattering of unpolarized protons by protons 
can then be expressed in the form 


o(0)=4|So(6) |?+3 dL | Sm'm(8,@) |*. (5) 


m,m’ 


(3b) 


There are two remarks which need to be made with 
respect to the foregoing formulas. First, it is to be noticed 
that the phase shifts 6, and 6,’ are here defined as the 
difference between the /ofal phase shifts that arise in 
the presence of the combined Coulomb-nuclear inter- 
action and the pure Coulomb phase shifts o,. It is some- 
times convenient to refer to 6, and 6,7 as guasinuclear 
phase shifts so as to distinguish them from the corre- 
sponding quantities which appear when one has the 
nuclear interaction only. This distinction will be of 
some importance when we turn to a consideration of 
the neutron-proton system in a sequel to this paper. 

Second, apart from Coulomb effects, the scattering 
amplitudes (3a) and (3b) are completely relativistic. 
For the Coulomb amplitude /,(@), on the other hand, 
we have taken the nonrelativistic form as given by 
Eq. (4) with the understanding that 7 and & are always 
to be assigned their relativistic values. As we shall 
see later, this kinematic correction is adequate at the 
energies and angles under consideration.” 

*3N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 101. 


*E. U. Condon and G. H. Shortley, The Theory of Atomic 
4 (Cambridge University Press, Cambridge, 1935), pp. 
52, 76. 


26 For a discussion of the relativistic treatment of the Coulomb 
scattering of protons by protons, see G. Breit, Phys. Rev. 99 
1581 (1955). 
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It is convenient, in the analysis, to separate the un- 
polarized cross section (5) into three parts, viz., a 
nuclear term ¢,(@), a Coulomb-nuclear interference 
term gint(@), and a pure Coulomb term o,(@), where 
these involve the Coulomb amplitude /f,(@) not at all, 
once, and twice, respectively ; then 


¢(0)=on(0)+cint(6)+0.(8). (6) 


For large angles (@$30°), cint and o, are negligible com- 
pared to o,. Under these circumstances, the p-p differ- 
ential scattering cross section assumes the form given 
by Eq. (1) where we have set all quasinuclear phase 
shifts with J> 2 equal to zero. The expansion coefficients 
do, d2, and a, will now be given in terms of the remaining 
quasinuclear phase shifts and associated Coulomb 
phases; we have, in particular, 


ao= sin*5o+5 sin*%S.+ >. 7(2J+1) sin’5,7+5 sin’s;’, 
a2= (50/7) sin’2+ 10(do52).+ (3/2) sin’6;! 
4. (7/2) sin?6,?+-4 (61°52). +9 (61'6,"). 
+ (32/7) sin%53?+6(6,°53*)-+6(61'63*). 
+ (6/7) (6:°53*)., (7b) 
a4= (90/7) sin?6.+ (10/7) sin’63?+ (120/7) (6,°53").. (7c) 


In a similar way, for the Coulomb-nuclear inter- 
ference term, we obtain 


(7a) 


cine (0) = (n/2k?) 3 cx(0)P (0), (8) 


where 
co(8) =— Xo sin (259)+ Yo sin*5o, 


61(0)= —4X, > 7 (2J+1) sin(26,”) 

+ Y; Ys (2I+ 1) sin*6,’, 
c2(6) =— (5/2)Xe sin (25.)+5Y. sino, 
c3(0)= — (5/2)Xs sin(26;*)+5Y3 sin’6;”. 


(0a) 


(9b) 
(9c) 
(9d) 


Finally, for the pure Coulomb scattering cross section, 
we have the usual Mott scattering formula”® 


o.(0)= (n/2k)*[s-*+-c-*— se cos(n logs’e~*) ]._ (10) 


The polarization P(@) can also be analyzed in terms 
of phase shifts by combining the formula?’ 


Im > m Smo*(Smi—Sm,—1) 
P(6)=v2 0 1 1 
| So|?-+D mm’ | Smrm|? 


with the expressions (3a) and (3b) given previously for 
the scattering amplitudes. The resultant P(@) has the 





(11) 


26 See reference 23, p. 104. In the nonrelativistic domain, the 
factor (n/2k)*, which appears in Eq. (10), is usually expressed 
equivalently as (e?/M»,*)?, where M is the proton mass. When one 
employs relativistic kinematics, however, the latter form gives a 
result, at 150 Mev, which is 1.25 times larger than the value 
predicted by Eq. (10). On the other hand, it is Eq. (10) which 
agrees with the relativistic Mgller formula at small angles. 

27 L, Wolfenstein, Phys. Rev. 76, 973 (1949). 
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form given by Eq. (2), where 


bo= 6[61°6:? Je + 9[ 6115? J+ 6[ 6375," Jo +9[ 63761 Je 


—30[63°6:?]., (12a) 


be= 75[63°6:" ].; (12b) 


we have neglected the Coulomb amplitude f,(@) en- 
tirely since we shall be interested in polarization effects 
at large angles only. 


IV. METHOD OF CALCULATION 


Our initial problem is to determine those singlet 
phase shifts 59, 6. and triplet phase shifts 6,°, 5;', 5:°, 53? 
which are compatible with the expansion coefficients 
do, @2, a4, and bo, b2 as determined from the unpolarized 
and polarized scattering experiments at large angles, 
respectively (@$30°). The relations between the ex- 
pansion coefficients and phase shifts are given by 
Eqs. (7) and (12); the values assigned to the 
coefficients are the least-square determinations dis- 
cussed in Sec. II. Having obtained sets of phase shifts 
which are in accord with the large-angle scattering, we 
shall subsequently require that they also predict the 
small-angle scattering, this time taking Coulomb- 
nuclear interference into account [Eqs. (8) and (9) ]. 
As we shall see shortly, the latter provides an incisive 
condition on the phase shifts. 

The starting point of the detailed analysis is formula 
(12b) with b: set equal to 0.277. For a given choice of 
5,°>0, we have only one 6;?<0 which satisfies this con- 
dition ; indeed, this is the case of interest since we can- 
not have the same sign for both 6,’ and 6;? (the resultant 
a2 and a4 would then become too large) and the assign- 
ment 6,°<0, 6;?>0 would violate (12b).78 Next, for 
each set of phases 6,*, 6;*°, Eq. (7c) together with 
a4= —0.045 will fix 6, except for its sign; at the same 
time, Eq. (12a) with bo>=0.170 will yield a doubly- 
valued relation between 6,° and 6,. 

The five phase shifts that have been taken into ac- 
count to this point constitute a two-parameter family 
with four branches. We can consider, for definiteness, 
that 6;? and 6;° may be assigned arbitrarily (subject to 
the conditions that 6,°>0 and that, for given 6,’, the 
range of 6,° will be restricted); the remaining three 
phase shifts 52, 6,', 5; are then determined except for the 
sign of 62 and the fact that there are two possibilities 
for 6. 

Next, for a given set (62, 5,°, 61, 5,°, 63”), one can de- 
termine 59 (except for its sign) from Eq. (7a) with 
a= 0.700; the positive-definite character of each term 
of (7a) also limits the magnitudes of all of the phases. 
Finally, we use Eq. (7b) with a2=—0.036 to obtain 
an additional condition on all the six phase shifts so 
that we have left a one-parameter family of phases 
(with 6;? as the running index) which can account for 
the large-angle unpolarized and polarized p-p scattering. 


% Tt is assumed, in this investigation, that the magnitudes of 
the phase shifts do not exceed 1/2. 
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TABLE IT. Representative sets of phase shifts (in degrees) which 
can account for the 150-Mev -p scattering and polarization data. 








1D 3Po 3P, 5F 2 





—1.7 
—2.2 
—2.7 


—6.0 —4.6 
—6.8 9.3 
—6.9 16.3 
—8.1 27.0 
—8.5 —22.0 
—8.0 —22.0 

6.3 —23.0 
—8.1 5.0 
—7.3 —2.5 
—6.5 —4.5 

5.8 —4.5 


—7.6 
—12.5 
—12.0 

—4.5 
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For a given 6,, provided it lies within the interval 
1.7°<6;?< 20°, there exist two or four sets of solutions 
(some of which may coincide with one another, how- 
ever). 

It will be noticed that, although the relative sign of 
the singlet phase shifts, 59 and 42, is established by Eq. 
(7b), there still remains an uncertainty about the 
absolute sign of these phases (this will be fixed later 
when we consider the Coulomb-nuclear interference). 
Of course, there is no ambiguity about the sign of the 
triplet phases since the sign of P(@) is known. 

The calculation was actually performed for twelve 
values of 5;? lying within the range 2° to 20° with the 
magnitude of any given interval never exceeding 2.5°. 
The procedure outlined in the preceding paragraphs 
then yields continuous curves for the five phase shifts 
(50, 52, 51°, 61’, 63”) as a function of 6,? (these curves are 
closed for 60, 5:°, 5;' and open for de, 43°). 

As a final test of the validity of any particular set of 
phase shifts, we require agreement with the experi- 
mental data of the calculated unpolarized differential 
scattering cross section for small angles, taking Cou- 
lomb-nuclear interference into account [Eq. (8) ]. 
The actual condition which we have imposed is 


3.5 mb/sterad<o(15°)<4.5 mb/sterad. (13) 


It will be noticed that, whereas in the consideration 
of the large-angle scattering we have treated the expan- 
sion coefficients dz, and be, as precisely determined 
quantities, we have, on the other hand, in Eq. (13), 
allowed for an uncertainty in o(15°). Clearly, were we 
to regard o(15°) as fixed exactly, we would thereby 
rule out most of the possible sets of phase shifts which 
are in accord with the large-angle scattering, including 
some that might be physically important. By taking 
into account condition (13), which is only somewhat 
weaker than the experimental uncertainty in (15°) 
[see Figs. 1 and 2], we hope to include, at least in 
part, also the effects of the uncertainty of the normaliza- 
tion of the proton-proton scattering cross section as 
well as the uncertainty in the angular distribution for 
6$35°. 

In testing the sets of phase shifts, predetermined by 
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Fic. 4. Unpolarized differential cross section for 150-Mev p-p 
scattering as given by several sets of phase shifts of Table II. 


the large-angle scattering data, for compatibility with 
the small-angle data, we encountered a number of 
cases in which (13) was barely violated. Under these 
circumstances, an attempt was made to adjust the 
phases so as to satisfy (13); it was then necessary to 
relax somewhat the agreement with the large-angle 
scattering. Such sets of phase shifts were considered to 
be of possible physical interest and were retained. 

The results of the analysis are presented in Table II 
with the solutions being listed in the order of decreasing 
6;*°. It should be emphasized that, because of uncer- 
tainties in the experimental data, sets of phase shifts 
that are in the vicinity of those given in Table II 
are also in accord with the experimental data. Thus it 
will be noticed, for example, that sets A, B, C, D con- 
stitute, in actuality, a continuously varying set of 
solutions. 

In Figs. 4 and 5, we have plotted o(@) and P(6) for 
several of the sets of phase shifts of Table II; the 
curves corresponding to the remaining sets of phases 
lie between the extreme cases illustrated in the graphs. 

Finally, it should be pointed out that, in calculating 
a(6) at this point, the complete formula (6) was used. 
On the other hand, in computing P(@) [Eqs. (2) and 
(12) ], Coulomb interference was neglected except in 
the factor o(@); this is somewhat inconsistent but has 
no important practical bearing in view of the large 
experimental uncertainties of P(@) (we shall return to 
this point in the following section). 


V. DISCUSSION 


It is evident, from the analysis that has just been 
presented, that there are, in effect, an infinite number of 
sets of phase shifts that can account for the scattering 
of 150 Mev unpolarized and polarized protons by 
protons ; however, these sets all cluster about the repre- 
sentative solutions that have been listed in Table II. 
In principle, we have six pieces of information [the 


coefficients a, d2, a4, bo, b2 and o(15°)] that can be 
used to determine the six unknown phase shifts uniquely 
(except for the possibility of degeneracy). However, the 
question of uniqueness cannot be settled, at this stage of 
the analysis, in view of the uncertainty of the experi- 
mental data, and we have chosen to retain all sets of 
phase shifts that can conceivably be of physical in- 
terest. We shall see, when we come to the analysis of 
neutron-proton scattering, that the qualitative be- 
havior of the neutron-proton polarization will provide 
a very severe test for those phase shifts that are 
common to the p-p and u-p systems and so will help 
to reduce the number of possibilities considerably. 
There have been several important approximations 
that have been made in the theoretical analysis which 
we now consider in greater detail. In the first place, 
we have retained only those phase shifts with J< 2. 
The primary motivation, here, has been to include at 
least one *F-phase” ; this is necessary if one is to be able 
to account for the angular distribution of P(@) and is the 
essential difference between this analysis and others! 5 
which have been carried out at this energy.*® The ex- 
clusion of all phase shifts with J>3 can be justified 
only heuristically; the accuracy with which the ex- 
perimental data are known does not require such phase 
shifts and the analysis is thereby made much simpler. 
Secondly, we have assumed that there is no coupling 
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Fic. 5. Angular distribution for the polarization in 150-Mev p-p 
scattering as given by several sets of phase shifts of Table II. 


*® The choice of 53? as the phase to be retained simplifies the 
analysis considerably since there is then no term with n=3 in 
Eq. (1). The inclusion of 63; would introduce this complication 
[without leading to an extra term in the expansion of P(@)] 
and this is not warranted experimentally. Finally, a nonzero 
63¢ will complicate both o(@) and P(6) and, again, the experimental 
data, in either case, do not require such extra terms. 

*® An analysis of the 310-Mev #-p scattering data has recently 
been carried out by T. J. Ypsilantis and H. P. Stapp, University 
of California Radiation Laboratory Reports UCRL-3047 and 3098 
(unpublished), which includes all waves with L<3. 
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between the *P, and °F; states. The introduction of such 
a coupling would not, in any way, alter the number of 
coefficients in the expansions for o(@) and P(6) but 
would lead to one extra parameter. While this additional 
degree of freedom would undoubtedly lead to a greater 
variety of solutions, we have chosen to try to fit the 
data in terms of the smallest number of parameters. 

Thirdly, in our treatment of the effect of Coulomb- 
nuclear interference on the unpolarized differential 
scattering cross section o(@), we used essentially non- 
relativistic formulas except for a kinematic correction. 
In point of fact, an estimate of relativistic effects in the 
neighborhood of 15°, in which angular region these 
effects may be expected to be most important, leads to a 
fractional change in the cross section which is not in 
excess of 2%.*! 

Fourthly, we have ignored completely the effects of 
Coulomb interference in the calculation of P(6)a (8) [see 
Eqs. (2) and (12) ] since we have tried to fit the corre- 
sponding data at large angles only (@$30°). The re- 
sultant error in P(30°) may be as large as 10%; there 
will also be an additional correction of the order of 3% 
due to relativistic effects. While the neglect of both of 
these corrections is not so important at 30°, this would 
certainly not be the case at smaller angles (Coulomb 
interference may change P(6) at 15° by 25%, ‘and 
relativistic effects are equally large).*! 

So far as the phase shifts themselves are concerned, 


we have already emphasized the importance of 6,’ for 
the angular distribution of the polarization; as noted 
earlier, the signs of 6,° and 6; are fixed by the isotropy 


4 A. Garren, Phys. Rev. 101, 419 (1956). 
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of o(@) at large angles and the sign and peaking of P(@) 
at smaller angles. The 'D phase also plays an important 
role in the analysis. In the first place, the interference 
between the S$ and 'D states can give a large contribu- 
tion to a2 [Eq. (7b) ]; in point of fact, it turns out that 
this contribution must always be negative so that 49 
and 6; cannot have the same sign. Secondly, the 'D 
phase affects the scattering cross section considerably 
in the Coulomb-nuclear interference region; this last 
property is characteristic of the higher angular mo- 
mentum phase shifts, even when small. 

It is of interest that all of the sets of phases but one 
violate the condition 6;?>6,'>6,°, which corresponds to 
the level inversion of the nuclear shell model; the set £ 
barely satisfies this inequality. The over-all sign of the 
singlet phases is determined by Coulomb-nuclear inter- 
ference [Eq. (13) ]; it will be noticed that there are two 
cases, G and K, which we can conceivably interpret in 
terms of a hard core in the singlet states—reversing the 
signs of the singlet phases in the remaining cases would 
lead to too large a destructive Coulomb-nuclear inter- 
ference. The net Coulomb-nuclear interference for all 
of the sets of solutions is always negative or destructive. 

The possible sets of phase shifts which are in agree- 
ment with the 150-Mev proton-proton scattering data 
and which are tabulated in Table II admit of a great 
variety and it is desirable to reduce the number in 
some way before attempting to draw any further 
detailed conclusions from them. This reduction in 
number will be accomplished when we come to the 
analysis of the high-energy neutron-proton scattering 
data and invoke charge independence. 
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Effective Geomagnetic Equator for Cosmic Radiation*t 


J. A. Sumpson anv K. B. Fenton, Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 


AND 


J. Katzman Anp D. C. Rose, National Research Council, Ottawa, Canada 
(Received February 10, 1956) 


The distribution of the geomagnetic field extending far from the 
surface of the earth is investigated by using cosmic-ray particles as 
probes. Since for any longitude the cosmic-ray intensity reaches a 
minimum at the effective geomagnetic equator of this outer field, a 
series of determinations of the minimum intensity at several longi- 
tudes defines its effective equatorial plane. Measurements using 
the neutron intensity from the nucleonic component prove that 
large discrepancies exist between experimental observations and 
the presently accepted geomagnetic coordinates derived from 
surface magnetic field measurements. It is also found that meson 
intensity data from the past 20 years or more may be used to 
determine minima at other longitudes. 

The results indicate that the effective geomagnetic equator for 


cosmic rays is simulated by a westward shift of the inclined 
magnetic dipole of the earth by about 40°-45°, without requiring 
an appreciable change in the angle of inclination. 

Several anomalous results which have been reported at inter- 
mediate and equatorial latitudes for primary alpha particles and 
heavy stripped nuclei detected in photoemulsions are readily ex- 
plained by this shift in coordinates, supporting the view that the 
discrepancies are world-wide in character. 

Since the surface magnetic field measurements do not account 
for this large-scale effect, it is suggested that the explanation may 
be found from the interaction of the rotating and inclined magnetic 
dipole field with a highly ionized interplanetary medium. 





I. 


T present, the geomagnetic coordinates used to 
describe the spatial intensity distribution of the 
cosmic radiation are derived from world-wide surface 
measurements of vector field intensity. However, since 
the cosmic-ray particles begin to interact with the ex- 
ternal field of the earth throughout a large volume 
extending a considerable distance from the earth, these 
particles may be utilized as “probes” to explore the 
otherwise inaccessible magnetic field around the earth. 
The fundamental question then arises: is the description 
of the outer magnetic field required to account for the 
terrestrial distribution of cosmic-ray particles the same 
as the field distribution computed from surface magnetic 
measurements? 

For 25 years, the application of cosmic-ray observa- 
tions to the description of the earth’s field has been 
occasionally discussed, but apparently anomalous re- 
sults led to the conclusion that the differences in 
distribution from the expected geomagnetic field were 
probably of meteorological origin, or due to local mag- 
netic field anomalies. We have been interested in 
reexamining this problem since we now have the means 
for measuring cosmic-ray intensity which are strongly 
dependent on geomagnetic latitude and are free from 
temperature effects in the atmosphere. The theory and 
the method of measurement for relating cosmic-ray 
intensity observations to the coordinates of the geo- 
magnetic equator and for measuring the eccentricity of 
the magnetic dipole have been discussed recently.! 

In this paper we shall only consider the location of the 


* Presented at the Internationa! Conference on Cosmic Rays, 
Guanajuato, Mexico, September, 1955. 

t Work assisted in part by the Office of Scientific Research and 
the Geophysics Research Directorate, Air Force Cambridge 
Research Center, Air Research and Development Command, U. S. 
Air Force. 

1 Simpson, Jory, and Pyka, J. Geophys. Research 61, 11 (1956). 


geomagnetic equatorial plane derived from cosmic-ray 
observations and the implications of these results for a 
world-wide system of cosmic-ray geomagnetic coordi- 
nates effective for cosmic-ray particles. We shall not be 
concerned here with the longitude effects of cosmic-ray 
intensity which is strongly influenced by quadrupole 
terms in the geomagnetic field, but instead, we shall 
examine the location of cosmic-ray intensity minima 
(derived from latitude curves) around the earth—we 
define the equatorial plane as the plane passing through 
these intensity minima. 


II. 


The change in nucleonic component intensity was 
measured by a neutron intensity monitor carried across 
the geomagnetic equator at three different longitudes. 
Two of the measurements were made possible this past 
year (1954-1955) by the antarctic expedition of the 
U.S.S. ATKA which crossed the equator at 30° W 
and 100° W longitude. Complete details on the instru- 
mentation, pressure correction and two-hemisphere sea- 
level latitude curve will be published.? In addition, 
neutron intensity observations in aircraft at 78° W 
longitude have been available since 1948.* These three 
equatorial crossings have provided us with intensity 
minima free of atmospheric influence and primary in- 
tensity variations. The results for December, 1954 and 
March-April, 1955 are plotted in Figs. 1 and 2. In Fig. 3, 
the positions of these minima are plotted on geographic 
coordinates. The positions of the centered and eccentric 
geomagnetic dipole field equators derived from surface 
magnetic field measurements are shown as a common 
curve in Fig. 3 because of the small differences between 
them. The discrepancies between the cosmic-ray and 
magnetic-field observations are obvious. 


2See D. C. Rose et al. Can. J. Research (to be published). 
3 J. A. Simpson, Phys. Rev. 83, 1175 (1951). 
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Fic. 1. Sea-level neutron intensity measured December, 1954 
near the geomagnetic equator. The smooth curve is the least 
squares fit to 36 points from the data: Y=91.85+0.0597X 
+0.0216X?. 


The meson intensity from the vertical was also meas- 
ured with a threefold vertical counter telescope located 
in the same cabin as the neutron pile on board the 
U.S.S. ATKA. The absorber was 12.5 cm of lead. The 
data were corrected for pressure but not for the changes 
in atmospheric temperature, with the results shown in 
Fig. 4. It is clear that the positions of the minima are in 
agreement with the nucleonic component measurements 
even though the intensity minima are less well defined 
because of the small latitude dependeénce of the meson 
intensity. Consequently, we conclude that even for 
charged particle detectors the upper atmosphere tem- 
perature distributions do not conceal the position of the 
minima. 

Since we now know that meteorological effects and 
primary intensity variations do not account for these 
major discrepancies, we have re-examined the ion cham- 
ber and counter telescope observations available to us 
between 1933 and the present for the purpose of ac- 
cepting valid data at different longitudes from those 
measured with neutron detectors. Acceptance of the 
additional charged-particle (meson-intensity) data is 
based upon satisfying one or both of the following 
criteria: (a) The data were obtained at times of solar 
cycle minimum, or (b) there were two or more traversals 
over the same equatorial longitude. 

The deviations Ad of the observed cosmic-ray inten- 
sity minima from the geomagnetic dipole equator are 
shown in Table I. The errors in the charged-particle 
data are larger than for the neutron intensity observa- 
tions, and since they are influenced by atmospheric 
temperature effects, we have weighted the neutron 
measurements more heavily than the charged particle 
measurements. The vertical telescope data obtained by 
Law et al.‘ are particularly important, and we have 
obtained a least squares fit to their data which indicates 


‘Law, McKenzie, and Rathgeber, Australian J. Sci. Research 
A2, 493 (1949). 
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Fic. 2. Sea-level neutron intensity measured March-April, 1955 
near the geomagnetic equator. The smooth curve is the least 
squares fit to the data: Y=95.95—0.409X +0.022X?. 


that Ad is probably — 6° instead of —8° as implied from 
the solid line drawing in the published paper. The points 
from Table I are shown in Fig. 3. 

If we assume that these data prescribe the equatorial 
plane for the external magnetic field of an eccentric and 
tilted dipole, then they should define an almost perfect 
sine curve when plotted on geographic coordinates. We 
have fitted the sine curve by the method of least squares 
under two different assumptions. In one case we have 
fitted a sine curve to the data, assuming that the 
amplitude is the same as that given by the geomagnetic 
field data and have adjusted the phase of the curve. For 
the second curve, we have fitted both the amplitude and 
phase of the sine curve to the data. These results imply 
that the location of the dipole magnetic field vector re- 
quired to satisfy the deflection of cosmic-ray particles is 
to be rotated westward by 40°-45° without necessarily 
changing the inclination or eccentricity. This is in 
disagreement with the established position of the dipole 
based upon surface magnetic field measurements, and 
we shall return to this discrepancy later in our dis- 
cussion. 

Our assumption that the effective magnetic field is 
described by an eccentric dipole has been based upon the 
evidence that the residual two quadrupole terms in the 
description of the earth’s field (the first three quadrupole 
terms produce the eccentricity) do not interfere with the 
determination of the position for minimum intensity of a 
latitude curve. Since these residual quadrupole terms 
form a sectorial quadrupole, their effect in shifting the 
position of the minima is negligible (<0.6°) at the 
equator® for detectors that select incoming radiation 
preferentially from the vertical as is the case for de- 
tectors deep in the atmosphere.! 

In Fig. 5, for comparison we have added the equator 
defined by 0° inclination measurements of the earth’s 
magnetic field. Also, we have attempted to define the 


5F. Jory, Phys. Rev. 102, 1167 (1956). 
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Fic. 3. The geographic coordinates for the minima of cosmic-ray intensity are shown both for neutron and meson intensity data. 
The presently accepted position of the geomagnetic equator for both magnetic and cosmic-ray studies is shown as a dotted line curve. 
The effective cosmic-ray equator derived from measurements is shown as the broken line curve, or the solid curve. The inclined equa- 


torial plane appears to be shifted westward approximately 40°-45°. 


most likely line for the geomagnetic equator, using the 
ionization chamber data of Millikan and Neher.*® 


III. 


If our results define the effective geomagnetic equator 
for charged particles approaching the earth from great 
distances in the field of an eccentric or distorted dipole, 
then the world-wide geomagnetic coordinates to be used 
in explaining cosmic-ray effects will be different from 
those in current use. We tentatively define the equator 
derived from the positions of intensity minima as the 
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Fic. 4. Sea-level meson intensity measured with triple-coinci- 
dence detectors at the same time as the neutron intensity measure- 
ments shown in Figs. 1 and 2. 


®R. Millikan and H. V. Neher, Phys. Rev. 50, 15 (1936). 


geomagnetic cosmic-ray equator. It should then be 
possible to account for some of the anomalous cosmic- 


ray results not understood at present on the basis of the 
geomagnetic coordinates. We shall consider some ex- 
amples here. 

There is evidence that the changes in geomagnetic 
coordinates are to be found at intermediate latitudes. 
Recently, Waddington’ at Bristol has directly observed 
the energies of alpha particles which can arrive at 
geomagnetic latitude 55° N (center dipole field coordi- 
nates). He finds that, contrary to theory, no alpha 
particles are present below approximately 0.7 Bev/ 
nucleon and the total intensity is 40% less than ex- 
pected at 55°. We believe that his measurements are 
partly explained by the assumption that the actual 
geomagnetic latitude is appreciably less than 55° N. The 
flux of heavy primaries (Z> 3) was also determined and 
is consistent with a change of latitude. On the other 
hand, measurements made by Ney® indicate that the 
alpha particle cutoff at ~107° W longitude and 61° 
geomagnetic latitude corresponds to a geomagnetic cut- 
off for a latitude not Jess than 61° N. From Fig. 3, 
it is clear that the shift in magnetic dipole suggested 
by the equator measurements will produce only a 
small change in geomagnetic coordinates over north 

7C. J. Waddington (private communication); see also Pro- 
ceedings of the Guanajuato Conference (unpublished). Wadding- 
ton has recently compared his earlier measurements at Minnesota 
with his Bristol observations and finds that the geomagnetic 
cutoff at Minnesota may be slightly less than the value given by 
geomagnetic theory. 


8 E. P. Ney (private communication) ; see also Ney and Thon, 
Phys. Rev. 81, 1069 (1951). 
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Fic. 5. Comparison of equators for surface magnetic field, ion chamber intensity, and the data from Fig. 3. 
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central America, but will produce a change of 6°-7 
over England and western Europe, bringing all these 
measurements into substantial agreement. 

There is, however, an alternative explanation for these 
alpha-particle intensity discrepancies between Europe 
and the United States where the measurements are 
made above 50° geomagnetic latitude. The coordinates 
reported by both observers were derived from a 
centered dipole which introduces a vertical cutoff rigid- 
ity pc/Ze=N. If the cutoff corresponding to the eccen- 
tric dipole is NV’ at the same position on the earth, then 
the predicted fractional change in cutoff between the 
centered and eccentric dipole is (V’—N)/N. Jory 
has calculated this function at all longitudes for the 


TABLE I. Location of minimum cosmic-ray intensity. The 
difference between the positions of the geomagnetic equator and 
the effective cosmic-ray equator is A\, with +A) placing the 
cosmic ray equator north of the geomagnetic equator. 








Longitude 


3° W 
30° W 
77° W 
80° W 

100° W 
170° W 
145° E 
121° E 


Reference 


Clay et al.*> 

U.S.S. ATKA® 

Simpson? 

Johnson and Reed® 

U.S.S. ATKA® 

Compton and Turner! 

Law, McKenzie, and Rathgeberé 
Sekido, Asano, and Masuda® 











® J. Clay et al., Physica 1, 369 (1934). 

b This point is somewhat uncertain. 

¢ See reference 2. 

4 See reference 3. 

eT. H. Johnson and D. N. Reed, Phys. Rev. 51, 557 (1937). 

fA. H. Compton and R. Turner, Phys. Rev. 52, 799 (1937). 

® See reference 4. 

b Sekido, Asano, and Masuda, Sci. Papers Inst. Phys. Chem. Research 
(Tokyo) 40, 439 (1943). 


selected latitudes reproduced in Fig. 6.° We note 
that the difference in vertical cutoff expected between 0° 
and 90° W longitude, although smaller than the ob- 
served effect, is of the correct magnitude and sign to 
account for the alpha-particle discrepancies in the 
latitude range of 55°. Consequently, a decision in the 
interpretation of the alpha-particle observations will 
rest heavily upon observations at much lower geomag- 
netic latitudes, namely 35°-42° north, where (V’— N)/N 
=(). 

Flux values for alpha particles and heavy nuclei have 
already been published for measurements at \=41° 
geomagnetic latitude at both ~10° E longitude 
(Sardinia) by Fay? and ~105° W longitude (White 
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Fic. 6. The fractional change in cut-off rigidity from the vertical 
due to the introduction of the eccentric dipole.® 


°H. Fay, Z. Naturforsch. 10a, 572 (1955). 
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TABLE II. Comparison of flux values (in m~ sec“ sterad~) for alpha particles and heavy nuclei. All measurements of alpha particles 
and heavy nuclei are free from large scale albedo effects. Note the discrepancies between 100° west and 10° east longitude at \=41° 
for all nuclei intensities. By changing the geomagnetic coordinates to follow the effective cosmic-ray equator (Fig. 3), all these data are 


brought into agreement. 








Centered 
dipole 
geomagnetic 
coordinates a 


90°-105° W longitude 
6<Z<10 


0°-10° E longitude 


6<Z<10 Z<10 





55° 280-320*-¢ 


Two effects present 





41° 90-110° 5.8-7.14 








2.8! 1,2! Unique effect 











* See reference 7. 

> See reference 8. 

¢N. Horwitz, Phys. Rev. 98, 165 (1955) and references therein. 
4 See reference 10. 

¢ M. Reinharz (private communication). 

! See reference 9. 


Sands, U. S. A.) by several investigators.'° A comparison 
of the published values appears in Table IT; this dis- 
agreement was noted by Fay.’ The intensity at 10° E 
longitude is a factor of two lower than the intensity at 
105° W longitude. These measurements are not open to 
the criticism we have presented for the measurements at 
55°. Hence, we interpret this difference in flux at 
“\=41°” to a difference in geomagnetic cutoff con- 
sistent with the difference predicted from our equator 
measurements, Fig. 3. 

Also free from the difficulties outlined above are the 
recent observations of Danielson ef al." using nuclear 
emulsion plates to measure the angular distribution and 
azimuthal asymmetry of incoming heavy nuclei at 
geomagnetic latitude 10° N (center dipole coordinates) 
and approximately 90° W longitude. They find that, 
contrary to predictions of geomagnetic theory based 
upon center or eccentric dipole coordinates, the azi- 
muthal asymmetry is not oriented east-west, but rather 
northeast and southwest with the excess flux appearing 
from the southwest as shown in Fig. 7. We believe that 
this effect is evidence for the geomagnetic cosmic-ray 
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Fic. 7. The intensity of heavy, stripped nuclei as a function of 
azimuthal angle. This should appear as an excess of particles 
coming from the geomagnetic west over the number of particles 
coming from the geomagnetic east. The measurements were at 
-~90° W longitude and ~10° N geomagnetic latitude. These 
measurements were reported by Danielson, ef al." 


%” Kaplon, Noon, and Racette, Phys. Rev. 96, 1408 (1954). 
ini _— Freier, Naugle and Ney, Phys. Rev. (to be pub- 
ished). 


equator since the “east-west” effect for the primary 
cosmic rays is aligned with the cosmic-ray equator in 
Fig. 3. 

All these results obtained with photographic emul- 
sions at intermediate and equatorial latitudes strongly 
support, but do not yet prove, the view that a com- 
pletely new world-wide coordinate system, following the 
cosmic-ray equator in Fig. 3, is required to describe the 
effective magnetic field distribution for cosmic rays. 


IV. 


If we assume that the discrepancy just described 
arises from the earth’s magnetic field of internal origin, 
then the discrepancy can only be taken into account by 
changing the Gauss coefficients already well established 
for the dipole terms of the potential function. But this 
leads to a disagreement with the already known” surface 
magnetic field distribution. On the other hand, it is 
clear from the large scale of the effect upon high-energy 
charged particles that the earth’s main field extending 
far from the surface is involved. Consequently, we are 
led to a tentative interpretation of the phenomenon by 
which the outer field distribution converges to the 
already established magnetic field distribution at the 
earth’s surface. 

These measurements provide evidence that the earth 
is immersed in a highly conducting interplanetary 
medium, and, because of the rotation of the inclined 
field, this outer field (of internal origin) interacts with 
the ionized medium. The dynamics of this outer region 
are not understood at present. Only recently has there 
been serious consideration given to the astrophysical 
problem of a rotating and magnetized body immersed 
in a conducting gaseous medium.” Though this is a 
likely direction in which to search for the explanation 
of the effective cosmic-ray equator, there is already 
one point of difficulty—Liist'* has computed that, 


12E. H. Vestine et al., Carnegie Institution of Washington 
Publications 578 and 580, 1947, (unpublished) and references 
therein. 

13 R. Liist and A. Schliiter, Z. Astrophys. 34, 263 (1954). 


“4 R, Liist (private communication). 
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assuming infinite conductivity for the medium and a 
45° westward shift of the equatorial magnetic field, 
the earth’s rotation velocity would be reduced from 
its present value to zero in a time much smaller than 
the lifetime of the earth. 

The classical longitude effect for cosmic-ray intensity 
also displays a westward shift.?!* We wish only to 
mention here that the explanation to account for the 
longitude shift proposed by Lemaitre,!® namely a 
parallactic effect on the cosmic-ray particle trajectories, 
cannot account for the observed cosmic-ray equator 
and, indeed, is too small an effect to account for the 
observed longitude effect. 

The distortions of the earth’s outer field in the 
interplanetary medium and the possible existence of an 
outer ring current make it unlikely that the charged 
particles experience the field distribution of a perfect 
magnetic dipole. Therefore, further measurements at 
many longitudes are required before we can consider our 
representation of the effective cosmic-ray equator by a 


18H. Hoerlin, Z. Physik 102, 666 (1936). 
16 G. Lemaitre, Nature 140, 23 (1937). 
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sine curve as a reasonably good approximation. We do 
not at present know the difficulties which may be 
encountered by extrapolating to high magnetic latitudes 
these equatorial results; preliminary measurements in 
the Arctic and Antarctic indicate that serious diffi- 
culties may arise.? However, it appears unlikely that 
the main features of this striking discrepancy at low 
latitudes will be appreciably different from those in 
Fig. 3. 
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Bubble Counting for the Determination of the Velocities 
of Charged Particles in Bubble Chambers* 
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The density of bubbles along tracks in a liquid propane bubble chamber has been measured as a function 
of particle velocity for positive pions and protons with velocities 8=v/c>0.4. For temperatures from 55°C 
to 59.5°C the bubble density, 6, is described by b= (A/6*)+B(T), where A=9,.2+0.2 bubbles/cm and B 
is a function of temperature only. Velocities can be determined by bubble counting, using fast comparison 
tracks of known velocity, with a final average error in velocity of 5% for proton tracks 10 cm long. Accurate 
temperature control is not required to obtain this accuracy by using this method. 


I, INTRODUCTION 


N important feature of the cloud chamber and 
nuclear emulsion for interpretation of nuclear 
processes is their ability to furnish information concern- 
ing particle velocities by measurement of the relative 
ionization. Together with other data, this ionization 
measurement permits the identification of particles, 
the determination of particle masses, and the calcu- 
lation of characteristics of nuclear events. 
The usefulness of the bubble chamber as a research 
instrument in nuclear physics is similarly much en- 
*This work was supported in part by the National Science 


Foundation and the U. S. Atomic Energy Commission. 
t Fulbright Research Scholar, University of Michigan, Fall, 
1955. 


hanced by the experimental finding that the density 
of bubbles along a track is a quantitative measure of the 
velocity of charged particles. Previously published 
bubble chamber photographs demonstrated this possi- 
bility qualitatively, but now we have completed a 
systematic series of measurements which establishes 
the quantitative reliability of bubble counting as a 
technique analogous to grain counting in a nuclear 
emulsion or droplet counting in a cloud chamber. The 
bubble density measured in propane did not turn out 
to be proportional to the relative ionization, but rather 
is a linear function of 1/6, where B=v/c is the 
relativistic velocity of the particle. This result makes 


1D. A. Glaser and D. C. Rahm, Phys. Rev. 97, 474 (1955). 





GLASER, 


CIRCULATING 
PROTON 





SHIELD FOR 
BNL. CLOUD 
CHAMBE 








STEERING 
MAGNET 





GuawoeR 
MBE 
cuntta 2nd LOCATION 
1st LOCATION 


Fic. 1. Experimental arrangement (schematic). From the 
particles produced by the 3-Bev circulating proton beam on 
striking the graphite target, positive pions and protons in the 
momentum range 530 Mev/c to 1600 Mev/c are selected. At the 
first bubble chamber location, 11 feet from the steering magnet, 
the total spread in momentum is about 6%; at the second location, 
42 feet away from the steering magnet, the spread is about 3%. 


it seem likely that some of the bubbles are produced 
by low-energy delta rays along the track, since their 
number is proportional to 1/6*. All of the bubbles 
observed in these experiments cannot be explained so 
simply. A complete explanation of the observed bubble 
densities will probably require a detailed study of the 
properties of superheated liquids. 


II. EXPERIMENTAL METHOD 


To establish the relationship between the velocity 
of a singly charged particle and the density of bubbles 
along its track, we took photographs of a beam consist- 
ing mainly of protons and positive pions passing 
through the Michigan six-inch bubble chamber’? 
filled with liquid propane. This beam was produced 
by the Brookhaven Cosmotron by allowing the internal 
3-Bev proton beam to strike a graphite target. Particles 
emerging at an angle of 32° with respect to the circu- 
lating proton beam were allowed to pass through an 
opening in the concrete shielding wall, a gap in an 
exterior steering magnet, and finally the bubble 
chamber. By adjusting the current in the steering 
magnet, particles of any chosen momentum could be 
made to pass through the bubble chamber. A schematic 
diagram of the experimental arrangement is shown 
in Fig. 1. The bubble chamber was originally placed 
about 11 feet from the center of the magnet and the 
beam was deflected through an angle of about 19° with 
a maximum momentum of 1.6 Bev/c. When analysis of 
some of the early pictures indicated that the momentum 
resolution was not as good as was needed, the bubble 
chamber was moved to a position about 42 feet from 
the center of the magnet and the beam was deflected 
through an angle of about 32° with a maximum mo- 
mentum of 915 Mev/c. 

Absolute momentum calibration was done by the 
hot wire method with an error of less than 2%. During 
the later runs the magnet current was held constant 
within }%. The momentum resolution due to the width 


?D. C. Rahm, Ph.D. thesis, University of Michigan, 1956 
(unpublished). 
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of the channels that defined the beam is estimated to 
have been about 6% for the first position and 2% for 
the second position. Scattering due to the long air 
path in the second location would add another 1% 
error for low-momentum particles. Scattering from 
collimator walls and magnet pole tips would contribute 
a few particles with widely varying momenta, but 
selection of parallel particles in the bubble chamber 
eliminated most of these. 

Since the sensitive time of the six-inch bubble 
chamber is only 2 to 3 milliseconds, it is important 
that the particles arrive during this rather narrow time 
interval. The Cosmotron output beam has a duration 
of about 3 milliseconds with a time uncertainty of one 
millisecond with respect to its master timing system. 
Since the main part of the beam comes out in one 
millisecond, it was possible to guarantee catching a 
sufficient number of particles by flashing the lights for 
photographing the chamber just after the maximum 
beam intensity occurred, using a scintillation counter 
telescope to monitor the beam. This procedure assured 
us of getting substantial numbers of particles traversing 
the chamber during the period of uniform sensitivity. 
Particles arriving at other times will have anomalously 
low bubble densities as will be discussed below. For 
the best results using bubble chambers with large 
accelerators, it is therefore desirable to have beam 
pulses of very short duration. 

Some difficulty was experienced in maintaining the 
temperature of the chamber constant, because the 
mechanical work done on the liquid during recompres- 
sion added a few watts of heat to the liquid during 
extended runs. Temperatures were maintained stable 
to about 0.1°C during each run at a given momentum, 
though the thermistor-controlled oven temperature was 
more closely controlled. Also the temperature 
uniformity across the chamber was much better than 
0.1°C. By compensating for this source of heat it has 
since been possible to achieve much better temperature 
control. 

Each picture contained up to 20 countable tracks, 
some of which were minimum-ionizing pions and some 
protons ionizing more heavily. Their momenta ranged 
from 530 Mev/c to 1.6 Bev/c. Some minimum-ionizing 
tracks appeared in practically every picture so that 
we could check ratios of bubble densities against 
relative ionizations and velocities as well as the absolute 
values of these quantities. The bubble densities were 
measured for tracks having different rates of energy 
loss ranging from the minimum value up to about four 
times minimum. Most of the measurements in propane 
were made at 55.5°C, 56.5°C, 57.5°C, and 59.5°C, 
although a few measurements were made at 50°C, 
52°C, 53°C, 54°C, and 55°C. 


Ill. MEASUREMENTS AND CORRECTIONS 


Measurements were made by aligning the image of a 
track on the negative with the precision motion of a 
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traveling microscope and counting the bubbles as their 
images were moved slowly across the center of the field 
of view. Bubble densities up to about 150 bubbles 
per centimeter on the negative could be counted with 
negligible error due to fusion of neighboring bubble 
images. Since the average photographic demagnification 
was 2.5, this corresponds to 60 bubbles per centimeter 
on the original track. This limitation is essentially 
optical, arising from the fact that the smallest bubble 
images on the negative are 40 microns in diameter as 
a result of diffraction and depth of field effects. 

Only those tracks which were found by stereoscopic 
inspection to be closely parallel to the expected beam 
direction were accepted for measurement. In this way 
most of the particles scattered by the collimators and 
chamber walls were eliminated from consideration. In 
addition, the true lengths of the measured track 
segments were obtained by making a correction 
for the variation of magnification with depth. This 
correction amounted to about 3% in the final bubble 
densities. 

The most important correction by far arises from 
the fact that each photograph contains tracks of 
various ages because the beam pulse is several milli- 
seconds long. A number of tracks were found to have 
fewer bubbles than expected even for minimum ionizing 
particles. Since these tracks always consisted of ab- 
normally large bubbles, it was concluded that they 
were old tracks formed during the early phase of the 
expansion of the chamber before it was fully sensitive. 
The existence of such a phase of incomplete sensitivity 
has already been established experimentally.'? By 
eliminating all tracks whose bubble images were larger 
than 0.100 mm in diameter, all the “subminimum” 
tracks were eliminated and the histograms displaying 
the results became much more sharply peaked. The 
choice of the largest admissible bubble size which gives 
reliable bubble counts depends on the relative timing 
of the beam pulse and the lights and slightly on the 
temperature. This limiting size can be determined easily 
for a given experimental arrangement by counting 
bubbles on a few minimum-ionizing tracks of various 
bubble sizes. 

Finally, the incident energy of the particles was 
corrected for the energy loss in the walls of the oven 
and the chamber, and for half the loss in the propane. 
The small error made by averaging the bubble density 


over the whole track of a particle which is slowing 


down slightly, is not serious in most of the cases 
considered in detail here. For the few cases of stopping 
particles which were measured, bubbles were counted 
for only a small portion of the total visible track length. 


IV. RESULTS 


When straight parallel beam tracks of small bubbles 
are selected and the measured bubble densities corrected 
as described in the last section, the resulting bubble 
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Fic. 2. Histogram showing the relative frequency of measured 
corrected bubble densities. The incident beam contained protons 
and positive pions of momentum 915+30 Mev/c. The liquid is 
propane at 55.5°C. In the propane the relativistic velocities are 
8=0.676 for the protons and 8=0.988 for the pions. The protons 
are losing energy at 1.64 times the minimum energy loss. 


densities corresponding to a single momentum value 
fall into two main groups as shown by the typical 
histogram in Fig. 2. Pion tracks of initial momentum 
915 Mev/c contain about 200 bubbles and proton 
tracks of the same momentum contain about 340 
bubbles for tracks about 12.5 centimeters long at 
55.5°C. Assuming the bubbles to result from statisti- 
cally independent events, the corresponding errors 
resulting from fluctuations in the total number of 
bubbles on a track are 7% and 5.4% for a single 
track of this length. From the final form of the relation- 
ship between bubble density and particle velocity, we 
conclude that the spread in momentum of the particles 
used for this measurement contributes as much as 3% 
error in bubble density for the slower particles, and 
not at all for the fastest. 

The resulting error of 8 or 9% is consistent with the 
width of the peaks in Fig. 2, so we can expect the 
accuracy of our measurements on single unknown 
tracks to be limited mainly by the statistical fluctuations 
in the number of bubbles formed, counting errors being 
negligible. For bubble densities exceeding 60 bubbles 
per centimeter, however, fusion of neighboring bubbles, 
or, more likely, bubble images, begins to limit the 
counting accuracy. Since all of the images are along 
the line of the track, and not diffused as are droplet 
images on cloud chamber tracks, photoelectric bubble 
counting may be possible. To investigate its feasibility 
we have made microphotometer traces of the negatives 
for tracks of various bubble sizes and densities. The 
results make it seem promising to try photoelectric 
bubble counting. Aside from the obvious labor-saving 
advantages, an automatic method might make possible 
some reproducible way of counting fused and almost 
fused images so that a reliable empirical calibration 
can be established, even if each individual bubble is not 
counted. Human observers vary in their judgment of 
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Fic. 3. Observed bubble density in propane versus temperature 
for pions with 1/§?= 1.05 and protons with 1/6?=3.32. The total 
track lengths measured are sufficient to reduce statistical errors 
below 2% in bubble density. The momentum spread in the proton 
beams contribute an error of about 3% in bubble density. 


fused images and give an unreproducible error in 
counting dense tracks. 

The measured bubble densities are found to depend 
rather sharply on the temperature, as shown in Fig. 3. 
From these curves one can estimate the temperature 
stability required to maintain a given maximum error 
in bubble density. In propane at 56°C, temperature 
stability of about 0.1°C is needed to hold the bubble 
density constant within 2% for 1/6? lying between 1 
and 3.3. 

From measurements of the thermodynamic condi- 
tions required for bubble nucleation in several liquids 
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Fic. 4. Observed bubble density in popene versus relative 
ionization for three temperatures. The bubble density is not 
linear with relative ionization. Errors are less than 5% in bubble 
density except for possible temperature variations between runs. 
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exposed to various radiations,’ and from theoretical 
ideas concerning the microscopic mechanism of the 
process,‘ we have concluded that bubbles are nucleated 
along the path of a charged particle by local deposit 
of energy in the liquid by delta rays. We therefore did 
not expect to find that the bubble density is propor- 
tional to the relative ionization of the particle, but 
rather that it depends on the delta-ray density. Figure 
4 shows that the bubble density is not a linear function 
of relative ionization, especially at large values of the 
ionization. 

The number of delta rays in a given energy range 
produced by a charged particle flying through the 
liquid can be calculated by integrating the collision 
cross section for the moving particle against free 
electrons over the chosen range of energies of the 
ejected electrons. Using known cross sections,® one 
finds that relativistic terms and terms dependent on 
particle spin contribute less than 1% for the cases 
of interest here. The resulting number of delta rays 
whose energies lie between FE,’ and £,’ electron volts is 


1.53X10°Z/Ar 1 
n-— | —-— gtcm?, (1) 
ei 


1 
E,’ E,’ 

where Z and A are the charge and mass numbers of the 
liquid and 8=»/c for the particle. This formula is valid 
only when the lower energy limit, Ey’ is at least three 
times the average ionization potential of the atoms of 
the liquid, for only in that case can the atomic binding 
energy of the electrons be neglected as was done in 
deriving Eq. (1). In comparing m,; with the bubble 
density, we include only those bubbles which lie on the 
track, and exclude those belonging to a very energetic 
delta ray that extends some distance away from the 
track. This procedure leads to an upper limit, EZ,’ ~50 
kev. Since E;’ is only a few kev, m, is not very sensitive 
to the exact value of E,’. If we suppose that all delta 
rays more energetic than £,’ are able to nucleate a 
bubble, we expect the bubble density to be propor- 
tional to 1/6. If we further suppose that changing the 
temperature changes the threshold delta-ray energy 
required for bubble nucleation, we expect the bubble 
density, 6, to obey to relationship 


b=C(T)/@ bubbles/cm, (2) 


where C(T) is a function of the temperature, T, through 
Ey’ and because of the variation of the density of the 
liquid with temperature. 

In Fig. 5 we see that the bubble density is indeed 
a linear function of 1/6*, although the scatter of points 
is worse than expected from statistical fluctuations and 
momentum spread in the beam. The data do not fit 
Eq. (2), however, but are fairly well represented by a 


3D. A. Glaser and L. O. Roellig (to be published). 

4D. A. Glaser (to be published). 

5B. Rossi, High-Energy Particles (Prentice-Hall Inc., New 
York, 1952), p. 15. 








BUBBLE COUNTING 


family of parallel lines described by 
b= (A/6?)+ B(T) bubbles/cm (3) 


in which only B is temperature-dependent and the 
slope, A, seems roughly independent of temperature. 
Since temperature instability was one of the main 
difficulties in carrying out these measurements because 
of the extra heat of recompression described above, we 
believe that some of the scatter of points in Fig. 5 is 
due to temperature variations. During a run at a 
given momentum the temperature could not have 
changed much, but from one run to the next at a 
different momentum, the temperature might have 
changed. 

To reduce this uncertainty due to temperature 
fluctuations, one can use the tracks of fast particles 
present in every picture as comparison tracks. This 
is similar to the use of minimum ionization tracks for 
standardization and calibration of ionization measure- 
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Fic. 5. Observed bubble density in propane versus 1/6? for the 
moving particles. Lines of constant slope fit the data roughly. 
The scatter of points is probably due to temperature variations 
between runs. Other errors are less than 5% in bubble density. 


ments in cloud chambers and nuclear emulsions. In 
the case of bubble counting we notice that using Eq. 
(3) we can form temperature-independent differences, 


b,—b,=A (1/82— 1/82") bubbles/cm, (4) 


by subtracting the bubble counts of two different tracks 
in the same picture or run, for which the temperatures 
are the same. Choosing the fast pions with @~1 as 
comparison particles we can plot the bubble density 
differences according to Eq. (4). This has been done 
in Fig. 6 in which all the bubble density data taken at 
55.5°C, 56.5°C, 57.5°C, and 59.5°C reduce quite 
remarkably to a single universal curve. From Fig. 6 
we find that A=9.2+0.2 bubbles/cm for protons in 
propane. Preliminary measurements at 55°C are 
consistent with this same value of A, but measurements 
at 54°C, 53°C, and 52°C, indicate that A becomes 
smaller below 55°C. At 50°C no tracks are visible, at 
52°C only stopping protons can be seen, and at 53°C 
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Fic. 6. All the observed densities are reduced to a single straight 
line by using fast minimum ionizing pions as comparison tracks. 
This minimizes errors due to temperature fluctuations and 
provides a temperature-independent means of measuring particle 
velocities. Errors due to momentum spread in the beam may be 
5% for the slower particles. 


and 54°C, minimum ionizing pions made 2.9 bubbles/cm 
and 8.1 bubbles/cm respectively as shown in Fig. 3. 
Our measurements indicate, therefore, that Eq. (4) 
is valid with constant A for propane from 55°C to 
59.5°C and for values of 1/6? up to about 6. The varia- 
tion of B(T) with temperature is shown in Fig. 7. 
If Eq. (4) is found to describe the bubble density at 
temperatures below 55°C, A will be less than 9.2 
bubbles/cm. 

The explanation of the empirical result expressed by 
Eq. (3) must certainly depend on the microscopic 
mechanism of bubble nucleation by ionizing events. 
It will involve properties of the liquid and details of the 
process by which charged particles lose energy in 
penetrating the liquid. One therefore expects that the 
values of A and B(T) as well as the range of validity 
of Eq. (3) will be different for different liquids. It is 
important for the interpretation of bubble chamber 
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Fic. 7. Temperature-dependent part of the observed bubble 
density in propane, B(T)=b—(9.2/8*) bubbles/cm plotted 
versus temperature. B(T) does not depend on the velocity of the 
particle making the track. 
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Fic. 8. Percent errors in determining charged particle velocities 
by bubble counting are plotted versus particle velocity for propane. 
Only statistical fluctuations in bubble production are considered 
in these estimates, shown for 1-cm and 10-cm track segments. 
These errors do not apply to slow particles because the bubble 
density varies along the segment counted. The solid parts of the 
curves show the approximate region of validity for protons. 


photographs to know if these numerical results apply 
to any propane chamber, or whether they depend on 
the details of the expression process and therefore 
apply only to the chamber used in these experiments. 
We have no direct evidence on this point, except that 
the existence of a plateau of uniform sensitivity for 
both the 6-inch chamber used here, and a 2-inch 
chamber with much different expansion hydrodynamics 
described previously’ implies that conditions in the 
chamber, at least during this brief interval of uniform 
sensitivity, are not highly dependent on the details 
of the expansion process. Slight changes in expansion 
ratio which must have occurred during this experiment 
do not seem to have affected the results greatly either. 
Careful calibration with different chambers will settle 
this question. 


Vv. CONCLUSIONS AND APPLICATIONS 


These results suggest a procedure for using bubble 
counting for determining the velocities of charged 
particles in nuclear events photographed in bubble 
chambers. Provision should be made that each picture, 
or at least a few pictures in each run, have tracks of 
particles of known velocity. Since the particles will 
generally be selected by magnetic deflection, fast 
particles should be used where possible because their 
velocity is least sensitive to momentum errors. If a 
number of long calibration tracks are used, the error 
in the measurement of their bubble densities can be 


made quite small, as it is limited principally by 
statistics. Then Eq. (4) can be used to find the velocity 
8, of the unknown particle from its bubble density 4. 
Since A, bs, and 82 can be measured very well as 
described above, the uncertainty in the unknown 
velocity 8; will result mainly from the uncertainty in 
b;, which is a consequence of statistical fluctuations 
in the production of bubbles on the unknown track. 
This procedure is equivalent to determining accurately 
the values of A and B in Eq. (3). 

We calculate the percent error in 8, assuming A and 
B to be known exactly. From Eq. (3), we find by taking 
the absolute value of the logarithmic derivative, 


68 18(b—B) 1 6b 


B 2b-B 2b-B 


For a track of length Z centimeters, the standard 
deviation in the total number of bubbles is (6L)!, 
assuming the bubbles to be formed by random, in- 
dependent events, since 6 is the average total number 
of bubbles. Then we put 64= (bL)!/L into Eq. (5) and 
use Eq. (3) to find 


66 1 Bvt 
(6) carat #2) 
b—B 2(AL)! A 


We see that the percent error in the velocity varies 
inversely as the square root of the track length and can 
be reduced by lowering the temperature to make B(T) 
smaller. Reduction of the temperature below a certain 
value is impractical, however, for the bubbles on lightly 
ionizing tracks become so sparse that the tracks are 
very difficult to see, and their points of intersection in 
nuclear collisions become uncertain. On the other hand, 
the bubble densities of very slow particles can be 
measured reliably only at fairly low temperatures. 
Some types of observations may therefore require high 
operating temperatures, while others may be possible 
only at low temperatures. In Fig. 8 are plotted the 
approximate percent errors in @ calculated from Eq. (6) for 
propane at 55°C using 10-cm and 1.0-cm track lengths. 
For low velocities, shown as dotted portions of the 
curves, 8 changes considerably along the track due to 
the energy loss, even for protons. Measurements on 
the increase in bubble density along the track of a 
stopping particle should make it possible to use bubble 
density versus residual range as a means of estimating 
particle masses. 
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In this paper we describe experiments with high-energy polarized protons, (~315 Mev) 


, their production, 


and their scattering from complex nuclei. We give the essentials of the theory of polarization of particles of 
spin 4 in a form suitable for the interpretation of the experimental results. Included is a detailed description 
of the experimental techniques, the characteristics of the polarized beam, and a discussion of the errors of 
measurement. The beam was 76% polarized and the maximum beam current was approximately 10° protons 
per second. Results of the scattering experiments on beryllium, carbon, aluminum, calcium, iron, and 
tantalum are described. Some results of triple-scattering experiments, which further determine the scattering 
matrix, are also given. The relation of the experimental results to the various theories proposed for explaining 
the polarization by scattering is discussed. Only qualitative agreement with the theoretical studies made on 
current models is achieved. Although many of the features predicted by the usual types of potentials are 
present, no single potential can account for all the observed facts. 


INTRODUCTION 


HE polarization of beams of particles of spin } was 
first investigated in the celebrated Stern-Gerlach 
experiment. Mott! developed the theory of polarization 
for electrons and pointed out how polarization might be 
induced by scattering ; many features of his work can be 
applied to proton beams. Polarized slow-neutron beams, 
obtained by scattering in ferromagnetic materials, have 
been known for some time, and the polarization of 2- 
Mev protons by resonance scattering from helium has 
been demonstrated by Heusinkveld and Freier,” follow- 
ing the analysis of Critchfield and Dodder.* 

Wouters‘ attempted to polarize high-energy neutrons 
by collision in LiH and LiD, but could only demonstrate 
small effects due to polarization that were barely outside 
the observational errors. The first successful attempt to 
polarize high-energy protons was made by Oxley, 
Cartwright, Rouvina, Baskir, Klein, Ring, and Skillman® 
at the University of Rochester. Following the announce- 
ment of the Rochester results we initiated a series of 
experiments which have hitherto been reported only in 
brief communications.* This paper is a more complete 
description of the work, and is limited to the scattering 
of polarized protons by complex nuclei. Scattering by 
hydrogen and deuterium are to be discussed in a sub- 
sequent paper. 

Similar double-scattering experiments have been per- 
formed by Marshall, Marshall, de Carvalho, Heiberg, 
Kruse, and Solmitz’ at the University of Chicago; 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932). 

2M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 

3C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949). 

4L. F. Wouters, Phys. Rev. 84, 1069 (1951). 

5 Oxley, Cartwri ht, Rouvina, ’Baskir, Klein, Ring, and Skill- 
man, Phys. Rev. 1, 419 (1953). See also Oxley, Cartwright, and 
Rouvina, Phys. Rev. 93, 06 (1954). 

6 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954); 95, 1105 (1954); 96, 807 (1954); 98, 266 
(1955). 

7 Marshall, Marshall, and de Carvalho, Phys. Rev. 93, 1431 
(1954) ; de Carvalho, Marshall, and Marshall, Phys. Rev. 96, 1081 


Dixon, Rose, and Salter* in England; Kane, Stallwood, 
Sutton, Fields, and Fox® at Carnegie Institute of 
Technology ; and Strauch” at Harvard University and 
this laboratory. 

The theory of these experiments has been developed 
by many authors,!'-** and we give here an outline of 
what is necessary in order to understand the experi- 
mental work. The notation of Wolfenstein” is used 
throughout unless otherwise indicated. 


Il. FUNDAMENTALS OF THEORY 
A. Double-Scattering Experiments 


In order to completely specify a beam of any kind of 
particles it is necessary to give its intensity, direction of 
propagation, energy, and also its polarization. For 
particles of spin } the polarization may be represented 
by a vector 


P= 2(s), (1) 


(1954); and Heiberg, Kruse, Marshall, 
Phys. Rev. 97, 250 (1955). 
§ J. M. Dixon and D. C. Salter, Nature 173, 946 


Marshall, and Solmitz, 


(1954) ; and 
Dixon, Rose, and Salter, Proc. Phys. Soc. (London) A68, 361 
(1955). 

® Kane, Stallwood, Sutton, Fields, and Fox, Phys. Rev. 95, 1694 
(1954). 

Karl Strauch, Phys. Rev. 99, 150 (1955); University’ of 
California Radiation Laboratory Report UCRL-3211, November, 
1955 (unpublished). 

1 L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

12 J. V. Lepore, Phys. Rev. 79, 137 (1950). Equation (23) of this 
paper is in error. The sign of the Pin-Xn term should be reversed. 

18 EF. Fermi, Nuovo cimento 11, 407 (1954). 

“ W. Heckrotte and J. V. Lepore, Phys. Rev. 94, 500 (1954). 

16 Snow, Sternheimer, and Yang, Phys. Rev. 94, 1073 (1954). 

16 B. J. Malenka, Phys. Rev. 95, 522 (1954). 

177. I. Levintov, Doklady Akad. Nauk S.S.S.R. 98, 373 (1954). 

18 E. Bosco and T. Regge, Nuovo cimento 12, 285 (1954). 

19 E. Clementel, Nuovo cimento 1, 509 (1955). 

2” R. Sternheimer, Phys. Rev. 95, 587 (1954); 97, 1314 (1955); 
100, 886 (1955). 

21L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 
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Fic. 1. Plan view of the cyclotron and orbit of the polarized 
beam. If the cyclotron is viewed from above the spin of the 
polarized beam is upward. 


where (s) is the expectation value of the spin in units of 
h. The magnitude of P varies between 0 and 1, the first 
value corresponding to an unpolarized beam, the second 
to a beam perfectly polarized. The direction of P gives 
the “direction of polarization.” The component of P in 
a specified direction is equal to the ratio 


P,=(Ny—N-_)/(N4+N_), (2) 


where NV, and N_ are the numbers of particles with spin 
up or down that would be found, e.g., in a Stern- 
Gerlach experiment, with the inhomogeneity of H di- 
rected along z. The vector P describes completely the 
polarization of particles of spin } and is equivalent to 
other complete descriptions such as that attainable by 
the use of a density matrix.’ 

The elastic scattering of a spin-} particle from a spin- 
zero nucleus may be described through the use of a 2X2 
matrix M, which, when applied to the spinor describing 
the incident beam, transforms it to the spinor of the 
scattered beam. The most general form of M has been 
deduced by Wolfenstein," and also by Lepore,” as 


M=g(9)I+hA(O)o-n, (3) 


where @ is the laboratory scattering angle, J is the unit 
2X2 matrix, ¢ is the Pauli spin matrix. A unit vector n 
perpendicular to the scattering plane is defined by 


n=kXk’/|kxk’|, (4) 


where k, k’ are the propagation vectors of the incident 
and scattered wave, respectively. Here g(@) and (0) 
are arbitrary complex functions of the scattering angle 
© and also of the energy of the incident particle. In 
elastic scattering of a beam of unpolarized nucleons by a 
spin-zero nucleus the vector P, for reasons of symmetry, 
is perpendicular to the plane of scattering, and its 
magnitude is given by 


P= (g*h+gh*)/(|g|?+|h|?). (5) 


27 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). See 
also R. H. Dalitz, Proc. Phys. Soc. (London) AGS, 175 (1952). 
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The experimental determination of M was one of the 
objects of our work and is discussed later in more detail. 
The first step was the determination of P for a given 
beam. The beam of the 184-inch Berkeley cyclotron was 
brought out of the vacuum chamber into the experi- 
mental area (cave) by scattering it on target 1, de- 
flecting it in a steering magnet, and bringing it out 
through the shielding as indicated in Fig. 1. Assuming, 
as we have checked experimentally, that the primary 
beam was unpolarized, the beam after the scattering by 
target 1 was polarized with P vertical. In order to 
detect this polarization an analyzer was needed, and we 
used a second scattering process at target 2. It can be 
shown that if the incident beam has a polarization P,, 
the differential-scattering cross section is given by 


* 


-P,; m) 
ie 


=1)(O)[1+P,-P2]=/.(O)[1+ PiP2 cos? ], (6) 


1(0)=(| eiselay(14 


where nz is defined by Eq. (4), but referred to the second 
scatterer. 

If we scatter at angle ©, and measure the relative 
intensities J(@=0°) and J(@=180°), where ® is the 
azimuthal angle,”* Eq. (6) gives 


1(@=0°)—1(@=180°) 
~ 1(@=0°)+1(6=180°) 





(7) 


where P; and P» are the polarizations that would be 
generated in the first and second scattering process re- 
spectively if one started in each case with an unpolarized 
beam. 

If the two scattering processes at targets 1 and 2 are 
identical, we have 


P=P,=P,.=+¢e!. (8) 


The ambiguity in sign reflects the fact that an experi- 
ment of this type gives only the magnitude of P, 
without telling whether it points “up” or “down.” 
Thus far the discussion has been limited to scattering 
by a force center without spin. Actually, Eq. (8) may be 
shown to hold also for two successive identical scat- 
tering processes even if the target nuclei have a finite 
spin, providing that the targets are unpolarized and the 
scattering process is elastic. We consider elastic scat- 
tering processes of two kinds: those in which the inci- 
dent particle suffers a spin flip—that is, the component 
of spin in the direction of the normal n to the scattering 


28 Our coordinate system in the laboratory may be completely 
described as follows: The beam incident on the second target 
(Target 2) is moving in the positive z direction. The (horizontal) 
plane of the cyclotron orbit (and the plane of scattering at the first 
target) is the xz plane. The y axis is upward, thus the axes xyz form 
a right-handed coordinate system. © and # are the usual spherical 
coordinates; therefore z=r cos@, x=r sin® cos, y=r sin® sin®. 
The scattering angles @, ¢ in the center-of-mass system are related 
to the laboratory angles @, through the usual transformations 











ELASTIC SCATTERING OF POLARIZED 


plane is changed—and those in which there is no spin 
flip of the incident particle. 

Let us indicate by p(+Z-+-) the probability that an 
incident particle with spin up will be scattered to the 
left with spin up and by »(+L—) the probability that 
the particle will be scattered to the left with spin down. 
We have, altogether, eight similar probabilities to con- 
sider, which are related by 


p(+L+)=p(—R-), 
p(+L—)=p(—R+), 
p(—L+)=p(+R-), 
p(—L—)=p(+R+). 


These relations are confirmed by remarking that if we 
rotate our reference system by =180° around the 
direction of the incident beam, p(+Z+) goes into 
p(—R-—), ete. 

If we start with an unpolarized beam and—using the 
p(+L+), etc—calculate the asymmetry e after a 
double-scattering experiment from identical targets, we 
find 


(9) 


2[p(+L—)—p(—L+)] 


p(+L+)+p(-L+) : 
+p(+L—)+p(-—L-) 





e=P, (10) 


where P; is the polarization after the first scattering in 
the beam scattered to the left. In order that Eq. (10) 
reduce to Eq. (8) we must have 


p(+L—)=p(-L+), (11) 


and this occurs if the collision process is time-reversible, 
which in practice means elastic. 

In order for Eq. (8) to be applicable the last condition 
is essential, and it can be fulfilled if we are sure that both 
scattering processes are elastic. However, we must 
neglect the small energy loss that is unavoidable because 
of recoil of the target nucleus and the energy losses due 


Fic. 2. Schematic diagram of the scattering planes in the measure- 
ment of the rotation parameter R. 


PROTONS. I 1661 
to ionization which the particles suffer in traversing the 
targets. 


B. Triple-Scattering Experiments 


In the elastic scattering of a particle of spin } from a 
spin-zero nucleus the most general scattering matrix is 
of the form of Eq. (3). This matrix contains four real 
independent parameters: the magnitude and phase of 
both g and h. Three of these parameters, |g|, ||, and 
the phase difference 6 between g+h and g—h, can be 
measured experimentally. The absolute phase of g and h 
could affect experimental results if it were possible to 
make waves from different nuclei interfere, as in slow- 
neutron coherent scattering, but it is not of importance 
in our experiments. 

Wolfenstein* has shown that g and / are related to 
directly measurable quantities by 


gth=[Io(1+P) Jel, 
g—h=[Io(1—P) Jrei(at®, 


(12) 
(13) 


where Jo is the differential scattering cross section for an 
unpolarized beam, P is the polarization, a is the 
unessential absolute phase (which in our case could be 
assumed to be zero), and @ is the phase between g+h 
and g—h. 

We have obtained some measure of the quantity 8 by 
performing a triple-scattering experiment with a geome- 
try shown in perspective in Fig. 2. The unpolarized 
cyclotron beam was first scattered in a horizontal plane 
m, from target 1 through an angle ©,. This operation 
served only to produce a polarized beam with the 
polarization vector P, directed vertically. This polarized 
beam was scattered in the vertical plane 2 from target 
2. The angle of scattering was ©». The twice-scattered 
beam was subsequently scattered from target 3 in the 73 
plane. The purpose of the last scattering was to analyze 
the twice-scattered beam; or, more precisely, to find the 
component of the vector (@)2 in the direction perpen- 
dicular to the direction of propagation and contained in 
the plane m2. This component is (e)2-S2, where s2= m2 
Xk’. 

We will call e3, the asymmetry corresponding to the 
scattering in target 3, i.e., the ratio of the beam intensi- 
ties [73(+)—Js(—) ]/L/s(+)+Js(—)], where J;(+) 
refers to the scattering such that n; is parallel to +s». 
Wolfenstein” has defined the parameter R by the 
relation 


€36(1 +P;P» cos®2) 
R=— — phate 


P\P3 sin®, 


(14) 


where P; is the magnitude of the polarization vector 
obtainable in the elastic scattering of an unpolarized 
beam from target 3. In our measurements we have 
,= 270°, which corresponds to the second scattering 
angle in a downward direction, thus we get 


R=—e3,/PP3. (15) 
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Now R is connected to 8 through the relation 
R= (1—P;?)' cos(@2—8), 


where, as usual, P2 is the magnitude of the polarization 
obtainable in the elastic scattering of an unpolarized 
beam from target 2. From Eq. (16) it is apparent that a 
measurement of R gives cos(@.—) and hence two pos- 
sible values of 8. This ambiguity is inherent in the 
method of measurement. The quantity 6 is susceptible 
to a simple geometrical interpretation: it is the angle by 
which the component of (@). in the plane 72 is rotated 
with respect to m. 

Any specific theory of polarization, if complete, gives 
definite values for 8; thus it should be possible to com- 
pare this prediction with the experimental results. In 
particular, for the case in which the polarization is 
caused by a potential as in Eqs. (24) and (25) specialized 
to a square well, Wolfenstein has calculated, in Born 
approximation, the values to be expected for e3,.” 

There is another type of triple-scattering experiment 
in which all scatterings occur in the same plane. In this 
experiment the asymmetry és, after the third scattering 
is given by 


(16) 


P;(P2+DP, cos®.) 
Coa; . 
1+P;P2 cos®» 





(17) 


Equation (17) defines a new parameter D, which de- 
pends on the particular interaction of target 2. D 
measures the probability that the incoming polarized 
protons maintain their direction of spin on scattering. 
For the scattering of protons from a spin-zero nucleus, D 
is unity for all scattering angles. 


Ill. THE POLARIZED BEAM 


Calculations of proton trajectories in the cyclotron 
magnetic field indicated the approximate range of target 
positions within the cyclotron tank from which scattered 
protons might enter the evacuated external beam tube. 
An external beam was readily obtained when a target 
was placed approximately as shown in Fig. 1. Scattering 
measurements with second targets of beryllium and 
carbon indicated that the beam was highly polarized, 
and range measurements showed its energy to be 285 
Mev, with an rms energy spread (standard deviation of 
a Gaussian distribution of energies) of about 12 Mev. 
Once the energy was known, better orbit calculations 
could be made, and it was determined that the scattering 
angle at the first target was 17°. A number of double- 
scattering experiments were performed with this beam. 
However, double elastic-scattering experiments (with 
both targets of beryllium) indicated that the asym- 
metries were largest for second-scattering angles of 
about 13°. This meant that greater beam polarization 
could be achieved if the first-scattering angle were near 

*L. Wolfenstein, Phys. Rev. 98, 1870 (1955). In the text of 
reference 21 several errors should be noted. In Eqs. (2.5) and (2.6), 


B should be replaced by (—8). In Table I the columns labeled 8, 
€32, se’ Should be relabeled as —8, és,’, ess, respectively. 
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TABLE I. Double scattering from beryllium; @,= 13°. 








Io 
@: E, (Mev) e 10-*7 cm?/sterad PBe 





0.673+0.029 
0.761+0.007 
0.730+0.020 
0.701+0.029 
0.626+0.033 
0.518+0.030 


0.512+0.022 
0.580+0.010 
0.5552-0.015 
0.534+0.022 
0.476+0.025 
0.394+0.023 


146.2+2.0 
71.0+1.2 
44.2+1.0 
45.4+1.2 
27.2+0.7 
19.1+0.5 


10° 31244 
13° 31845 
15° 31845 
15° 31244 
ig 318+5 
19° 31845 








this value. Further orbit calculations indicated that this 
was indeed possible, and the placement of target 1 
shown in Fig. 1 was found satisfactory. For this position 
the first scattering angle ©, has been calculated to be 
13° for the observed energy, 315 Mev, of the polarized 
beam. 

In all cases the steering-magnet current was adjusted 
to the highest value consistent with reasonable beam 
intensity, so that only the highest energy components of 
the scattered protons from the first target were utilized. 
Under these circumstances we were satisfying, as well as 
possible, the requirement that the polarized beam be 
made up only of elastically scattered protons, so that the 
beam polarization could be measured as previously out- 
lined in connection with Eq. (8). Table I shows results 
of double-scattering experiments in which both targets 
were of beryllium, along with calculated values of the 
polarization. The beam energy £, was slightly different 
for different cyclotron runs.” Because highly inelastic 
scattering processes were completely rejected and the 
scattering angle was small enough so that elastic scat- 
tering strongly predominated over inelastic scattering, 
we believe we are justified in using Eq. (8). The datum 
of Table I for @.= 13° was used together with Eq. (8) to 
determine the magnitude of the beam polarization as 
0.76. Equation (7) was used, with P;=0.76, to find the 
values of P at other angles. 

The sign of the polarization has been determined by 
Marshall and Marshall* and Brinkworth and Rose,” 
and it is such that for a proton that is scattered to the 
left, the spin points upwards: this means, for our beam, 
that P; is positive. 

The intensity of the polarized proton beam was 5 X 10 
protons/cm? sec. Two different beam exit apertures 
were utilized. In the elastic double-scattering measure- 
ments, where energy resolution was of primary im- 
portance, the aperture used was 2 in. vertical by 0.5 in. : 
horizontal. The polarized proton beam energy was 
measured by determining the Bragg curve. Two ioniza- 
tion chambers and a variable copper absorber were used 
as described in Chamberlain e¢ al. The beam energy 


%® The absorber in the detecting telescope was adjusted in such 
a way as to accept protons that has lost up to 12 Mev of energy in 
inelastic collisions, in addition to the unavoidable energy losses due 
to elastic recoil of the target nucleus and ionization losses in 
traversing the target. 

31 J. Marshall and L. Marshall, Phys. Rev. 98, 1398 (1955). 

32M. J. Brinkworth and B. Rose, Nuovo cimento 1, 195 (1956). 

33 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 
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(with rms energy spread) was 315+5 Mev. In the 
triple-scattering measurements a circular exit aperture, 
2 in. in diameter, was used in order to increase the beam 
current. The measured energy and rms energy spread of 
this beam was 315+12 Mev. 

The duty cycle of the polarized beam appears to be 
considerably greater than that of the unpolarized ex- 
ternal beam. Accidental coincidence-rate studies show 
that there are effectively about 80 000 cyclotron radio- 
frequency pulses per second during which the protons 
are emitted. Each of these pulses lasts about 10~® sec; 
they come in trains of about 1300 pulses, the whole train 
of pulses lasting about 80 microseconds. There are 60 of 
these pulse trains per second. With our coincidence 
resolving power we do not resolve two protons coming in 
the same rf pulse. 


IV. EXPERIMENTAL TECHNIQUE 
A. Double Scattering 


The beam intensity was determined with argon-filled 
ionization chambers, by the same techniques and appa- 
ratus as described in a previous publication.* 

The scattering table, upon which the counters were 
mounted, consisted of a rigidly constructed frame which 
allowed the polar and azimuthal scattering angles to be 
varied independently. This frame rotated about two 
large hollow bearings and was counterweighted to mini- 
mize distortions due to the weight of the apparatus. The 
position of the counter telescope with respect to the 
beam was checked by a surveyor’s transit as a function 
of the azimuthal orientation $2. The rigidity of the 
frame was such that the counter telescope was sym- 
metrically located with respect to the beam to better 
than 0.06°. The settings of the scattering angle 2 were 
accurate to 0.1°; however, errors in the setting of @, did 
not contribute to the error in the measurement of 
asymmetries. This is apparent from the fact that the 
asymmetries were obtained by comparing intensities at 
,=0° and = 180° for the same @, setting. 

The targets used were solid slabs of material or liquid 
helium. The liquid helium container was slightly modi- 
fied from one originally designed for use with liquid 
hydrogen.* (Target thicknesses are described along 
with the summary of the experimental results.) 

In the double-scattering measurements the protons 
scattered from target 2 through angle ©» were detected 
by a three-counter telescope shown in Fig. 3. Each 
counter consisted of a polished plastic scintillator viewed 
from the top and bottom by magnetically shielded 1P21 
photomultiplier tubes. 

The associated electronic circuits were quite con- 
ventional and had resolving times of approximately 10~* 
sec. Before each data-taking session the electronic sys- 
tem was adjusted to be on a plateau of the curve of 
photomultiplier voltage (sensitivity) versus coincidence 
counting rate. The time resolution of the system was 


4 J. W. Mather and E. A. Martinelli, Phys. Rev. 92, 785 (1952). 
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COUNTER 3 3°x9"x2e" 
Fic. 3. Scale drawing of the three counter telescope used for the 
double scattering measurements. 


checked by taking curves of counting rate versus delay 
time between counters. 

The alignment of the beam was determined by ex- 
posing x-ray films near the front and rear of the scat- 
tering apparatus. With the aid of the transit the center 
of rotation of the scattering table could be placed along 
the beam center to an accuracy of about 0.03 in. at the 
front film and 0.05 in. at the rear film. In this process the 
correct alignment of the table was achieved to 0.06°. 

In the later experiments the photographic alignment 
procedure was supplemented by a more precise electronic 
alignment. The counter telescope was moved to a very 
small polar angle ©: and the counting rate due to 
multiple scattering in the target was measured at 0° and 
180° azimuthal angles 2. In this region the counting 
rate is an extremely sensitive function of the scattering 
angle @2, changing by a factor of 10 for 1° change in the 
angle. Small readjustments of the rear of the scattering 
table were made to equalize the counting rates at 
.=0° and 180°; the alignment was then believed to be 
accurate to 0.02°. This precision was sufficient to make 
the errors in polarization due to misalignment no larger 
than 0.03, even for the heaviest elements studied. 

The 15-gauss magnetic field existing in the experi- 
mental area could give rise to a misalignment of 0.02° in 
the photographic alignment procedure, because the 
spacing of the x-ray films was not the same as that 
between target and counter telescope. The electronic 
alignment procedure was not subject to error due to the 
magnetic field. 

The range of the protons in the beam was determined 
with the counter telescope by measuring the number of 
counts per unit incident beam as a function of the 
thickness of absorber placed in the counter telescope. 
The data are plotted in the form of a curve, with number 
of counts as ordinate and energy cutoff as abscissa. If 
there were no nuclear absorption and only elastic 
scattering such a curve would look almost rectangular. 
The nuclear absorption and inelastic scattering give a 
slope to the flat part and the results are curves of the 
type shown in Fig. 4. The variation in slope as a function 
of the scattering angle arises because the ratio between 
elastically and inelastically scattered particles decreases 
rapidly with increasing ©». For scattering angles 
©.>0.61(A/R) (where A is the de Broglie wavelength of 
the incident proton and R is the radius of the struck 
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Fic. 4. Integral range curves for protons scattered from carbon. 


nucleus) the scattering is largely inelastic and the 
spectrum of the scattered protons is almost a continuum. 
Range curves at these angles do not show the abrupt 
change in slope near the end of the range that charac- 
terizes the range curves shown in Fig. 4. 

The energy resolution of the counter telescope was, in 
principle, limited only by the range straggling in the 
absorber ; however, the most important contribution to 
the energy resolution of this system was due to the 
energy spread of the polarized beam. The rms energy 
width due to both of these effects was approximately 
6 Mev. For most of the elements studied the levels of 
nuclear excitation, of the order of 1 Mev, could not be 
resolved with this system. An exception to this situation 
occurs for helium, which has no excited levels. Dissocia- 
tion of the helium nucleus requires 20 Mev; thus the 
elastic events could be resolved by counting only those 
protons which had lost less than 20 Mev in the scattering. 

The energy (or range) cut-off value was chosen well 
inside the knee of the range curve (see Fig. 4). One 
might have hoped to operate beyond the knee in order to 
most effectively separate the elastic from the inelastic 
components of the scattering. In this region, however, 
the counting rate was a very sensitive function of energy, 
consequently small time variations in the incident-beam 
energy would produce significant changes in the count- 
ing rate. A second argument against operating at an 
energy higher than that of the knee of the range curve is 
the nonuniform energy profile of the polarized beam. 
The momentum analysis of the beam in the cyclotron 
fringing field and steering magnet introduces an energy 
variation of 2.5 Mev per inch in the horizontal plane at 
the position of the last collimator. If the energy cutoff 
were chosen beyond the knee, then the low-energy side 
of the beam entering the cave would be rejected, thus 
displacing the center of gravity of the beam toward the 
high-energy side. This, in effect, would produce a 
misalignment of the apparatus, which could result in 
large false asymmetries because of the strong depend- 
ence of the elastic cross section upon the scattering 
angle. This effect was minimized by the use of the 0.5- 
inch horizontal collimator and by choosing the energy 
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cutoff in a region where the counting rate was an 
insensitive function of the energy cutoff, i.e., inside 
the knee of the range curve. For scattering angles 
@2<0.61(A/R) this choice was always possible. For 
larger scattering angles the range curves obtained did 
not show the characteristic knee near the end of the 
range because of the increasing importance of the 
inelastic scattering. At these angles, however, the 
measured differential cross section was a relatively 
slowly varying function of the scattering angle; thus we 
believe our final results are not adversely affected by 
the energy variation across the beam. In some of the 
published work of others, however, there are a few re- 
sults that may be somewhat in error because of this 
effect, which simulates a rapid variation of the polariza- 
tion with change of the absorber thickness towards the 
end of the range of the scattered particles. In general the 
choice of the energy cutoff was made at very small 
scattering angles (0° to 5°). As the angle of scattering 
was increased the energy cut-off value was corrected to 
the nearest } Mev, to take into account the increased 
target thickness and recoil energy of the target nucleus. 

Many of the theoretical predictions for polarization 
and elastic scattering call for narrow angular regions in 
which the polarization fluctuates rapidly near the angles 
of minima of the diffraction scattering. This suggests 
that the experiments should be performed with as good 
angular resolution as possible consistent with adequate 
counting rates. With the available polarized beam, an 
angular resolution of about 1° has appeared to be a good 
compromise between angular resolution and intensity. 
The geometrical factors entering into the angular resolu- 
tion are the beam size, counter size, and divergence of 
the beam. For our most common experimental arrange- 
ment the fold of these three factors can be approximated 
by a Gaussian shape of rms deviation 0.62°. For the 
helium target there was a further impairment of the 
resolution due to the finite thickness of the target in the 
direction of the beam. The angular resolution is also 
affected by the multiple scattering in the target; in 
most cases this has been made about equal to the 
angular resolution width due to geometrical effects. In 
some cases the calculated angular resolution has been 
compared with the angular resolution determined ex- 
perimentally by sweeping the counter telescope through 
the beam. The two widths have in all cases agreed to 


TABLE II. Angular resolution in double scattering. 








Measured 
total rms 
resolution 
(degrees) 


Calculated 
total rms 
resolution 
(degrees) 


0.68 
0.77 
1.08 
0.99 
0.96 
0.93 


Calculated 
multiple-scattering 
rms resolution 
(degrees) 


Target 
thickness 


Element (g/cm?) 





0.27 
0.45 
0.87 
0.76 
0.72 
0.69 


0.84 


1.00 
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within 10%. The angular resolutions in the double- 
scattering measurements are summarized in Table II. 
The measurement of e is subject to errors, which 
originate from the usual statistical errors and from 
alignment errors. The error due to angular misalignment 
is given approximately by the relation (valid when 
e’<1) 
Ae= (d log/o/dé)AQ, (18) 


where Ae and A® are the errors in e and ©. The im- 
portance of this cause of error is shown in Table III, 
where we list the maximum value of d log/)/d® and the 
resulting uncertainty in polarization due to mis- 
alignment. 

In order to check the general operation of our system 
against a theoretical prediction about which there is no 
doubt, we measured the intensity of the scattered beam 
(at constant @») as a function of the azimuthal angle >. 
This intensity must be of the form 


I(Qo,42) = Io(@2)[1+e cos®y |. 


Figure 5 shows the result of this measurement. 

It was important to determine the state of polarization 
of the normal external beams of the cyclotron, which 
were obtained by electric deflection or by scattering 
through a very small angle. Many measurements have 
been made with such beams in the past and the results 
were always interpreted under the tacit assumption that 
the beam was not polarized. A direct experiment proved 
the correctness of this assumption. 


(19) 


B. Coulomb Interference Effects in 
Double Scattering 


The angular interval where interference effects be- 
tween the Coulomb and nuclear elastic scattering might 
be expected can be estimated in the following manner. 
The Coulomb differential-scattering cross section for 
relativistic protons scattered from a nucleus having 
charge Z uniformly distributed throughout a sphere of 
radius R has been given by Gatha and Riddell* as 


Pui, 6\*y* 
1-(—-) (sin-) [+(aR sin-) , 
awe 2 2 


TABLE III. Maximum polarization errors due to 
angular misalignment. 


(20) 








‘d loglo 
(~ ) (deg™!) 
Element dO J max A® (degrees) AP 


0.22 0.15 0.043 
0.25 0.007 
0.33 0.026 
0.40 0.032 
0.65 0.051 
0.70 0.018 
1.00 0.026 





0.02 








5K. M. Gatha and R. J. Riddell, Jr., Phys. Rev. 86, 1035 
(1952). 
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Fic. 5. Azimuthal dependance of the carbon differential cross 
section at @2= 12°. 


where 6 is the center-of-mass scattering angle, W is the 
total energy, and #k is the momentum and £ the velocity 
of the incident proton divided by c. The nuclear scat- 
tering at small angles from a complex square well in the 
Born approximation is given by Fernbach, Heckrotte, 
and Lepore” as 


2M\? ji(Q2kR sin(6/2)))? 
"= (=) | uti "RY » (21 
h 2kR sin (6/2) 





where u and w are the real and imaginary well depth and 
jx is the spherical Bessel function. Since the angular 
dependence of the nuclear scattering at small angles 
(i.e., sin?=@) is determined by the diffraction character 
of the scattering, the specific model chosen for the 
calculation is of little consequence. The maximum 
interference effects should be expected when J9°J»", 
which occurs when 6=@<1/kR. Experiments designed 
to observe the interference in the polarization and cross 
section have been carried out with targets of C, Fe, and 
Ta. The corresponding values of 9 for these elements 
are 4.1°, 3.3°, and 2.7°, respectively. 

In order to measure the polarization and cross section 
at these small angles it was necessary to improve the 
angular resolution of the system described in the pre- 
ceding section. The counter telescope used for these 
measurements was similar to that shown in Fig. 3 except 
that the dimensions of the counters, in the order trav- 
ersed, were 0.5 by 2 by 0.25 inches, 2 by 6 by 0.25 inches, 
and 2.5 by 8 by 0.38 inches. The distance between the 
first counter and the target was 50 inches, thus the solid 
angle subtended was 10~ steradian. For this particular 
arrangement the geometrical factors entering into the 
angular resolution lead to an approximately gaussian 
resolution function with rms deviation of 0.23°. The 
contribution to the resolution function due to multiple 
scattering in the targets is summarized in Table IV. 

The remainder of the experimental arrangement was 
identical in all respects with that described in Sec. IV. A. 
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TasLe IV. Angular resolution in small-angle double scattering. 








Measured 
total rms 
resolution 
(degrees) 


0.35 


0.42 
0.46 


Calculated 
total rms 
resolution 
(degrees) 


0.34 
0.38 
0.41 


Calculated 
multiple-scattering 
rms resolution 
(degrees) 


0.24 


0.31 
0.33 


Target 
thickness 


Element (g/cm?) 


: 1.00 
Fe 0.48 
Ta 0.27 











The errors due to angular misalignment are somewhat 
larger in the small-angle measurements because of the 
more rapid variation of the average differential cross 
section in the region where Coulomb scattering becomes 
important. The maximum systematic errors from this 
source can be obtained through the use of Eq. (18). 
These are summarized in Table V. 


C. Triple Scattering 


The principal problem in triple-scattering experi- 
ments, where the second and third scatterings were done 
in the same experimental area, was to obtain a signifi- 
cant counting rate from the third target in the presence 
of a large background from the second target. Sacrifices 
in angular and energy resolution beyond those made in 
double-scattering experiments were necessary in order 
to achieve a feasible experiment. The counting rate 
obtained was from 1 to 10 counts per minute, depending 
on the elastic cross section of the second target in the 
angular region under investigation. Alignment and vari- 
ous checks were performed, and statistically significant 
data were obtained, at the rate of about 1 angle per day. 
The background problem from the second target was 
surmounted by electronically defining, with a pair of 
counters, a beam scattered from the second target at the 
angle of interest. This beam was then scattered by a 
third target into a proton telescope placed in coincidence 
with the defining counters. The multiple concidence 
therefore defines a trajectory which permits only pro- 
tons scattered from the third target to be recorded. 

The full-intensity polarized beam was obtained by the 
use of a collimator 2 inches in diameter, and the resulting 
beam current (impinging on the second target) was 10° 
protons/sec with an energy of 315+12 Mev. 

The second target consisted of about 10 g cm™ of 
aluminum or carbon. The second-scattered beam was 
defined by a pair of plastic scintillators (called 1 and 2), 
each 3 by 3 by 0.25 inches, placed in line 20 inches and 
40 inches from thie second target. This resulted in a 
geometrical resolution of 1.5° and an rms projected 
multiple-scattering angle of about 1° for the aluminum 
target. 

Immediately behind the second defining counter was 
the third scatterer (or analyzer), which measured the 
change in proton spin induced by the second scattering. 
The choice of the analyzer was dictated by two con- 
siderations: it must give a large polarization in an 
angular region where the elastic-scattering cross section 
is large, and it must have a low atomic >umber to reduce 
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multiple scattering. A beryllium target was found suit- 
able. The thickness of 10.5 g/cm? represents the maxi- 
mum thickness commensurate with the small multiple 
scattering demanded by the geometry of the third 
scattering. 

The third-scattered beam was detected by a counter 
telescope similar to the one used for double scattering. 
However, the counters (numbered 3, 4, and 5) were 
larger ; their dimensions, in the order traversed, were 2.5 
by 8 by ? inches; 3 by 9 by ? inches; 4 by 10 by ? inches. 
The distance from the center of target 3 to the front 
counter of the telescope was 20 inches. 

Since only elastically scattered protons from the 
second target were under investigation, the proton tele- 
scope had to contain absorbers, as in double scattering, 
in order to reject inelastic protons. The energy cutoff 
was set by placing the apparatus directly in the incident 
polarized beam, with the second and third targets in 
place and all counters in line (i.e., @.=0°, @;=0°). A 
range curve similar to those shown in Fig. 4 was ob- 
tained with the beam reduced to a low level and the 1-2 
counters used as a monitor. This curve was utilized in 
choosing the absorber thickness, as described for the 
double-scattering measurements. Suitable corrections 
were made for energy loss due to recoil and increased 
target thickness when @.+0° and 0;+0°. 

The alignment for triple scattering requires some 
comment. There was no special alignment problem at 
the second target, but at the third target great care was 
required to insure that the left and right scattering 
angles ©; were equal. For the D experiment the second 
and third scattering planes coincide. The rapidly varying 
elastic cross section from the second target causes an 
extremely nonuniform illumination of the third target ; 
the intensity of elastic protons scattered from aluminum 
at a mean angle @.=12° changes by a factor of eight 
across the third target. This is true for both the Dand R 
geometries. In the latter measurements, however, the 
third scattering plane is normal to the second scattering 
plane, thus the nonuniform illumination of the third 
target could not induce false asymmetries. We have used 
the counter telescope consisting of counters 3, 4 and 5 
(in coincidence with counters 1 and 2, which define the 
second-scattered beam) to determine the effective zero 
angle for @;. Coincidence counting rates (12345) were 
measured for many settings of the angle @; near the 
zero angle so that a profile curve of the twice-scattered 
beam could be drawn. To a first approximation the 


TABLE V. Maximum polarization errors due to angular misalign- 
ment in small-angle double scattering. 








d loglo 
(- ~ ae (deg) 
Element max A® (degrees) 





0.02 
0.02 
0.02 


‘e 1.27 
Fe 3.34 
Ta 1.33 
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TABLE VI. Cross section and polarization for protons scattered from He, Be, C, Al, Ca, Fe, and Ta with angular resolution as 
shown in Table II and maximum errors in polarization due to angular misalignment summarized in Table III. The data obtained 
at small angles with angular resolution as shown in Table IV and maximum errors in the polarization summarized in Table V are 
denoted by an asterisk. Here © is the laboratory-system scattering angle and J, is the average laboratory differential cross section in 
millibarns per steradian for the elastic scattering of protons at the noted mean energy. The absolute cross section is known to 20%, 
and at larger angles probably contains some inelastic scattering. The errors listed are those due to counting statistics only. The 
polarization P has, in addition to the counting statistics noted, a 4% absolute uncertainty except for the 289-Mev carbon and 
287-Mev aluminum data, in which the absolute uncertainty is 7.5%. 











Io P 








Helium at 312 Mev Aluminum at 287 Mev—Continued 
67.5+1.6 0.580+0.028 d 123.0+2.0 0.611+0.016 
56.1+1.0 0.638+0,.019 3. 49.4+1.2 0.458+-0.033 
33.340.4 0.760+0.011 5. 17.6+0.7 0.264+0.042 
18.0+0.4 0.653+0.023 4 10.6+0.5 0.319+0.072 
11.7+0.4 0.498+0.043 f 7.29+0.41 0.709+0.078 
8.30+0.18 0.444+0.027 y 7.46+0.34 0.552+0.063 
3.69+0.15 0.026+0.057 5 7.43+40.39 0.570+0.070 
1.45+0.10 —0.230+0.090 3 5.09+0.30 0.539+0.085 
0.475+0.08 —0.813+0.227 5. 2.82+0.23 0.415+0.116 


Beryllium at 316 Mev Calcium at 310 Mey 

170.0+3.0 0.667 +0.022 1200.0+13.0 0.499+0.014 
71.0+1.3 0.760+0.011 ‘ 466.0+8.0 0.584+0.018 
44.2+1.0 0.730+0.015 129.0+3.0 0.587+0.029 
27.2+0.7 0.626+0.026 é 30.8+1.5 0.478+0.058 
19.1+0.5 0.518+0.027 0.388+0.044 
Carbon at 313 Mev 18.4+0.9 0.437 0.060 


2602-452 0.036-+.0.026 17. _- ‘ one arsed 
1376-437 0.104.035 17.321. ota aes 
930+24 0.241 40.034 rs 425.4.0.049 
785423 0.276+-0.038 42540. 
758-+23 0.282-+.0.038 ae 


a pe seen 502 100-8700 0.057+0.025 
647+19 0.401 +0.037 94 600+950 —0.056-0.025 
558-+16 0.524-+.0.033 30 260+-640 0.025+0.028 
470-415 0.501-+0.036 14 8204230 0.146+.0.022 
270+4.0 0.62340.014 10 0004-180 0.185-+0.024 
94.54+1.3 0.661-+0.017 73204130 0.269+0.023 
49.9+0.9 0.634+0.020 4550+90 0,348+0.024 
27.4+0.6 0.450-+0.026 _ 300080 0.384+0.035 
16.9+0.4 0.447-+0.028 57 270+1580 0.037+0.037 
11.640.4 0.368-40.034 9013+110 0.137+0.016 
5.86+0.20 0.265-+0.042 4186+37 0.301 0.010 
yee tn a aoe 2715426 0:4052.0.012 
— 0.491+0.026 


Carbon at 289 Mev 976412 0.508+0.014 


495.0+5.0 0.260+0.014 0.517+0.061 
340.0+3.0 0:498-+0.015 , 240.0+4.0 0.561+0.014 
295.0+3.0 0.554+0.016 0.350+0.070 
179.0+3.0 0.63440.024 49.6+1.5 0.525+0.034 
117.0+2.0 0.674+0.019 = 39.1+1.4 0.699+0.038 
58.5+0.9 0.659+0.031 43.4+1.1 0.765+0,.024 
38.8+0.8 0.616+0.034 o. 0.829-+0.086 
18.0-+0.6 0.363-+0.048 48.3+1.4 0.785+0.027 
12.7+0.4 0.410+0.043 
7.12+0.30 0.297+0.064 Tantalum at 316 Mev 
5.60-+0.24 0.361-+0.066 241 400+6100 —0.011+0.032 
3.72+0.21 0.112+0.084 63 700+1700 0,083-+0.036 
2.95+0.17 0.001 +0.085 26 900+900 0.251-+0.041 
2.23+0.18 —0.018+0.125 10 300+500 0.262 +0.060 
1.61+0.15 0.113+0.139 3860450 0.295+0.133 
4 41 050+450 0.091+0.014 
Aluminum at 287 Mev 6008+75 0.284+-0.016 
650.0+6.0 0.514+0.011 


823+30 0.418+0.042 
323.0+3.0 0.592+0.016 509+18 0.607 +0.037 
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centroid constitutes the proper zero of angle for ©;. dependence of the scattering of the beryllium third 
This is quite adequate for the measurement of R. For target. Since the beam-profile curve was determined 
the measurement of D, where the intensity asymmetry with the same absorber thicknesses in the 3-4-5 tele- 
is more serious, a slightly more elaborate procedure has __ scope as were used in the actual measurements, we feel 
been used which takes into account the known angular that this curve does determine satisfactorily the effec- 
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tive center of the second-scattered beam. The experi- 
ment to determine D for carbon, which is of necessity 
unity since the spin of carbon is zero, was conceived as a 
severe test of the alignment method, and the measured 
D value indicates no statistically significant departure 
from the anticipated result. 

The calibration of the analyzer, i.e., the determination 
of P3, was achieved by an independent measurement. 
The quantity that was actually measured was the 
product P,P; at the energy corresponding to the energy 
of the twice-scattered beam. This was accomplished by 
setting @.=0 and replacing target 2 with a uranium 
target of the same stopping power. The protons of the 
polarized beam were multiply scattered by the uranium 
to such an extent that the 1-2 counters defined a 
diverging beam comparable to that of the triple-scat- 
tering experiment, while the polarization was pre- 
sumably unchanged. The zero for ©; was established by 
sweeping the telescope through the multiply scattered 


24. 28 32 36° 


beam and finding the center of the beam profile, with the 
energy threshold of the telescope made identical with 
that used in triple scattering. The asymmetry was then 
measured. 

During the calibration the beam entering the cave 
was reduced until about 1000 protons/second passed 
through counters 1 and 2. The 12 coincidences were 
measured with a fast scaler and used to monitor the 
beam. The asymmetries e;=P:P; for @;=13° are 
0.469+0.011 and 0.432+0.011, for the 12345 and 1234 
coincidences respectively. 


V. RESULTS 
A. Double-Scattering Experiments 


In our experiment we have investigated the polariza- 
tion produced by the elements reported below (hydro- 
gen and deuterium are to be treated separately). The 
laboratory-system cross section and polarization results 


1 
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for various nuclei are presented in Table VI, and in 
graphical form in Figs. 6 to 13. The errors listed are 
those resulting from counting statistics only. Since the 
polarization of the incident beam is known to within 
4%, there is an additional uncertainty of this amount in 
the absolute value of the polarization. The energies 
noted are those obtained from Bragg curves less the 
amount lost in traversing half of the target. The over-all 
“angular resolution of the measurements may be repre- 
sented by a Gaussian with a standard deviation of about 
1° unless otherwise specified. 


Helium 


There are no excited states of helium; therefore the 
minimum energy lost in an inelastic collision is the 20 
Mev required to remove one nucleon. The detection 
threshold was placed 15 Mev lower than the mean 
incident energy, and thus the detected protons were 
elastically scattered. The target contained 1.7 g/cm? of 
liquid helium and was of a type previously used* for 
liquid-hydrogen experiments, but here modified for 
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Fic. 7. Beryllium average differential cross section and polarization 
at 316 Mev. 
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Fic. 8. Carbon average differential cross section and polarization 
at 313 Mev. The curves shown are the result of an exact > 


shift calculation for the model proposed by Fermi with the 
experimental angular resolution folded in. 


additional heat insulation. The geometrical angular 
resolution for this arrangement varied with scattering 
angle owing to the non-negligible dimensions of the 
helium target. The rms geometrical width due to this 
cause, was 0.8° at @.= 10°, and increased approximately 
as sin@, with increasing @». 

No diffraction effects are apparent in the cross section. 
However, there is clear evidence (shown in Fig. 6) of a 
change of sign of polarization at large scattering angles. 
Theoretical predictions by Tamor,** based on the im- 
pulse approximation but using questionable nucleon- 
nucleon phase shifts, do not bear out this feature. 


Beryllium 


Some data on beryllium are shown in Fig. 7, and over 
the angular interval studied beryllium behaves in a 
manner similar to carbon, but with a somewhat higher 
maximum polarization. The thickness of the target used 
was 2.1 g/cm?. The data were taken primarily in order to 
calibrate the beam that was scattered internally from a 
beryllium target. 


Carbon 


Carbon was investigated with both the 315-Mev 76% 
polarized proton beam (Fig. 8) and the 294-Mev 65% 
polarized proton beam (Fig. 9). Both sets of data are 
presented in Table VI. The thickness of the target used 


36S. Tamor, Phys. Rev. 93, 227 (1954); 94, 1087 (1954); 97, 
1077 (1955). 
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Fic. 9. Carbon average differential cross section and polarization 
at 289 Mev. 


for both sets of measurements was 3.2 g/cm?. Neither of 
these can be said to display diffraction effects in the 
cross section nor fluctuations in the polarization. It will 
be noticed that there is disagreement between the wide- 
angle elastic scattering cross sections for the two sets of 
data. This arises from the different energy cutoff used, 
and indicates again the care with which the wide-angle 
cross-section data must be interpreted. The curves 
shown in Fig. 8 are the result of an exact phase-shift 
calculation by Fermi*’ based on the model he has 
proposed.” The experimental angular resolution has 
been folded into the theoretical curves for comparison 
with measurements. 


Aluminum 


Aluminum is the lightest element we have investi- 
gated in which the diffraction pattern and fluctuations 
in polarization are clearly discernible (Fig. 10). The 
thickness of the target used was 5 g/cm?. The polariza- 
tion minimum occurs at a slightly smaller angle than the 
cross-section diffraction minimum, and the second 
polarization maximum is closely associated with the 
secondary diffraction maximum. 

Theoretical curves of the average differential cross 
section and polarization for a parabolic central potential 
—with phase shifts calculated in the WKB approxima- 
tion by Fernbach, Heckrotte, and Lepore’—are shown 
along with the experimental data for 285-Mev protons 
on aluminum. The potential they used was of the form 


37 E. Fermi (private communication). 
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of Eqs. (24) and (25), and explicitly 


sina i (r<R), 


V=—(u-+iw)p(r)+ 
Tatas (22) 


V=0, (r>R), 

with w=18 Mev, w=30 Mev, y=12, and p(r)=1 
— (r°/R*), where R=1.6A*X10-" cm. The additional 
scattering due to the Coulomb potential of the nucleus 
was included in this calculation. A similar calculation 
for neutrons is also shown in Fig. 10, and it is apparent 
from the two curves that Coulomb nuclear interference 
effects can cause large alterations in the polarization at 
angles at which the Coulomb cross section itself is quite 
negligible. 

On the graphs in Fig. 10 a third curve shows the result 
of folding a Gaussian angular resolution curve of = 1.1° 
into the calculation for protons, using the potential 
given by Eq. (22). The experimenta! minima in both 
cross section and polarization are less pronounced than 
the theoretical predictions. To some extent the dis- 
crepancy may be due to the acceptance of inelastically 
scattered protons. Experimentally the minima occur at 
slightly larger angles than predicted, which may be the 
result of using the WKB approximation for the phase 
shifts. Extensive calculations for cross section and 
polarization of protons and neutrons from aluminum, 
using a Woods and Saxon type potential, have been 
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Fic. 10. Aluminum average differential cross section and 
polarization at 287 Mev. The graphs shown represent the theo- 
retical curves of Fernbach, Heckrotte, and Lepore for the 
scattering of neutrons and protons from aluminum and a graph for 
protons with the experimental angular resolution folded in. 
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carried out by Sternheimer.” Also included are calcula- 
tions for the rotation parameter R and the rotation 
angle 8. The agreement with the experiments is very 
good in some respects; however, there is no single 
potential that fits all the experiments. 


Calcium, Iron, and Tantalum 


Calcium (Fig. 11) and iron (Fig. 12) display cross- 
section and polarization curves similar to aluminum, 
and the above discussion applies also to them. The first 
polarization maximum is seen to be increasingly sup- 
pressed as the atomic number becomes larger, in keeping 
with the observations on Coulomb effects in aluminum, 
The measurements on tantalum (Fig. 13) show the 
complete disappearance of the first polarization 
maximum. 

The triangular points on the polarization graphs of 
calcium and iron represent data taken with a slightly 
different energy cutoff. The polarization is sufficiently 
insensitive to small threshold changes that it was felt 
permissible to include the measurements on the same 
graph. The cross section, however, depends critically on 
the energy cutoff, and therefore the corresponding cross- 
section measurements have not been included. The 
square points on the tantalum graph were obtained in 
the small-angle measurements with an rms angular 
resolution of 0.46°. The target thicknesses used for the 
measurements on calcium, iron, and tantalum were 3.8 
g/cm’, 2.6 g/cm’, and 1.3 g/cm’, respectively. 
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Fic. 11. Calcium average differential cross section and polarization 
at 310 Mev. 
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Fic. 12. Iron average differential cross section and polarization 
at 315 Mev. 


B. Small-Angle Measurements 
Carbon 


The small-angle carbon differential cross section and 
polarization, shown in Fig. 14, were obtained with an 
rms angular resolution of 0.35°. The thickness of the 
target used was 1.0 g/cm?. No interference effects be- 
tween the Coulomb and nuclear scattering were dis- 
cernible in the angular dependence of the differential 
cross section. The two curves shown with the polariza- 
tion data have been calculated by Heckrotte,** using a 
complex gradient type spin-orbit potential as well as the 
usual complex central potential. Such a model implies 
the existence of a spin-dependent force for protons 
inelastically scattered from nuclei. The specific potential 
used io calculate the nuclear scattering was 


V= 


u dp 
—(1—i)--e-L, (r<R), 
r dr 


— (u+iw)p(rey 
2M?C 


4 


(23) 
V=0, (r>R), 

where the values of the parameters are the same as 
specified in Eq. (22). The sign of the spin-orbit potential 
that corresponds to the choice of the shell model is 
represented in Eq. (23) by the positive sign and leads to 
curve a in Fig. 14, whereas curve } was obtained 
with the opposite choice of sign. Relativistic corrections 
to the Coulomb potential were included to order v/c. 


38 W. Heckrotte, Phys. Rev. 101, 1406 (1956). 
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Fic. 13. Tantalum small angle average differential cross section 
and polarization at 315 Mev. The square points «ere obtained 
with an rms angular resolution of 0.46° whereas tue circle points 
were obtained with 1.0° rms angular resolution. 


Iron 


Measurements of the iron differential cross section 
and polarization are shown in Fig. 15. The square points 
were obtained with an rms angular resolution of 0.42° 
while the circle points represent the small-angle portion 
of the data previously displayed in Fig. 12 with 1.0° 
rms angular resolution. Curves have been drawn through 
the experimental points for each set of data in order to 
distinguish the measurements obtained with different 
angular resolutions. Several statements can be made 
concerning the divergence of the two curves. At the 
largest angles measured the slopes of the cross sections 
for the two curves are similar. Since these were inde- 
pendent measurements the small difference in magni- 
tude (~10%) represents an approximate lower limit on 
the absolute error in the cross sections reported. In 
order to compare these cross sections (which were 
obtained with different angular resolutions) more cor- 
rectly, a Gaussian resolution function with ¢=0.91° was 
folded into the curve representing the 0.42° resolution 
data and the resulting curve was compared to the 1.0° 
angular resolution data. This led to a more realistic 
estimate of 20% as the absolute accuracy of the cross- 
section measurements. The relative angular dependence 
of the differential cross section is presumably unaffected 
by systematic errors of this type. Next it should be 
noted that the cross-section curve with 1.0° angular 
resolution shows the rise due to Coulomb scattering at a 


larger angle than the corresponding curve with 0.46° 
resolution. This discrepancy is of course due to the 
rapidly increasing Coulomb cross section as observed in 
the two experiments by counters with different angular 
resolutions. The fold of a Gaussian with e=0.91° into 
the 0.46°-resolution cross-section data resulted in a 
curve whose angular dependence and magnitude were 
similar to those of the curve representing the 1.0°- 
resolution data. Similar conclusions can be drawn re- 
garding the polarization curves shown also in Fig. 15. 
The folding procedure was carried out by using the 
0.42° angular resolution cross-section data at ®=0° and 
at 6=180°. The polarization was calculated from the 
resulting cross-section curves and was found to be in 
good agreement with the measurements of the polariza- 
tion with 1.0° resolution. In summary it is believed that 
both sets of data are in agreement, with regard to the 
angular dependence of the cross section and polariza- 
tion; however, in comparisons with theoretical predic- 
tions the 0.42° angular resolution data should be used. 
The polarizations measured at O= 1.5°, 2.0°, and 2.5° 
have large systematic errors (AP~0.09) hence no 
significance should be attached to the oscillation in sign 
of the polarization in this region. The systematic 
polarization errors at the larger angles (3° to 6°) are 
much smaller, i.e., AP<0.02, and can be neglected in 
comparison with the errors due to counting statistics. 


Tantalum 


The tantalum measurements with 0.46° angular reso- 
lution are shown in Fig. 13 along with the data obtained 
with 1.0° resolution. The thickness of the target used 
was 0.27 g/cm’. The angular range of the measurements 
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includes mainly the nuclear scattering. The rise due to 
Coulomb scattering was observed only at the smallest 
angle measured (2.5°). No attempt was made to observe 
smaller scattering angles because of the large systematic 
errors, which would have been present because of small 
angular misalignments (i.e., AP>0.10 for AQ0=0.02). 


C. Triple-Scattering Experiments 


The values obtained for R as a function of © for 
aluminum are shown in Fig. 16. Also shown are the two 
possible values of 8 for each R. 

It might be expected from a comparison of Eqs. (5) 
and (28) that in an angular region where the polariza- 
tion displays a dip, 8 should also undergo significant 
variation. Figure 16 shows, however, that this is not the 
case. The angular resolution in this experiment was 
nearly twice as poor as in double scattering, yet was not 
so poor as to obscure any variations over as wide an 
angular interval as the dip in P. 

A curve of R calculated by Dr. Heckrotte with the 
same well parameters as used for calculating J) and P 
for aluminum is included in Fig. 16. 

Several early experiments on triple scattering were 
done to investigate R for carbon. The techniques differed 
only slightly from those described above. The results, 
along with other triple-scattering data, are tabulated in 
Table VII. 


D for Aluminum and Carbon 


In agreement with the requirements for a spin-zero 
nucleus, D for carbon is seen from Table VII to be, 
within statistics, equal to 1. The techniques used to 
investigate D for aluminum therefore appear to be 
sound. 
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Fic. 16. Upper graph: Rotation function R vs laboratory 
scattering angle © for aluminum at an average energy of 300 Mev. 
The curve shown has been calculated by Heckrotte using the same 
potential as in Fig. 10. Lower graph: Two possible angles of 
rotation 8 vs © for aluminum at 300 Mev. Only the negative values 
of 8 are in agreement with the sign of the spin-orbit coupling as 
determined in references 31, 32, and 38. 


Aluminum 12° left and 12° right give values for D 
that are not statistically different from 1; thus the result 
is not in disagreement with the assumption made, in 
calculating the polarization from various elements, that 
for elastic scattering all complex nuclei behave as if they 
had zero spin. 


VI. MECHANISM OF POLARIZATION; 
DISCUSSION OF RESULTS 


The scattering of protons by nuclei can be considered 
according to different models that are valid under 
different circumstances. At our energy we may think of 
two limiting cases: (a) elastic scattering by the nucleus 
as a whole, and (b) elastic scattering by a nucleon of the 
nucleus. The intermediate cases, in which one takes into 
account the complex excitation phenomena of the 
target, are too complicated to be interpreted at present. 

In case (a) the nucleus can be described by a central 
potential well V(r), which is chosen to be complex in 
order to account for the absorption of nucleons in 
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TABLE VII. Rotation and depolarization for protons scattered from aluminum and carbon. 








R for aluminum and carbon: R = —es./es = (1 — Ps?) cos(@: —A), (#2 =270°) 


























@: e; —€3 e3 R P: 8 8 
Aluminum at 300 Mev : 
9.9° 12.95° 0.297+-0.022 0.469+0.011 0.633+-0.049 ~ 0.59+0.05 —29°+6° 48°+6° 
13.8° 13.00° 0.270+0.032 0.469+0.011 0.576+0.069 0.46+0.05 —36°+6° 63°+6° 
17.0° 13.05° 0.226+0.047 0.469+0.011 0.482+0.100 0.27+0.06 —43°+7° 77°+7° 
21.7° 13.10° 0.198+0.040 0.469+0.011 0.422+0.085 0.57+0.08 —37°+8° 81°+8° 
Carbon at 290 Mev 
10.4° 13.5° 0.362+-0.050 _ 0.428+0.029 0.846+0.129 0.65+0.04 
10.4° 12.0° 0.287+0.075 0.53320.051 0.538+0.156 0.65+0.04 
10.4° Average 0.717+0.100 —9°+18° 30°+18° 
14.1° 12.0° 0.180+0.080 0.53320.051 0.338+0.154 0.65+0.04 —50°+13° 78°+13° 
Can P: l 
D for aluminum and carbon: D =- —(1+PiP2 cos%2) -5) ) 
cos$2\ e3 Pi 
e: o 9; €3n e3 PiP: Pi D 
Aluminum at 310 Mev 
12° 0° 14.7° 0.695+0.037 0.469+0.030 0.421+0.034 0.69+0.05 1.22+0.20 
12° 180° 14.5° —0.139+0.066 0.469+0.030 0.421+0.034 0.69+0.05 1.06+0.11 
Carbon at 310 Mev 
iz* 180° 14.3° —0.074+0.055 0.469+0.030 0.469+0.037 0.69+0.05 1,070.08 
nuclear matter; thus section and polarization are 
V.=Vil(r)+iV2(r). (24) 4M? sing cosg 
| tein "he | ear 
To this central potential a spin-dependent term V,(r) is h* g P 
added, where 
Ba 225 
h 1dV, «|1+(— + <) sn, 
V.=—-y—_ - —vL. (25) 
2M°cr dr (27) 
2 Re(g*h) 
Such a spin-orbit potential is similar to the one proposed "i gl? |h (2 


by Mayer*® and by Haxel, Jensen, and Suess® to account 
for nuclear shell structure, and bears a formal resem- 
blance to the Thomas precession term. 

It has been shown by many authors'*** that po- 
tentials of the form V(r)=V.(r)+V,(r) give rise to 
polarization in the elastic scattering process. Following 
the treatment by Fermi,” who has calculated the 
scattering from such a potential specialized to a square 
well of radius R with real and imaginary well depths — B 
and — Bu, respectively, the scattered amplitude /(6,¢) 
= g(@)+h(@)e-n is given in Born approximation as 





2M sing cosg 
£(0)= ite ), 
: € 
(26) 
sing cosg 
h(6)= -— BR sino 4 : 
Me , 


where g= 2kR sin(6/2), M is the proton mass, and p= kh 
is the momentum of the incident proton. The magnitude 
of the spin-orbit coupling parameter + was inferred from 
the spin-orbit splitting of the nuclear levels as y= 15. 
From Eqs. (6) and (3) the average differential cross 


* M. G. Mayer, Phys. Rev. 78, 16 (1950). 
 Haxel, Jensen, and Suess, Ann. Physik 128, 295 (1950). 


15(p/Mc)?(B4/B) sind 
~ 14+ (Ba/B)?+ (225/4)(p/Mo)! sin’® 





Equations (26) and (27) illustrate several of the charac- 
teristic features of the polarization by scattering, notably 
that the polarization vanishes if either B or B, is zero. 
A particular feature of the Born-approximation calcula- 
tion is the prediction that the polarization is inde- 
pendent of the nuclear radius and shape of the nuclear 
potential, but depends only upon the relative magni- 
tudes of B, B,, and y. To the extent that these parame- 
ters are the same for all nuclei one would expect the 
magnitude and angular distribution of the polarization 
to be the same for all elements. Using as the magnitude 
of the parameters B=18 Mev, B4=16 Mev, and vy as 
required by the shell model, one obtains reasonable 
agreement for the observed polarization from carbon for 
6<18°. More exact calculations” indicate that, to within 
the accuracy to which the other constants are known, 
changes by a factor of two in y would not be in disagree- 
ment with the experimental results for polarization. In 
the Born approximation the real and imaginary parts of 
the central potential V., contribute to the real and 
imaginary parts respectively of g, while the real spin- 
orbit potential produces an imaginary h. This_is ap- 
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proximately true in the exact calculation, thus from Eq. 
(5) it is seen that a real central potential suppresses the 
maximum polarization, thus preventing the realization 
of 100% polarized beams. 

It has been shown by several authors”:**-“! that the 
existence of the spin-orbit term in the equivalent nuclear 
potential describing the nucleon-nucleus interaction 
follows as a consequence of the spin dependence of the 
nucleon-nucleon interaction. Detailed phase-shift calcu- 
lations, using various well shapes, well depths, and 
strengths for the spin-orbit coupling, have been carried 
out, notably by Sternheimer?® and by Fernbach, 
Heckrotte, and Lepore.” 

From Eq. (27) it is seen that the sign of the spin-orbit 
potential determines the sign of the polarization. A 
phase-shift expansion for g(@) substantiates the Born- 
approximation conclusion that a change in sign of the 
spin-orbit potential will reverse the sign of the polariza- 
tion. The exact expressions show that interchanging 
phase shifts for j=/+ 3 and j=/—} changes the sign of 
h(@), but leaves g(@) nearly unaltered. From Eq. (3) it is 
evident that this results in a change in sign of P. 
Marshall and Marshall* and, independently, Brinkworth 
and Rose* have measured the sign of the polarization by 
degrading high-energy polarized proton beams to 10 
Mev and observing the asymmetry produced in the well- 
known resonance scattering from helium. Their results 
both call for the same sign of spin-orbit potential as used 
in the shell model. Our small-angle polarization meas- 
urements from carbon have been analyzed by W. 
Heckrotte,** using a complex spin-orbit coupling (see 
Eq. (23) and discussion of small-angle carbon measure- 
ments). His conclusion regarding the sign of the 
polarization is in agreement with the above-mentioned 
authors. 

The rotation parameter R that is measured in the 
triple-scattering experiments is related to the rotation 
angle 8 through Eq. (16). It has been shown by Wolfen- 
stein” that 


2 Im(g*h) 


ioe (28) 


sing= — 


In the Born approximation, g and / are given by Eqs. 


41 G. Takeda and K. M. Watson, Phys. Rev. 97, 1336 (1955). 


(26), and thus 


B P 
we--(2Y(25) 
Ba (1—P?)! 


From Eq. (29) it follows that a knowledge of the sign of 
8 will determine the sign of the polarization P and 
conversely. Equation (16) shows that triple-scattering 
measurements determine only cos(Q—8) and thereby 
admit of two values of 8 which are opposite in sign and 
for small © approximately equal in magnitude. There is 
sufficient latitude in nuclear well parameters to fit both 
of the possible magnitudes of 6 with either sign of the 
spin-orbit coupling, thus in view of the accuracy to 
which the parameters of such a theory are known we 
conclude that the triple-scattering measurements by 
themselves do not give certain information on the sign 
of the spin-orbit coupling. If, however, we utilize the 
results of references 31, 32, and 38 concerning the sign 
of the spin-orbit coupling we conclude that the measured 
values of R result in rotation angles@ which are negative. 

In the Born approximation a characteristic feature 
(which is independent of the well shape chosen) is that 
g(@) and h(@)/sin@ have the same angular dependence. 
This gives rise to the smoothly varying polarization 
angular distribution shown by Eq. (27). Exact phase- 
shift calculations show that these functions pass through 
the diffraction zero at slightly different angles. This 
results in a polarization angular distribution that ex- 
hibits an oscillation in the region of the diffraction 
minimum. Such effects have been observed in the data 
reported in this paper. 


(29) 
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The data of 71 r+ decays found in emulsions exposed at the Bevatron are presented and analyzed. These 
data are free from selection bias favoring short-ranged pions. Of these 71 events, 13 have negative pions 
under 10 Mev and one event has a x* of (0.38+-0.03) Mev. Assuming the distribution functions proposed 
by Dalitz, the relative probabilities that the 71 events turn out the way they did are 1, 10-79, 10-*-5, 10-8-8, 
10-”5, and <10~ for the respective (O—), (1+), (1—), (2+), (3—), and (3+) spin and parity configur- 
ations. The (0—) distribution function of Dalitz is statistically a good fit to the data. In addition, 55 Massa- 
chusetts Institute of Technology and 100 Berkeley r decays are shown to behave essentially the same way. 
No indication of polarization of the Bevatron + beam was found. Conclusions are drawn from the data 
that the 7 and @ mesons have different spin-parity configurations and that the only reasonable possibilities 
for the r are (0—) and (2—). The data are also used to give an upper limit for the s-wave pion-pion inter- 


action. 





I. INTRODUCTION 


EVERAL years ago Dalitz' suggested that a study 

of the energy distribution of the 3 pions in 7 decays 
would give information about the spin and parity of 
the r meson. By the time of the Rochester Conference 
in February, 1955 he had collected data on 53 r mesons 
from the cosmic rays in which the pion identities were 
known. Although such data were subject to selection 
biases which could not be ascertained, he was able to 
conclude that the + meson should have a spin and 
parity such that decay into two pions was forbidden.” 
Such a conclusion is of vita! importance to the study of 
fundamental particles. It leaves us with at least two 
different particles which happen to have almost the 
same mass, lifetime, production cross sections, and 
scattering cross sections. A possible explanation has 
recently been given by Lee and Yang.’ They propose 
a new conservation law of physics which would require 
all particles of odd strangeness to have parity doublets. 
Thus it is important to collect data which are free 
from selection bias in order to strengthen Dalitz’ con- 
clusion, and perhaps narrow down the spin-parity 
possibilities. In nuclear emulsion the decay pions may 
have ranges up to 3.5 cm. For this reason many of the 
cosmic-ray experiments had a selection bias favoring 
7 mesons with a low-energy x~. Now that monoenergetic 
7 beams are available at the Bevatron‘ and Cosmotron® 
it is possible to place endings at a position in a large 
emulsion stack which has at least 3.5 cm of emulsion 
in all directions. Then all selection bias would be 
eliminated. Thus far three groups have completed 
experiments approximating these conditions. These are 


* This research was supported in part by a National Science 
Foundation research grant and the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1R. Dalitz, Phil. Mag. 44, 1068 (1953), and Phys. Rev. 94, 
1046 (1954). 

2R. Dalitz, Proceeding of the Fifth Annual Rochester Conference 
(Interscience Publishers, Inc., New York, 1955). 

3T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 

¢ Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955). 

5 Harris, Orear, and Taylor, Phys. Rev. 101, 1214 (1956). 


the MIT group, who have circulated data on 55 + 
decays,® the Berkeley group with 100 7 decays,’ and 
the Columbia group with 71 7 decays, which are 
presented in this paper. 

The 71 Columbia r mesons were located by system- 
atic scanning in an experiment designed to measure the 
r lifetime.* In 68 of our cases the pion identities are 
completely known. In the other three cases the x 
known to be one of two tracks which happen to have 
close to the same energy. So, for the purpose of spin- 
parity analysis, our sample of 71 r mesons to the best 
of our knowledge is free from selection bias. 

The nonrelativistic energy distribution functions of 
the 3 decay pions which have been obtained by Dalitz! 
and others®” are listed in Table I. Because of energy 
and momentum conservation, the energies and direc- 
tions of the 3 pions in the decay plane are determined 
by only two independent variables. The variables used 
here are « and x, where x= (¢€;—€2)/V3. € is the a 
kinetic energy divided by its maximum possible value 
(3 of the Q-value). ¢, and ¢: are the corresponding 
quantities for the x* energies, where €,> €2. The relative 
probabilities that our data turn out the way they did, 
based on these distribution functions, are displayed in 
column (c) of Table I. 

The meaning of these relative probabilities is dis- 
cussed in Sec. III of this paper. The experimental data 
are displayed in Table II and discussed in Sec. II. In 
Sec. IV the data are shown to pass randomness tests 
when the (0—) distribution function is assumed to be 
correct. The validity of the relative probabilities in 
Table I is discussed in Sec. VI, with the conclusion 
that (O—) and (2—) are the only reasonable possi- 
bilities below spin 4. (3+) is shown to be improbable 
but not completely ruled out. Also arguments are given 


6 Feld, Odian, Ritson, and Wattenberg, Phys. Rev. 100, 1539 
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TaBLeE I. Column (c) contains the likelihood ratios of different spin and parity possibilities for the t meson calculated using Eq. (1) 
and the nonrelativistic distribution functions in column (d).* Only the 71 Columbia events were used. 








(c) 
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10-88 
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16 
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192¢*(1—«)? sin? cos’# 
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x 
8 cosé =——_ 
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—(1/¥3) (e1 —«) 


{e(i—e)} ’ 
> Calculated relativistically. 


Side f2mdxfa.p =1. 


against higher spin and the possibility that the r could 
decay into two pions. It is pointed out that the pion- 
pion s-wave cross section should be less than 4R?, 
where R is the pion-pion interaction distance. Otherwise 
the effects of this interaction should show up in the data. 

In Sec. V an independent, but weak, test for the 
spin of the + is given. This is the possibility that the 
Bevatron 7 beam be polarized. In general, the produc- 
tion interaction for r mesons is spin dependent and 
thus the amplitudes into final states of different m-value 
(z-component of r spin) are different. Thus in general 
the Bevatron r+ beam should have some polarization 
unless the 7 has spin zero. In an attempt to detect a 
possible polarization, the Euler angles of the r-decay 
system with respect to the laboratory system were 
measured for each event. The distribution of these 
angles is shown to pass randomness tests when the 
events are assumed to be unpolarized. 


II. MEASUREMENT PROCEDURE 


In addition to determining ¢ and x for the r-decay 
analysis, we were interested in checking all our r+ 
mesons for the possibility of anomalous Q-values and 
departures from coplanarity. Within accuracies of 
measurement, all 71 +-meson decays were coplanar and 
consistent with a Q-value of 75 Mev. Since the sines 
of the decay angles are proportional to the pion mo- 
menta, the Q-value could always be checked by normal- 
izing these 3 momenta to the energy of one of the 
pions which had been traced through the stack to its 
ending. The relativistic relation between momentum 
and energy was always used. 

In order to establish which is the unlike or negative 
pion, first one secondary must be traced through the 
stack until it ends. If it gives a w-y-e decay, a second 
track must be traced through to its ending. Actually 
in 10 of our events all 3 tracks were traced through. 
Although tracing of the third track was not necessary 
for the purpose of r-decay analysis, it was useful as an 
additional check and provided increased accuracy. In 
16 of the events only one secondary was traced to the 


end. Except for events 47, 48, and 51, all the single 
secondaries were negative pions. Fortunately, in these 
3 events where the precise identity of the unlike pion is 
unknown, the other two pions (one of which must be 
the unlike pion) had close to the same momentum as 
determined from the decay angles. Coplanarity was 
checked from the decay-angle measurements. 

The pion energies used in calculating the likelihood 
ratios were obtained as follows. In the case where only 
one pion range was known, ¢ and x were determined 
from the decay angles and normalized to a Q-value of 
75 Mev. In the cases where two pion ranges were 
known, the third energy was obtained by subtraction 
from the assumed Q-value of 75 Mev. Then ¢ and x 
were calculated from these 3 energies. In the cases 
where all 3 ranges were known, the 3 energies were 
normalized to give a Q-value of 75 Mev. Except in the 
case of visible scatterings, the distance from the r decay 
to the pion ending was used as the range. The density 
of the emulsion had been measured to an accuracy 
better than 1% when the stack was assembled. We 
estimate that our accuracy in energy determinations is 
mainly limited by straggling and would amount to 
~3% error in the energy. The decay angle determi- 
nations are estimated to have an accuracy better than 
+2°. These space angles and the 3 Euler angles which 
specify the orientation of the event in the laboratory 
system were determined graphically from the measured 
azimuth and dip angles by means of a stereographic 
projection. The accuracy of this graphical method is 
better than 1°. The complete coordinates of each event 
are listed in Table II. 


oe 


III. THE RELATIVE PROBABILITIES 


For a given spin and parity, the 3-pion final state 
can be expanded in spherical waves of the unlike pion 
(angular momentum /) and the two-particle system of 
the like pions (angular momentum ZL). Dalitz,! Fabri,’ 
and Feld” have discussed the validity of taking only 
the lowest order term (smallest possible value of /+ L) 
of this expansion for the distribution function fzp(e,x). 





1678 


J is the spin of the 7, and P the parity. The function 
fzr(¢,x) is a probability density; viz., the probability 
of finding an event in the region dedx is d?P= fs pdedx. 
Dalitz, Fabri, and Feld point out that if the interaction 
operator is of short range (~Compton wavelength of 
the r) and if it is not strongly a function of the pion 
momenta, the first term of the final state expansion 
will have a coefficient much larger than all the others. 
The nonrelativistic +-decay distribution functions 
obtained in this way are listed in Table I. 

Suppose fo_(¢€,x) were the true distribution function. 
Then the probability of finding an event with coordi- 
nates (€;,x;) is proportional to fo_(¢:,x;). In comparing 
random sets of 71 events, the probability of a given set 


is proportional to 
71 


II fo-(ei,x:). 


i=1 


If a priori there were no preference between (0—) or 
(1+) as the spin and parity of the 7 meson, we would 
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say that the “relative probability” of (1+) to (0O—) is 


71 
Il (€;,%;) 
Py ‘ ih fis 


o——" (1) 
TT fo-(e:rs) 


Statisticians have called this quantity the likelihood 
ratio, the ratio of the inverse probabilities, or the figure 
of merit. Precisely it is the probability that our experi- 
ment turn out the way it did assuming /,; is the true 
distribution, divided by the probability that our 
experiment turn out the way it did assuming fo_ is the 
true distribution. In this sense it is the ‘‘odds”’ of (1+) 
vs (O—) based on our experiment alone. The likelihood 
ratio based on all Bevatron 7 mesons is obtained by 
multiplying together the separate values from each 
laboratory. We have calculated that this ratio is 10-7 
for our 71 events, 10-7” for the 100 Berkeley events, 


TABLE IT, Pion energies and angles of 71 r decays. The first two columns are ¢ and x, the parameters used in calculating the likelihood 
ratios. The next 3 columns are the measured pion energies. a32 is the measured space angle between track 3 (the x~) and track 2 (the 
lower energy x*). ©, ®, and W are the Euler angles which specify the orientation of the decay with respect to the laboratory system 


as defined in Sec. V. 
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0.252 29.5 
0.017 
0.006 
0.255 32.1 10.4 
0.060 24.1 18.8 
0.259 8.2 


0.283 10.2 


0.021 
0.185 
0.360 


0.120 
0.282 
0.312 
0.153 
0.203 
0.419 
0.018 
0.255 
0.047 
0.345 
0.143 
0.279 
0.146 
0.060 
0.131 
0.087 
0.177 
0.124 
0.121 
0.054 


22.6 
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21.1 
21.3 


19.3 
12.0 
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31.8 7 
32.6 5 
25.6 2 
27.7 0 
0 
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5 
0.735 3 
0.742 
0.744 
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0.774 
0.794 
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0.828 
0.828 
0.840 
0.846 
0.849 
0.858 
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0.915 
0.966 
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102.0 
123.0 
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102.5 
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91.5 
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125.0 
113.0 
111.5 
125.0 
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96.5 
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138.0 
142.5 
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138.5 
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141.0 
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144.0 
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170.0 
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— 109.0 
44.0 
39.0 
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— 137.0 


129.0 
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* In these 3 events the x~ is one of two possibilities, both of which are listed. In these 3 cases ¢ and x are the averages of the 2 possibilities. 


and 10'! for the 55 MIT events. Thus the combined 
ratio favors (O—) over (1+) by a factor of 10"-°. It 
will be shown in the next section that the MIT result 
is not as much out of line as one might think. MIT 
happened to get very few events with low-energy 
negative pions compared to Columbia and Berkeley. 
The strength of such low-energy events in rejecting 
(1+) can be seen by going to the limiting case of a 
single event with a zero-energy m~. Such an event by 
itself would be conclusive proof that the 7 must have 
even spin, and no matter what other data existed, 
Eq. (1) would always give P1,/Po_=0. 

The likelihood ratios for all spin values less than 4 
based on the Columbia data alone are listed in Table I. 
In all cases where fyp was a rapidly varying function 
of the coordinates (this is usually the case near the 
boundaries of the Dalitz plot), the coordinates of the 
event were displaced by an amount equal to the esti- 
mated measurement error in the direction which would 
give the most conservative likelihood ratio. 

The nonrelativistic fyp functions listed in Table I 
are given in terms of ¢ and cos@, where 


x= (e— €2)/V3 
Xmax=Le(1—e) }}. 


cosd=%/%mex and 


Nonrelativistically, this quantity is the cosine of the 
angle between the w~ direction and the relative velocity 
of the two like pions. As can be seen from the dashed 
boundary in Fig. 2, for most values of ¢ the relativistic 
¥max 1s significantly less than the nonrelativistic expres- 
sion {[e(1—e) ]}, the solid semicircle}. Since we always 
used Eq. (2) for cos@ with the measured or relativistic 
energies, for most values of « our cos@ would have an 
upper limit significantly less than one. This procedure 
has a large effect in underestimating the likelihood 
ratio when the factor sin*@ is contained in the distri- 
bution function, as is the case for all those configurations 
which permit two-pion decay. For this reason a com- 
pletely relativistic procedure would have made the 
(i—), (2+), and (3—) cases even more unfavorable. 
Only in the case of the (1+) calculation was the extra 
effort made to use a completely relativistic procedure 
as outlined by Fabri.’ In this case the distribution 
function is independent of cos@ and not much change 
should be expected. The nonrelativistic result was 
P,,/Po-=10-*“ and the relativistic result was 10-7". 
It should be remembered that the likelihood ratios 
obtained in Table I depend on the assumed shape of 
far which in turn depends on the assumptions men- 
tioned éarlier. Independent of these assumptions there 
are certain general features of the (1+), (1—), (2+). 
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and (3—) distribution functions which would make 
them unfavorable compared to (0Q—) or (2—). These 
general features and our conclusions are discussed in 
Sec. VI. 


IV. STATISTICAL TESTS FOR THE (0—) 
DISTRIBUTION 


In addition to fulfilling the requirement of having 
the highest relative probability, the true distribution 
should possess two other properties which can be tested. 
First, the observed data should be distributed randomly 
with respect to this distribution; and secondly, the 
likelihood ratios obtained for the other distributions 
should be within a standard deviation or so of the 
calculated mean of these quantities. For example if 
fo— is assumed to be the true distribution, the mean 
value of log(P,/Po_) is 


(ie), =N f f (oe) fo-dedx, 


with a standard deviation of 


N [Coe 


(ioe d =9 -f f (ioe) fodedx. (5) 


Numerical integrations give 


(log(P1/Po_))w= —0.085N, 
with standard deviation=0.32,/N, (6) 


COLUMBIA EVENTS 


COLUMBIA EVENTS 
BERKELEY EVENTS 
MIT EVENTS 

















NO, OF EVENTS 





























Fic. 1. Histogram of x~ energies in Bevatron 7 decays. The 71 
Columbia events are shown by the solid lines for 6 equal intervals 
in the x~ energy. The combined Columbia, Berkeley, and MIT 
data are given by the dashed lines for 18 equal intervals in e. The 
curves are the theoretical distribution functions in ¢ alone using 
the functions listed in Table I. The (2—) curve is plotted for 

A /B=1. The maximum likelihood solution of A/B is used for the 
( b+) curve. 
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and 


(log(P1/Po_))w= —0.39N, 
with standard deviation=0.51,/N. (7) 


Thus our value of P;_/P >= 10-*-5 is consistent with 
10-*79443 which is obtained from Eq. (7) by putting 
=71. 

Equation (6) shows why it is possible for as many as 
55 events to give a slight preference for f1,, even if the 
true distribution is fo_. For 55 events the expected 
ratio is P;,/Po_=10-+*-7+*4, The value of 10! obtained 
by MIT is 2.5 standard deviations off, which is not 
an unreasonable fluctuation. Equation (6) predicts 
10-*1+2.7 for 71 events. So the Columbia result of 10-7” 
is about 0.7 standard deviations on the other side. 
Equation (6) predicts 10-**+*7 for 226 events. The 
combined Columbia, Berkeley, and MIT data give 
10-*-§ which is about one standard deviation off in 
spite of the MIT fluctuation. 

It is of interest to turn the argument around and ask 
how large a fluctuation is necessary for the Columbia 
data to turn out the way it did assuming f+ is the true 
distribution. Numerical integrations give P1,/Po- 
=10'*+!7 for 71 events. Our value of 10-7® is 7.1 
standard deviations off, which is very unreasonable. 
For instance, in a Gaussian distribution the relative 
probability of a value 7.1 standard deviations from the 
mean is 10~* of the value at the mean. 

Another and more simple way of seeing that there is 
no serious contradiction between the Columbia and 
MIT data is to consider only those events with negative 
pions under 10 Mev. We found 13 and MIT found 2. 
The (O—) and (1+) distributions predict that we 
should have found either 10.1 or 2.4 and that MIT 
should have found 7.8 or 1.8 respectively. Although 
the 2 events of MIT are closer to the mean of 1.8 
predicted by f1,, there is still a chance of one in 80 of 
getting 2 or less events with a mean of 7.8. The 13 
Columbia events are quite consistent with the mean of 
10.1 predicted by fo_, but in this case there is only one 
chance in 1.5X10° of getting 13 or more events with 
the mean of 2.4 predicted by f.,. The ratio of the 
probabilities of finding 13 events with a mean of 2.4 
compared to a mean of 10.1 is 10-*. This type of 
analysis can be extended to all energies by narrowing 
the energy interval and forming the combined relative 
probability. Such a procedure leads to Eq. (1) with 
the result P,,/Po-= 10-7 for the Columbia data. 

Next we test our data to see whether they are random 
with respect to fo_. Figure 1 shows a histogram of our 
events vs x~ energy. If these 6 points in the histogram 
were Gaussianly distributed with known standard 
deviations about the fo_ curve, we could perform a 
x? test. In the limit of large NV for each of the intervals 
this becomes a correct assumption. Since the smallest 
number of events in any interval is 7, the x? test should 
be a useful approximation in evaluating our data. In 
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the case where the distribution function is known, the 
quantity 
m (Ni—piN)? 
M=> — 
i=1 piN 


(8) 


is x? distributed with (m—1) degrees of freedom." 
Here p; is the area under the curve in the ith interval 
and m is the total number of intervals. For the 6 
experimental values in Fig. 1 the M-value with respect 
to the fo_ curve is 6.0. According to the x? distribution 
of 5 degrees of freedom, the probability of M being 
this value or larger is 0.31. 

So far only the distribution in ¢ has been tested. In 
Fig. 2 the 72 events are plotted vs both e and x (com- 
monly called a Dalitz plot). Dalitz has pointed out 
that the nonrelativistic fo_ gives a uniform distribution 
over the entire semicircular area.! We have divided 
this area from the center radially in 6 equal sectors and 
find 15, 8, 7, 11, 12, and 18 events in the 6 sectors 
starting from the bottom. In this case the M-value is 
7.3, which has a x? probability of 0.20. 


V. SEARCH FOR POLARIZATION EFFECTS 


Additional information on the 7 spin can be obtained 
by examining the spacial orientations of the 7 decays. 
Polarized + mesons of nonzero spin would have an 
anisotropic distribution of the decay planes. However, 
if the tests for polarization give negative results, the r 
spin need not necessarily be zero. On the other hand, 
if anisotropy is observed, then the spin must be nonzero. 
This is a weak test for zero spin for two reasons. First, 
the degree of polarization present may happen to be 
too small to be detected even though the production 
interaction be spin-dependent. Secondly, it is not clear 
to us how much depolarization there would be while 
the r is at rest in the emulsion for ~10~* sec. This is a 
problem which bears further study. The depolarization 
effects while the 7 is coming to rest have been studied 
and are expected to be small.!* 

A natural plane of reference is the plane of production 
of the K-mesons. The z-axis is taken normal to this 
plane with up being positive. The K-beam direction is 
chosen as the y-axis. In the r-decay system the cross 
product, P;XP», is taken as the 2’-axis, where P; and 
P, are the momenta of the two positive pions and 
P,>P». The three Euler angles 0, &, and W are used 
to specify the orientation of the 7 system with respect 
to the production system. © and © are the usual polar 
angles of z’ in the production system and ¥ is the angle 
from the line of nodes (i.e., from the positive axis of 
rotation which generates ©) to the ~ direction. 2’ is 
the axis of rotation which specifies the positive direction 
of ¥. Anisotropy of the decay plane will show up in a 
plot of cos® vs &. Whether or not W is a useful angle 


"H. Jeffreys, Theory of Probability (Oxford University Press, 
Oxford, 1939). 
12. Wolfenstein, Phys. Rev. 75, 1664 (1949). 
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Fic. 2. Dalitz plot of the Columbia, Berkeley, and MIT 
Bevatron 7 decays. Nonrelativistically the 3-pion phase space is 
proportional to the area. The semicircular boundary ABC is due 
to momentum conservation using nonrelativistic energies. The 
data are plotted using their experimental or relativistic energies 
and within experimental errors should lie inside the relativistic 
boundary (dashed curve). 


to show polarization depends upon the particular spin 
and parity of the r. We have not exhausted all the 
possibilities for a third coordinate. In Table II the five 
coordinates e, x, 0, &, VW are listed for each event. This 
information is sufficient for any type of correlation 
study. The 9 coordinates needed to specify the direc- 
tions and energies of the 3 pions are reduced to 5 
independent coordinates by the requirements of energy 
and momentum conservation. 

If there is no polarization the distributions in cos®, 
#, and W would be uniform. It is possible, however, to 
have strong correlations in a three-dimensional space 
which do not show up in any of the one-dimensional 
components of this space. For this reason the two- 
dimensional distributions of cos@ vs 6, W vs $, and 
cos® vs VW are shown in Fig. 3. The data have been 
plotted in such a way that the information as to the 
separate indentities of the like pions has been given up. 
This is justified because the final state wave function 
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Fic. 3. Orientations of the Columbia 7 decays with respect to the laboratory system. 0, ®, and W are the Euler angles 
specifying the r-decay system. For zero polarization of the + beam, each of these two dimensional! distributions should 
be uniform. The data has been plotted in such a way that the information as to the separate identities of the like pions 


has been given up. 


must be symmetric with respect to an interchange of 
the like pions. There appears to be no apparent system- 
atic clumping of events. In a x? test each plot was 
divided into 9 equal areas and the respective M-values 
calculated to be 13.0, 4.8, and 7.7. All three of these 
values are compatible with the assumption of uniform 
distributions. 


VI. DISCUSSION AND CONCLUSIONS 


Before conclusions can be based on the relative 
probabilities in Table I, the validity of the distribution 
functions which were used must be studied. The func- 
tions used are based on three assumptions: (1) that the 
interaction radius is small, (2) pion-pion forces have 
little effect on the distribution function, and (3) that 
the interaction operator is essentially momentum 
independent over the region involved. 

Feld” has shown that the modifications in the general 
shape of fyp are small for interaction distances up to 
1.4X10-" cm. 

Experimentally there is so far no evidence for a 
strong pion-pion interaction for low-energy pions. 
Furthermore the effects of such an interaction, if it 
exists, should show up on the Dalitz plot, Fig. 2. Here 
e is the vertical axis and (€,;—€2)/V3 is the horizontal 
axis. The advantage of such a plot is that nonrelativ- 
istically the area is then directly proportional to the 
phase space. A strong force between unlike pions should 
show up as a clustering of events about point B in 
Fig. 2. Forces between like pions would show up in 
the region of point A. As can be seen from Fig. 2, there 


are no such systematic effects. An extremely large 
S-wave pion-pion cross section would be necessary in 
order to alter fo_ significantly. The effect of a given 
pion-pion interaction may be calculated by the same 
method used to calculate the modification of the matrix 
element due to nuclear forces in the process p+p—> 
p+n+rn*.® For simplicity assume a pion-pion square 
well of depth (#K)*/u and radius R. At r=O0 the 
two-pion wave function is 


PLR 
v2 (0) as : ms ’ 
k?+ K? cos’[(k?+ K*)!R | 





(9) 


where #k=|P,—P,|. For a small r-decay radius one 
might expect the matrix element to have this depend- 
ence on the relative momentum of the two pions. For 
values of KR less than one, there is almost no change 
in shape of fo_. For KR=1.2 the maximum variation 
in fo. is about a factor two. KR=1.2 corresponds to 
an s-wave scattering length ao>=R, or a zero-energy 
pion-pion cross section of 4rR? which is about 250 
millibarns for R~h/yc. 

Possible momentum dependence of the interaction 
operator is discussed by Dalitz.! However, even if the 
interaction were strongly energy dependent, the fact 
that the centrifugal potential is of long range requires 
that the distribution of events with low-energy nega- 
tive pions go as P” where » is no smaller than 2/. We 
are using the notation P for the *~ momentum, / for 
the s- angular momentum, and L for the angular 


13K. A. Brueckner and K. M. Watson, Phys. Rev. 87, 621 
(1952). 
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momentum of the system of the two like pions. The 
final state can be expanded as a series in these spherical 
waves with the conditions that Z be even, that J be 
the vector sum of / and L, and that (—1)*(—1)*4=P 
(parity conservation). Table III lists the combinations 
of / and L meeting the above 3 conditions and having 
the lowest possible value of (J+). For even spin and 
odd parity it is possible to have /=0 and L=J. For 
all other spin-parity combinations />0. The low-energy 
pion events of Fig. 2 appear to be uniformly distributed. 
A uniform distribution of events in region C of Fig. 2 
is possible only in cases where / can be 0; i.e., for even 
spin and odd parity. The presence of so many low- 
energy m~ events is a strong argument against odd J 
or even J with even parity. The lowest-energy negative 
pion plotted in Fig. 2 is one of (1.18++0.04) Mev found 
at Columbia. It is relevant to mention that in the 
Columbia experiment performed with the Brookhaven 
Kt-beam,' out of 21 7 mesons, the lowest energy 
negative pion had an energy of (0.36+0.02) Mev. 

A particle of even spin and odd parity cannot decay 
into two pions because the parity of the 2-pion system 
would have to be (—1)?(—1)/’, which is even for even 
J. Thus the presence of so many 7 decays with a low- 
energy m~ is a strong argument against the 7 and 6 
being the same particle. So by visual inspection of 
Fig. 2 one sees that the data are unfavorable to all 
possibilities except (O—), (2—), (4—), etc. There is a 
further argument against spin and parity combinations 
which permit 2-pion decay. For all such spin and parity 
combinations the distribution function must go to zero 
at the circular boundary at least as fast as sin’#. Again 
we see thare are many experimental points quite close 
to the dashed boundary, which are an additional strong 
argument that the r and @ must be different particles. 

There is one final possibility to be disposed of. 
Suppose the spin and parity are such that 2-pion decay 
is permitted. Then the presence of low-energy m events 
might be explained by a strong pion-pion resonance 
near 75 Mev. Such a resonance might also enhance the 
distribution near point D on the semicircular boundary. 
However, Lee has pointed out that the distribution 
near all the other regions of the semicircle would not 
be enhanced and the presence of events in these regions 
rule out this possibility." 

Thus, even without knowledge of the precise distri- 
bution function, general wave mechanical arguments 
along with qualitative inspection of Fig. 2 lead to the 
same results as the quantitative likelihood ratios of 
Table I. This type of reasoning need not be completely 
qualitative. For example let us consider an extreme 
case of how f1, could behave. According to the previous 
discussion it must start off as proportional to e¢ for 
small e. We shall consider the extreme type of case 
where fi is linear in ¢ only up to 10 Mev and from 


4 T, D. Lee (private communication). 
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TABLE III. Lowest order terms in spherical wave expansion of 
3-pion final state. / is *~ angular momentum and L is angular 
momentum of system of the 2 like pions. 








2-Pion decay forbidden 2-Pion decay permitted 
a # L ey ££ 


ae 
Aa 
2 - 





3 





then on is isotropic. We have calculated for the function 
€<0.2 
e>0.2 


5.3e for 


* fules)= 
8 


1.06 for 


that P:,/Po-= 10, using only the Columbia data. 

In addition to the general features of the distribution 
functions giving information about the spin of the 7, 
there is a theoretical argument which makes high spin 
values unreasonable. This is the effect which the 
centrifugal barrier penetration factor has on slowing 
down the 7 decay. Let C(/,L) be the centrifugal barrier 
penetration factor. Order of magnitude calculations 
give (PR/h)'(qR/2h)” for the ratio of the final state 
wave function evaluated at the interaction radius R to 
the value of the wave function at large distances, where 
P is the x~ momentum and g= | P,—P,|. Then'® 


PR\! gR\-P 
cS ca) | 
h 2h 
=107) 5841.12) for R=h/M,c. (10) 
In order for the “natural lifetime” of 10-* sec to be 
slowed down to 10-8 sec, (/+1.1L) should be about 9. 
Hence, spins greater than ~8 become unreasonable 
due to this effect alone. In addition to this effect, the 
violation of conservation of strangeness is expected to 
slow down the r decay to the realm of the weak beta- 
decay type interactions, which corresponds to a life- 
time of ~10-* sec already.'® According to this strong 
interpretation of the strangeness theory, any spin- 
parity combination other than (O—), (1+), or possibly 
(2—) would be ruled out because of the additional 
lengthening of the r-lifetime due to the centrifugal 
barrier penetration factor. 

The conclusions we draw are that the only reasonable 
possibilities for the r are (O—) and (2—), with (4—) 
and (3+) as weak possibilities. We also conclude, as 
previously proposed by Dalitz,’ that it is very unlikely | 
that the r and 6 have the same spin and parity. The 


‘ 


16 For the case of (1—), C(/,L) = 10~*-* which is not in agreement 
with the factor ~10-” mentioned by Fabri in reference 9. 
16M. Gell-Mann (to be published). 
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question arises whether there is any means of discrimi- 
nating between (O—) and (2—). The fact that no 
polarization was observed is weak, but inconclusive, 
evidence against nonzero spin. There is no hope of 
discriminating against (2—) by means of the likelihood 
ratio because the shape of f2 can be made to resemble 
fo- very closely for certain values of the arbitrary 
parameter A/B (see Table I). In Fig. 1 fs is plotted 
for the choice A4/B=1. The small differences between 
fe. and fo_ in this plot could be made to overlap by 
letting the interaction have a small energy dependence. 
Thus in principle it is impossible to rule out (2—) by a 
Dalitz-type analysis. The distribution function fe also 
has an arbitrary plus or minus sign which is related 
to the relative phases of the two spherical waves 
(l=0, L=2) and (I=2, L=0). We assume this relative 
phase is limited to either 0 or 180 degrees by time 
reversal arguments.'’ Since the term following this 
plus or minus sign is so small compared to the other 
terms, either choice of sign can give P2_/P _~1. 

The (3+) distribution function also contains A/B 
and a plus or minus sign as arbitrary parameters. 
Because of the common factor ¢ in /3;, it is impossible 
for P3,/Po_ to be ~1 for any choice of the arbitrary 
parameter here. This and higher spin states can be 
analyzed by finding the maximum-likelihood solution" 
for the arbitrary parameters and using those values to 
get the relative probability. In the case of f3, we went 
through this procedure and found A/B=1.4 for the 
maximum-likelihood solution, with the minus sign 


17 This is strictly true in the absence of pion-pion forces, but is 
probably a good approximation in our case. We wish to thank T. 
D. Lee and V. L. Telegdi for bringing this simplification to our 
attention. 
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giving a much better fit. Using just the Columbia data, 
this gave the relative probability P3,/Po_=10-*. The 
values of A/B=1.0 and 1.6 reduced this relative 
probability a factor 10. We conclude that (3+-) is not 
ruled out for the r meson, but that it is unlikely. 

In summary, we feel that the only reasonable possi- 
bilities left for the rt meson are (O—) and (2—) with 
(3+) and (4—) as weak possibilities. (1+) is strongly 
ruled out, as are all possibilities which permit two-pion 
decay. The effects of the centrifugal barrier and conser- 
vation of strangeness should rule out all higher spins— 
at least for spins above ~5. The data are statistically 
quite consistent with fo. and can be made consistent 
with fo. and fy. when the arbitrary parameters in 
these distributions are so adjusted. The lack of any 
indication of pion-pion interaction effects can be used 
to set an upper limit on the s-wave scattering length 
for the pion-pion interaction. This upper limit turns 
out to be a9<R where R is the range of the pion-pion 
interaction. 
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A general relation is shown to exist between the charge and the operator inducing a symmetry with respect 


to the 1,2 plane in isotopic spin space. This relation is unique, i.e., it is the same for all types of fields (baryons 


and mesons). 


HE connection between the charge Q and the 
third component J; of isotopic spin is well known. 
However, the appearance of an additive constant in the 
relation Q(/;) and, above all, the fact that this constant 
must be chosen differently for each type of field have 
long been a kind of puzzle for some physicists. 
The experimental finding of the hyperons and heavy 
mesons and the discovery of the fact that their main 








properties are well accounted for by the Gell-Mann 
model! made this question even more acute but at the 
same time offered some hints to a possible answer. 
Undér the assumption that the strong interaction 
Hamiltonians are (a) of the Yukawa type, and (b) in- 
variant not only under rotations but also under re- 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953); M. Gell-Mann and 


A. Pais, Proceedings of the Glasgow Conference on Nuclear and 
Meson Physics, 1954 (Pergamon, London, 1955), p. 342. 
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flections in isotopic spin space, it could be shown? * that 
all the possible Hamiltonians constructed with isoscalar 
and isospinor fields of the first and second kind and 
isopseudovector fields‘ commute with a certain operator 
U. Furthermore, this new constant U is precisely the 
one that appears in the equation® 


Q=—Is+3U, (1) 


connecting J; and the charge. The values of U postulated 
by Gell-Mann could thus be derived from the theory. 
Moreover, a limitation of the admissible kinds of fields 
was thereby suggested* for, if one enlarges the list of 
fields given above (if, e.g., one includes isopseudoscalar 
or isovector fields in the set), an operator U commuting 
with all Hamiltonians satisfying (a) and (b) no longer 
exists. 

These considerations have recently been reformulated 
in a simpler way by Racah.* The advantage of Racah’s 
approach is that one need not write down the Hamil- 
tonians explicitly. He simply points out that the Cartan 
spinors é of the first and second kind are transformed 
to 7 and —ié, respectively, by an inversion through 
the origin, while scalars and pseudovectors remain of 
course unchanged. Starting from the thus defined 
“parity” p(p=i, —1, 1, 1), this enables him to define 
U through 

p=", (2) 


It is now clear that in any strong interaction [satis- 
fying (b)] the total U is either conserved or changed 
by no less than 4 (m being an integer). It can be seen 
immediately that with Yukawa Hamiltonians and the 
restricted list of fields given above, U is in fact always 
conserved : the results of both approaches are therefore 
identical as they should be. 

Formally there is an analogy between the definition 
(2) of U, written as 

p= flr 
2 B. d’Espagnat and J. Prentki, Phys. Rev. 99, 328 (1955). 
3B. d’Espagnat and J. Prentki, Compt. rend. 240, 2486 (1955) ; 
CERN Report 55-11 (CERN Ed., Geneva, 1955); Nuclear Phys. 
1, 33 (1956). 

‘ For a precise definition of spinors of the first and second kinds 
in 3-dimensional space, see E. Cartan, Legons sur la théorie des 
spineurs I (Hermann and Cie, Paris, 1938) or reference 3. 

5 Contrary to what was done in references 2 and 3 we revert 
here to the older convention of attributing, e.g., 7;= —} to the 
proton, /;= +4 to the neutron. ; 

6G. Racah, Nuclear Phys. 1, 302 (1956). Our best thanks are 


due Professor Racah for communicating his manuscript to us 
before publication. 
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and the following well-known operator identity: if 
A (a) is, for a given field type, the operator that induces 
a rotation a around the third axis in isotopic spin space, 


one has, quite generally, 
A(a)=e"-#™, (3) 


What we would like to point out in this note is that 
the charge operator Q can be expressed in.a very similar 
way: in fact it is immediately seen by (1), (2’), and 
(3) that 

pA (mr) =A (wr) p=e'@". (4) 


Now pA (rm), the product of a rotation of 180° around 
the third axis by an inversion through the origin, is 
just a symmetry with respect to the (1,2) plane in 
isotopic spin space. If, therefore, for any given field 
type, B is the operator which induces such a symmetry, 
the charge operator for this same field type is given by 
the general relation: 

e'@*= B. (5) 


As is the case for (2’) and (3), relation (5) is formally 
the same for every type of field, in contradistinction 
with the relation connecting Q with, e.g., rotation 
around the third axis. Equation (5) therefore indicates 
that, broadly speaking, the charge is naturally linked 
with the symmetry with respect to the (1,2) plane in 
much the same way as J; and U are naturally linked 
with the rotations around the third axis and the in- 
version through the origin, respectively. For isospinors 
of the first and second kind, and isopseudovectors, 


—1 
B=73,—73, and ( 1 ). 
—1 


respectively, while 


0 0 ~e 8 cae ) 
o=(, » ( 0 9) " ( 1 


for N, Z, and (x or X), respectively. The direct check of 
the validity of (5) in these cases is of course elementary. 
It may finally be mentioned that relations of the form 


O=exp(iC*' 0;) 


between operators ©, associated with physical quanti- 
ties and operators © associated with geometrical trans- 
formations are not surprising, the former operators 
being Hermitian while simple geometrical transforma- 
tions usually lead to unitary operators. 
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Influence of an Elastic Strain on the 
Self-Diffusion of Copper at 
Low Temperatures 


M. J. DruyvEsTEYN AND C. W. BERGHOUT 
Laboratory for Technical Physics, Technical University, 
Delft, Netherlands 
(Received April 27, 1956) 


N all diffusion processes, the influence of elastic 
strains seems to be considerable. However, measure- 
ment of the effect is difficult. Self-diffusion is generally 
measured at temperatures directly below the melting 
point. In this region, the material is very weak. So it is 
difficult to give a large elastic deformation and at the 
same time prevent plastic deformation. One has to load 
the material in compression. This experiment was 
carried out on sodium and phosphorus by Nachtrieb 
et al.'* The effect measured by these authors is due to 
two different effects. Firstly, the concentration of the 
vacancies is altered by the elastic strains. Secondly, the 
mobility of the vacancies is modified. The first effect is 
related to the creep which occurs by diffusion.’ We will 
call the second effect strain-activated diffusion. 

Since the jump probability of a vacancy is very 
sensitive to a change of the activation energy, it is 
likely that such a change will be the main reason for an 
effect. If this is valid, the diffusion coefficient is multi- 
plicated by a factor e~4°/*? (where AQ denotes the 
change of the activation energy). 

In case one wishes to measure only the strain- 
activated diffusion, it is necessary to work with 
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Fic. 1. The influence of an elastic strain on the recovery at — 30°C. 
From ¢=4 min, one wire is loaded during recovery. 
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“injected” vacancies (vacancies which are not in 
thermal equilibrium). Injected vacancies can be formed 
by irradiation‘ or by cold working. Measurements on 
injected vacancies have the advantage that it is possible 
work at low temperatures. At such temperatures, the 
material is much stronger, especially when it is cold 
worked. It is thus possible to load the material in simple 
extension. Also at low temperatures |AQ/KT' is larger. 

The experiment was quite simple. Two copper wires 
were stretched 20% in liquid nitrogen. After the 
stretching, the recovery of the electrical resistivity was 
measured at —30°C as a function of time. During the 
first four minutes, the curves coincide for both wires. 
After four minutes, one wire was loaded with 17 kg/mm’. 
The recovery of the resistivity of this wire then speeded 
up. In Fig. 1, both curves are given. 

In case this recovery of the resistivity is due to the 
diffusion of vacancies, this recovery is a function of 
DXt (where D is the diffusion coefficient of the 
vacancies). When the wire is strained the diffusion 
coefficient is anisotropic; let D’ be the average diffusion 
coefficient for this case. From our measurements, we 
calculate D’/D=1.7. Calculations of this effect will be 
published in the near future. 

With these calculations, one is able to account for 
the influence of internal stresses on the recovery of the 
electrical resistivity after cold working. 

1N. H. Nachtrieb et al., J. Chem. Phys. 20, 1189 (1952). 

1955) H. Nachtrieb and A. W. Lawson, J. Chem. Phys. 23, 1193 
' *c. Herring, J. Appl. Phys. 21, 437 (1950). 


4 J. W. Glen, Advances in Phys. 4, 381 (1955). 
5 J. A. Manintveld, Nature 169, 623 (1952). 


Effective Electron Mass in Indium Arsenide 
and Indium Antimonide 


R. P. CHAsSMAR AND R. STRATTON 
Research Department, Metropolitan-Vickers Electrical Company, 
Limited, Manchaster, England 


(Received May 3, 1956) 


EASUREMENTS have been made of Hall coefii- 

cient and thermoelectric power for indium 
arsenide and indium antimonide at room temperature 
and above. The specimens were prepared from highly 
purified elements and contained 5X 10!*/cc extrinsic 
electrons in the indium arsenide and 7 X 10'*/cc extrinsic 
holes in the indium antimonide. The values of thermo- 
electric power indicated that both materials were 
slightly degenerate at all temperatures within the range 
considered. Assuming covalent scattering and taking 
account of the degeneracy present, the effective electron 
mass ratio has been calculated and is plotted in Fig. 1 
as a function of kT which represents the approximate 
mean energy of the electrons in the conduction band. 
For energies greater than 0.04 ev above the bottom of 
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Fic. 1. Variation of effective electron mass with mean electron 
energy for indium arsenide and indium antimonide. 


the band the mass ratio in both materials tends to a 
constant value, while for lower energies the mass ratio 
falls towards the cyclotron resonance values! found 
for very pure specimens at low temperatures. Fred- 
erikse* has reported an effective electron mass for 
indium antimonide between 160°K and 200°K from 
thermoelectric power measurements on pure specimens 
at low temperatures, and his values are indicated on 
the diagram. Hrostowski ef al.‘ have found m./m=0.015 
from electrical measurements on a pure indium anti- 
monide specimen in a similar temperature range. On the 
other hand, Stern and Talley® have used an overlapping 
impurity band model to explain the shift of absorption 
edge with impurity concentration in degenerate speci- 
mens of InSb and InAs. Their theory would seem to 
represent an approximate fit with observation for values 
of Fermi energy greater than about 0.035 ev taking 
m,/m=0.055 for InAs and m,/m=0.03 for InSb. 

We suggest that the mass found from cyclotron 
resonance may be best associated with the bottom of the 
impurity band alone since the bulk of the electrons 
will have energies below the bottom of the conduction 
band for very pure samples at low temperatures. For 
high electron concentrations, the majority of the elec- 
trons will have energies above the bottom of the con- 
duction band and will be associated with an effective 
mass corresponding to the sum of the state densities in 
both impurity and conduction bands. Our measure- 
ments would appear to cover some of the range between 
these two regions. This explanation can only hold for 
the p-type sample of InSb quoted above if there is some 
degree of compensation in this sample. 

This work is part of an investigation of the electrical 
properties of InAs and InSb, a full account of which 
will appear elsewhere.* Thanks are due to Dr. Avery 
(R.R.E., Malvern) for supply of InSb specimens. 

1 Dresselhauss, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
OC. Kittel, Phys. Rev. 98, 1542 (T) (1955). 

3H. P. R. Frederikse and E. V. Mielczarek, Phys. Rev. 99, 
1889 (1955). 

4 Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 
1672 (1955). 

5 F, Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 


6 Antell, Champness, Cohen, and Chasmar, Report on the 
Spring Meeting of the British Physical Society (to be published). 
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Exact Sum Rules in the Fixed-Source 
Meson Theory 


M. Cint, Istituto di Fisica dell’ Universita di Catania, Istituto 
Nazionale di Fisica Nucleare, Sezione di Torino, Italy 
AND 
S. FuBint, [stituto di Fisica dell’ Universita di Torino, Istituto 
Nazionale di Fisica Nucleare, Sezione di Torino, Italy 
(Received April 20, 1956) 


E want to report in this letter some exact relations 

obtained by making use of recent techniques 
connecting matrix elements of Heisenberg operators 
and scattering amplitudes! and to discuss their implica- 
tions about the nature of the solution of the fixed- 
source meson theory. By starting from the relation? 


(la; r| ImT (wy) | l'a’ ; 1’) 
= — 3p? (p) fP(V,, Tat) (wp—H)traovW,) (1) 


connecting the element of the transition matrix T be- 
tween pion-nucleon states (the subscript r denotes the 
four single-nucleon states, / and a the angular momen- 
tum and isotopic spin components of the meson) with 
the matrix elements of the source operators between 
physical single-nucleon states V,, and adopting the 
representation in which the total angular momentum J 
and the total isotopic 7 are diagonal, the following sum 
rules can be obtained: 


4a3;+4a2+a,= (1— ro") fo’, 
a3— 2a2+a;= (r2— 197) fo’, 


2a3—a2—a)= (r2— ri) fo, 


a,= 


1 f dw, Img;(p) 
1 


3m: 

In Eq. (3), o(p) is the cutoff function; g;(p) is the 
eigenvalue of the transition matrix —z7 in the state 
iLi=1(7=3; T=}); i=2V =}; T=$)V=3; T=)); 
i=3(T=}; J=}) ]. As is well known, for purely elastic 
scattering, 


gi=e"* sind. 


The constant 12 is the ratio f/ fo between renormalized 
and unrenormalized coupling constants. Both r; and r2 
can be defined by 


uk foo (W1,0.¥1)= (Wi,7.01 - 


(4) 
*3= (Wi,0.72V1), 


where V7; is the physical proton state with spin up. 

In Eqs. (2), the expressions for g; in the one-meson 
approximation given by Chew and Low for a theory 
with a square cutoff at & can be introduced, and g; 
and g2 can be neglected with respect to g3. Then one 
obtains 

1 § sind; 
- | —dw,= f?. (5) 
Or 1 p 
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Numerical evaluation of the integral in Eq. (5) gives 
f?=0.013, 


in strong disagreement with the experimental value 
f?=0.107+0.010.8 

This shows that agreement between theory and 
experiment in the low-energy region can only be ob- 
tained if high-energy contributions are dominant. This 
means that the usual viewpoint, according to which 
the cutoff factor of the fixed-source theory should make 
all the high-energy contributions negligible, is not 
correct.‘ 

Two different situations may give rise to these high- 
energy contributions: (a) if the one-meson approxima- 
tion is a good approximation to the exact solution, then 
only form factors 2(p) which go to zero sufficiently 
slowly as p> are admissible; (b) if many-meson 
states contribute appreciably at high energies, there 
also a square cutoff can be accepted. 

We derive now another sum rule according to which 
alternative (a) can be ruled out. 

It can be shown that 


(¥,,aa*(k) da’ (k) V,) 
2nv*(k) 


= fe 


1 
E hte ( ¥.1re ——orre,), (6) 
(wi. +H)? 


Wk u’ 


where a.(k) is a destruction operator of a mescn with 
momentum k and isotopic spin component a. 

Again using Eq. (1), one obtains for the total meson 
charge Q and the total number of mesons V in the cloud 
of a proton the expressions 


2e p® k’dk 
o=— { —+ 
T 0 Wr 


draws) (7) 


f 
x —+1 (we) +2 (wx) — 


w,~ 


«© k’dk 
——1"(k) 


Ww,” 


Yi , 
x| + rs(ar)+4ralon)+4raCor) | (8) 
Wk 


1 Img;(w») 
vw)=— | ————te,, 
0(p) PP (wetwy)? 


and ¢ is the unit of charge. 

The high-energy contributions to the integrals (9) 
are negligible because the convergence factor (w,+w»)? 
in the denominator insures that their value is deter- 
mined with very good accuracy by the low-energy 
region. This has been proved in detail in a recent 
analysis of the Low equation in which comparison with 
experiment allows the determination of /* without any 
need to make use of the one-meson approximation.‘ 


ERRATA 


By imposing charge conservation, one gets 
Q=3(1—n)e. (10) 


On the other hand, r,>—4 for charge independence 
and angular momentum conservation.® This gives 


O< fe. (11) 


This condition, together with Eq. (7), gives a limitation 
on the cutoff function »(k), where the quantities y;(w,) 
are evaluated by inserting in the integrals (9) the experi- 
mental values of Img;. Since v?(p)~1 at least up to 
w,*4, one finds that, in order to fulfill condition (11), 
v(p) cannot go to zero slowly enough for w,->” to 
ensure that the one-meson approximation satisfies Eqs. 
(2). This is sufficient to rule out alternative (a). 
With a square cutoff at &, Eqs. (7) and (11) give 


E<5.5. (12) 


The average number: of mesons in the cloud can be 
evaluated in this case also. Equation (8) gives 


N~1.65. (13) 


This result suggests that two-meson states should be 
important. In this situation the only possible behavior 
of the exact solution is the one summarized by alter- 
native (b). 


1 Ey  Speennayk, and Zimmermann, Nuovo cimento I, 
1 (1955); M. L. Goldberger, Phys. Rev. 97, 508 (1955); F. E. Low, 
Phys. Rev. 97, 1392 (1955) ; Y. Nambu, Phys. Rev. 98, '803 (1955) : 
M. Cini and S. Fubini, Nuovo cimento 2, 860 (1955). 

2 See, e.g., M. Cini and S. Fubini, Nuovo cimento 3, 764 (1956) ; 
S. Fubini, Nuovo cimento (to be published). In the present work, 
all energies and momenta are measured in terms of the meson 
mass up. 

3 Cini, Fubini, 
published). 

4W. Thirring (private communication) has shown that the 
following inequality must hold rigorously: a2>as3/4. Since, in the 
energy range below the cutoff, 53:33, the preceding inequality 
can be fulfilled only if strong contributions arise in a2 and a3 from 
the high-energy region. 

5 W. Thirring (private communication). 


and Stanghellini, Nuovo cimento (to be 
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Photoelastic Observations of the Expansion of 
Alkali Halides on Irradiation, W. PrimAK, C. J. 
DELBECQ, AND P. H. Yusrer [Phys. Rev. 98, 1708 
(1955) ]. The photoelastic strain constant is related 
to the photoelastic stress constant through the modulus 
of rigidity, not Young’s modulus; for from the last 


equation on p. 1712, 
= (Yy—X,.)r/(cu— 1). 


For the determination of r, X, is zero. The value of r 
for the data given is about 0.18, not 0.22. The agreement 
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found in Fig. 7 is improved for the end of the deuteron 
range and made worse for the beginning. However it is 
yet well within our knowledge of the color center con- 
centrations and of the dilatations. 


Recoil Broadening of Conversion Lines Asso- 
ciated with Alpha Decay, J. BurDE Anp S. G. 
CoHEN [ Phys. Rev. 101, 495 (1956) ]. Lines 18 and 19 of 
the second paragraph should read “. . . the momentum 
distribution will be a rectangle . . .” instead of “. . . 
the momentum distribution will be a triangle. . . .” 


Effects of a Ring Current on Cosmic Radiation, 
Ernest C. Ray [Phys. Rev. 101, 1142 (1956) ]. After 
the publication of this paper, it was called to my 
attention that Stérmer' has developed, in connection 
with his auroral research, the same methods that I used 
in discussing cosmic-ray phenomena. In the notation 
used in our paper, he discussed the ranges 


3X10-°< R <0.3 By, 
14< a <1400, 
0<M,<3.3X 105. 
R is the particle rigidity in Bv, a is the radius of the 
current ring in units of the earth’s radius, and M, is 
na’r2I/Mc, where J is the current in statamperes, r, is 
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the radius of the earth in cm, M is the earth’s dipole 
moment in gauss-cm’, and c is the speed of light. 


1C. Stérmer, Arch. sci. phys. nat. (Geneva) 33, 51, 113 (1912). 


Interpretation of the Be’(~,d) Reaction at Ener- 
gies of 5 to 30 Mev, S. GLASHOW AND W. SELOVE, 
[Phys. Rev. 102, 200 (1956) ]. (1) The first full para- 
graph in the last column on page 202 was accidentally 
mutilated in print. The second sentence should read: 
“But since the 95-Mev data show a long high-momen- 
tum tail which is not given by the single-particle calcula- 
tion, it is perhaps more appropriate to fit the momentum 
density calculated from the experimental data to a 
function which agrees with the single-particle calcula- 
tion in the low-energy region, but which possesses an 
appropriate high-momentum tail.’”’ (2) The argument 
given as to why the transparent-nucleus Born approxi- 
mation should be more accurate than the Butler 
approximation is not correct. (We are obliged to N. 
Austern for pointing this out to us.) Stripping or pickup 
reactions involving loosely-bound nucleons (such as 
the loose neutron in Be’) should rather be viewed as 
a means of lesting the transparent, independent- 
particle, model of the nucleus. This matter will be 
discussed in more detail in a separate communication. 
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